1.
Title: Introduction to algebra: structure sense of expressions

Synthesis: The PP proposes an introduction to syntactic aspects of algebraic thinking through the use of the Aplusix DDA. Exploiting the innovative representation system provided by the DDA, the tree representation, the PP proposes activities of manipulation of numerical expressions. The sense of structure of  an algebraic expression is expected to emerge from the solution of treatment and conversion tasks involving all the different semiotic registers available: standard representation,  tree representation and natural language.

2.
Scenario Identity

· Writers: L. Maffei, M.A. Mariotti, Department of Mathematics and Computer Science, University of Siena.

· Subject area: Arithmetic, Algebra

· Topic(s): Algebraic expressions

3.
Activity rationale

The scenario address the problem of gaining a structural approach to algebraic expressions. We adopt a cognitive-semiotic view-point, provided by the theory of Semiotic Mediation. The theory draws from a Vygotskijan paradigm, and frames in particular processes of mediation carried out by means of artefacts in classroom context. In this perspective, the use of artefacts for accomplishing a task leads the individual to the construction of personal meanings related to the actual use of the artefact. On the other hand, mathematical meanings may be related to the artefact and its use, therefore in classroom context under the guidance of an expert (i.e. the teacher) the personal meanings, related to the actual use of an artefact, may be generated and evolve towards mathematical meanings. Because of this potentiality, we will say that an artefact may function as a semiotic mediator. The semiotic mediation function of an artefact is not automatically activated; in fact such a function can be exploited by the expert (in particular the teacher) who has the awareness of the semiotic potential of the artefact both in terms of mathematical meanings and in terms of personal meanings. Such evolution is fostered by the teacher's action, guiding the process of production and evolution of signs centred on the use of an artefact.

The design of tasks both within Aplusix and in paper and pencil environment was inspired by the basic assumption of Duval’s semiotic approach to teaching and learning. Specifically, Aplusix provides two different kinds of representation systems for algebraic expressions: the “standard” representation (SR), and the “tree” representation (TR). They can be considered two different registers of representation in the sense of Duval. According to Duval (1995), a "register of representation" is a semiotic system (i.e. a system of signs) that provides for specific possibilities of transformation of the representations. In our case, natural language allows transformations such as paraphrases and reformulation, and standard and tree representation allow transformations that express operations among numbers and symbols. Beyond this kind of transformations, that pertain to a specific register and are called "treatments", there are transformations that occur between different registers: they are called "conversions". Treatments and conversions are central in mathematics. The capacity of moving form one register to the other according to the specific request of a problem, reveals a good level of algebraic competences.

The notion of register of representation (Duval, 1995) also reveals a useful tool in the analysis of the semiotic potential of the artefact. The evolution of signs, central in the perspective of semiotic mediation, can be described in terms of transformations of registers of representation.

Teaching and Learning problems addressed

Difficulties encountered by pupils in gaining competencies in algebraic calculation are well-known, and they have been addressed many times and from different point of views (Freudenthal, 1983, Tall & Thomas 1991, Kieran 1992). The introduction of algebra requires in fact the development of a different way of thinking, which cannot be considered as a pure generalization of arithmetics (for an overview of the literature see Mariotti & Cerulli, 2003). Differently from arithmetics, whose main goal is to do calculations so as to have a result, algebra offers an operational language for representing, analyzing and manipulating relations which contain both numbers and letters. This diversity is explained by Sfard (1991) in terms of two different perspectives from which mathematical objects can be conceived: in a structural way (as objects) or in an procedural way (as procedures or processes).

In the school practice, often the rupture between the two different kinds of calculations is not put into evidence as it should be. Many students’ difficulties in gaining competencies in algebraic calculations can be explained in that view.

The PP proposes an introduction to algebraic manipulation starting from the arithmetic field. It  aims at stressing the relevance of two basic meanings on which the algebraic calculation is rooted: the equivalence between algebraic expressions and the structure of an expression. These fundamental aspects of the algebraic calculation constitutes an epistemological gap in the passage from numerical calculation to algebraic calculation (Sfard, 1991). 

Innovation: Usually in the school practice, algebraic calculation is introduced by a generalization of numerical calculation and not as a symbolic transformation based on the use of the operations’ properties. Once stated the importance of the meanings of ‘equivalence between expressions’ and of the ‘structure of an expressions in the algebraic calculation, the PP anticipates these basic notions in the arithmetic calculation. 

Added value:  Although proposing an innovative approach, the PP addresses basic didactic goals which are common to all the curricula of Upper Secondary schools. As a consequence, it can be proposed to all the students of a particular age (grade 8-9) . 

4.
Context of implementation

Educational goal: algebraic notion of equivalence between expressions, structure sense for numerical expressions.

Which students?  8th and 9th grade students. 

Students’ prerequisites: Students are expected to be well trained in arithmetic calculation (both with integers and with fractions).

Duration: 12 hours

Place: Computer lab and classroom, in respect to the type of sessions (not in all sessions the use of computers is required). The computer lab needs to be equipped with a computer for the teacher, and the numbers of computers for students have to guarantee that they can work in pairs. Then, a system to show the screen of the teacher’s computer to all the classroom (a data projector or a similar device) and a blackboard are required.

Resources and tools: Aplusix DDA [http://aplusix.imag.fr] and worksheets. 

Aplusix is a computer algebra system which allows students to perform both numerical and literal calculations (Nicaud & al., 2006). One of the main characteristics of Aplusix is the feedback that it provides. The feedback is based on the equivalence between two consequent boxes, each of them containing an expression. More specifically, different signs show whether the current expression is equivalent/not equivalent to the previous one, or whether the current expression is equivalent/not equivalent to the previous one, or whether it is not well-formed (Fig. 1). We called them feedback-signs.
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Figure 1. Three different feedbacks provided in Aplusix environment.

The black lines show that the first expression is equivalent to the second, the red crossed lines show that the first expression is not equivalent to the second, and the blue crossed lines show that the expression you are writing is not well-formed (i.e. a plus sign requires an argument).

Another valuable characteristic of the DDA is the possibility to work not only in the usual representation students are used to accomplish calculation in paper and pencil (the standard representation, SR in short), but also in tree representation (TR).
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Figure 2. An algebraic expression given in tree representation.

Each activity with the artefact is presented via a worksheet. Worksheets are designed to guide students in the activities thus they contain instructions on the use of the DDA, question to be answered – with or without using the DDA - and questions asking to reflect on the work done.

Specific Aplusix tools and different types of worksheets will be specified in Section 5.

Types of activities: According to the Theory of Semiotic Mediation (Bartolini Bussi & Mariotti, 2008) which constitutes the main theoretical framework on which the PP is based, three types of activities are proposed that are organized according to a cyclic structure. Activities with the artefact are followed by the request of a report. Individual work will be discussed and re-elaborated during a collective discussion. This sequence of activity constitute what is called a ‘didactical cycle’.

· activities with the artefact: students working in pair or in small groups are asked to solve given tasks. During these activities specific signs related to the use of specific components of the artefact can emerge.

· individual production of signs: usually as homework, students are asked to write reports based on the activity with the artefact. the semiotic process triggered in the previous activity is expected to develop. Meanings emerging for the use the DDA are made explicit and elaborated, providing the base on which collective discussion will be developed.   

· collective production of signs: social interaction developed in classroom discussion orchestrated by the teacher constitutes the core of semiotic mediation process. The role of the teacher is crucial in managing the discussion so as to make happen the evolution from the artefact signs towards mathematical signs.

5.
Enactment of the activities

The scenario is constituted by a sequence of four didactical cycles. During the activity with the DDA students work in pairs, and as a consequence, they also filled in pairs the worksheets they are asked to complete during the work in Aplusix. Students individually fill the report they are required to complete after the work in Aplusix.

Didactical cycle 1 : ‘Feedback and equivalence’

The goal of the first cycle consists in making students conscious of the feedback provided by the Aplusix DDA and of the mathematical meanings related to the different feedback signs. Two possible interpretations are possible: the first is immediate – correct/incorrect - the second will need the mediation of the teacher to be achieved. In fact, as said above, the functioning of Aplusix is based on the algebraic equivalence between expressions. Thus, the three different signs that appear on the screen may be differently related to the mathematical meaning of equivalence:

[image: image7.png]



In this first cycle, students will introduced to the ‘standard representation’ (SR) and to the feedback-signs.

Phase 1: The teacher  briefly presents the DDA. In particular, the teacher shows how to log in the system and how to edit an expression in it. After that, students are invited to log in the DDA.

Phase 2: Students are provided with worksheets containing instructions both on how log in the Aplusix system (creating an account and a password to be remembered for the consequent access to the system) and about the tasks to be performed. They are requested to accomplish easy calculations on rational numbers. While performing the task students has to take note of the different signs that Aplusix  produce as feedback (feedback-signs). They are also requested to make hypotheses on the meaning of such signs. 

Phase 3: The cycle is closed by a collective discussion. On the base of students’ report the teacher organizes the discussion with the objective of clarify  and explicitly state the relationship between the interpretation of  feedback signs in terms of correctness and their interpretation in terms of algebraic equivalence

Orchestration

The didactical cycle consists in the articulation of the three phases described above. After the work in the DDA, according to the instructions provided by the worksheets (see ‘Resources and tools’ below), students will be involved in a collective discussion starting from the feedback interpretations that they gave in their worksheets. If necessary, the teacher can use data projector to show some excerpts drawn from the students’ productions in Aplusix.

Resources and tools 

· Aplusix system both for teacher and for students and data projector. In particular, the feedback component of the DDA is exploited;

· Worksheets for students http://remath.itd.cnr.it/scenario.php?cmd=getresource&f=hipp11-alien02-893d.xml&id=46e7dc3d-245c&img=DC1_Ph2-eng.doc
· Files in Aplusix: Exercise_Phase2_1.exo, Exercise_ Phase2_2.exo, Phase2_3.exo.

Duration

2 hours

Cycle 2 : ‘ Decomposition of natural numbers’

The goal of the cycle consists in making students re-interpret the validity of the commutative property for some arithmetic operations by means of the ‘tree representation’ (TR).

Phase 1: The first activity is based on expressing a natural number as the result of an operation (addition, multiplication, …) and expressing this relationship by a tree (in the tree representation (TR) environment of Aplusix). Drawing from it, students are requested to work on TR in order to state the validity (non validity) of the commutative law for the operations of addition and multiplication (respectively, subtraction and division). In fact, expressing the commutative property corresponds to commute the leaves in the tree and obtaining a correctness (non-correctness) feedback on equivalent trees.  Students are then requested to observe and describe what happens when inverting a leaf in the trees they have obtained.

Phase 2: The second activity is a classroom discussion. After the collection students’ contributions and their analysis, the teacher,  animate a collective discussion with the aim of interpreting the feedback, given by the DDA when inverting leaves, in terms of validity (non validity) of the commutative law of addition and multiplication (respectively, of subtraction and division) .

Phase 3: After the collective discussion, and the emergence of new meanings related to the use of tree representation, the third phase is devoted to re-visit the interpretation of expressions in SR-representation . Therefore, students are then asked to convert the TR-expressions they have produced in Phase1 into SR-expressions. The conversion is required in paper and pencil environment, that is the usual environment for the students, the aim is to foster students' reflection on the specificity of each of the representation systems

Phase 4:  In this last phase, with the aim of both consolidating and refining what emerged from the previous activities, students are invited to write their impressions about the use of Aplusix both in general and in the specific tasks they have been involved in.

Orchestration

Once again in these phases activities with the artefact, structured by the worksheets, alternate with a collective discussion. The cycle is closed by the request of a general report where students are expected to summarize their achievements and reflections on the use of the DDA and the mathematical meanings related to this use. 

Resources and tools 

· Aplusix system both for teacher and for students and data projector. In particular, two component of the DDA are exploited: TR and the feedback;

· Worksheets for students (WS_Phase1 [http://remath.itd.cnr.it/scenario.php?cmd=getresource&f=hipp11-alien02-893d.xml&id=466d0b45-2d36&img=DC2_A1_Ph1-eng.doc], 

WS_Phase2 [http://remath.itd.cnr.it/scenario.php?cmd=getresource&f=hipp11-alien02-893d.xml&id=466d0e68-56db&img=DC2_A1_Ph3-eng.doc], 

WS, Phase3[http://remath.itd.cnr.it/scenario.php?cmd=getresource&f=hipp11-alien02-893d.xml&id=4732d30c-1d71&img=DC2_A1_Ph4report-eng.doc]

· Files in Aplusix: Exercise_Phase1.exo

Duration

2 hours

Cycle 3 : ‘Syntactical skills’

The goal of the cycle consists in exploiting the potentiality of the tree representation in order to mediate the meaning of structure of an algebraic expression. In fact, on the basis of the comparison between TR and SR, the different affordances of the two different semiotic registers are expected to emerge and become the key point of the discussion. 

Phase 1: Working in pairs with the DDA, students are asked to convert SR-expressions into TR-expressions. Expressions are provided in paper and pencil and the students are asked to build the corresponding trees into the Aplusix environment.

Phase 2: Working in pairs with the DDA, students are asked to calculate the numerical result of some TR-expressions given in the DDA acting directly on the trees. The request of computing on the tree leads students to become aware of the priorities in the calculation that are represented by the particular direction of the computation: starting from the bottom of the tree and proceeding upwards by substituting each  sub-tree with the result of the binary operation that it represents.

Phase 3: this phase has the goal of fostering the reflection on the relationship between the two representation systems (SR and TR), thus students individually are asked to write a report structured by few questions aimed at focusing their reflection. More precisely they are asked to find and describe some correspondences between the two representation systems (i.e parentheses in SR correspond to sub-trees in TR).

Phase 4:  personal meanings elaborated in the reports at the individual level become the base of a collective discussion that, under the guidance of the teacher, aims at making explicit the correspondences between the two representation systems (RS and TR). 

Orchestration

Once again, the collective discussion is intended to close the cycle, summarizing and making explicit the relationships the two systems of representation in respect to the syntactical aspects of algebraic expressions.

Resources and tools 

· Aplusix system both for teacher and for students and data projector. In particular, TR component of the DDA is exploited.

· Worksheets for students (WS_Phase1 [http://remath.itd.cnr.it/scenario.php?cmd=getresource&f=hipp11-alien02-893d.xml&id=4684fc77-b018&img=DC3_Ph1-eng.doc]

· WS_Phase3 [http://remath.itd.cnr.it/scenario.php?cmd=getresource&f=hipp11-alien02-893d.xml&id=4684fccd-cfe9&img=DC3_Ph3-eng.doc].

Duration

4 hours

Cycle 4 : ‘Towards the structure sense’

According to the distinction between procedural and structural interpretation of an algebraic expression, it is possible to distinguish two different types of representations in the natural language (NL) system (respectively procedural and structural readings in the classroom discourse), corresponding to the same SR (TR)-expression. We hypothesize that passing through different ‘readings’ gives students access to different interpretations of a specific SR (TR) –expression. That will be the first step towards the development of a sense of structure of algebraic expressions, independently of their representation.

After its explicit introduction as a representation system for algebraic expressions, NL will be used to exploit the stated relationships between the two different representation systems, SR and TR, according to the specific characteristics of the given algebraic task. 

Phase1: In the first worksheet students are faced with conversion-task. Working in pairs,  in paper and pencil environment, they are requested to convert SR (TR)-expressions in NL. Students are expected to produce both procedural and structural NL-expressions.

Phase 2: Through a classroom discussion, starting from the NL-expressions produced by the students in the previous phase, the teacher proposes  a classification of the different NL- expressions. In this classification, NL-expressions  which makes explicit the calculation process will be classified as ‘procedural readings’, while NL-expressions which make explicit the structure will classified as ‘structural readings’.

Phase3: Symmetrically respect to the activity in phase 1, conversion tasks are proposed  from NL-expressions to SR (TR). Both procedural and structural readings are proposed.

Phase 4: The teacher organizes a collective discussion aiming at exploiting the potentialities of TR in supporting both a procedural and a structural reading. In fact, ‘the bottom-up reading of a tree’ corresponds to a procedural reading, and  the ‘top down reading of a tree’ corresponds to a procedural reading. Through the comparison with SR, the discussion will move to a more general level, elaborating the structural sense of an algebraic expression independently from the representation system.

Orchestration 

Two discussions alternate the cycle. The first discussion (Phase 2), aims at reflecting on the activity of conversion from SR (TR) to NL, the second one (Phase 3) aims at reflecting on the potentiality of TR both in making explicit procedural and structural aspect of an algebraic expression.

Resources and tools 

· Worksheets for students (WS_Phase1 [http://remath.itd.cnr.it/scenario.php?cmd=getresource&f=hipp11-alien02-893d.xml&id=468bd2bd-a8c6&img=DC4_Ph1-eng.doc]

     WS, Phase3 [http://remath.itd.cnr.it/scenario.php?cmd=getresource&f=hipp11-alien02-893d.xml&id=468bd2f4-6c05&img=DC4_Ph2-eng.doc]

Duration

4 hours

Assessment Suggestions

Evidence of students’ achievement should emerge from the analysis of students’ solutions to the tasks with the DDA, their written reports and their intervention during  collective discussions.

Aplusix offers the possibility through the Observation activity to revise student’s production. Information about the number of well-solved tasks during  a session and time spent per each task are given per each student. Moreover through the Replay System, it is possible to re-play, action by action, the solution given to a student to each task. 

On the one hand, that analysis should allow to identify expressions (created by students) in which specific terms are used to report on the tasks accomplished through the DDA. That witness that already formed personal meanings are related to or re-elaborate in the light of the actual use of the tool (including the specific kind of tasks accomplished through it), thus attesting a progressive enrichment of students’ personal meanings towards the formation of the desired mathematical meanings.

On the other hand, one should be able to identify the use of artefact-signs, that is signs referring to the context of the use of the artefact, very often referring to one of its parts and/or to the action accomplished with it. These signs should sprout from the activity with the artefact, their meanings are personal and commonly implicit, strictly related to the experience of the subject. But at one time, those signs have potentialities to evolve towards mathematical signs.

6. Examples from the classroom

We report on an excerpt from a collective discussion that followed the first activity with the DDA. The teacher aims at exploiting the semiotic potential of the feedback-signs and intends to make the students aware of the mathematical meanings of them. 
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1. Teacher: 
Have you all finished? There were four questions, the first asked to note down the signs appearing between a line (gesture as in Fig. 3 on the left) and the following one (gesture as in Fig. 3 on the right). What are the signs appearing between a line and the following one?

Figure 3. The teacher’s hand as picking something at two different heights.

2. Mattia:
The first sign appearing when you write in the second passage, is…two vertical lines with an x over them (gestures as in Fig.4)
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Figure 4. Mattia draws two vertical lines top-down in the air indicating the feedback-sign “||".

3. Teacher:
An x, two vertical lines with an x over them.

4. Davide:
Parallel.

5. Mattia:
And then, when you complete the passage, the x disappears.

6. Teacher:
The x disappears. Is what he has said right? (The teacher draws on the blackboard the three signs) […]

19. Amalia:
Well, there are three signs…well, those two vertical lines are when the passage is right and concluded […]

39. Teacher:
What does it mean "to be right"?

40. Martina:
That you didn’t make any mistakes in the calculations.

41. Amalia:
That you have not mistaken anything and you can go to the following passage […]

60. Teacher:
And how can we do that not using the computer, understand that things are right without seeing the signs? Why are they right?

61. Ambra:
Because if the calculation follows a logical thread, it is right.

62. Teacher:
Because if the calculation follows a logical thread, it is right. What does it mean to follow a logical thread?

63. Martina:
To do certain operations […]

66. Teacher:
Why are passages right? What does it mean to have the passages right? Where does the logical thread lead? […]

67. Amalia:
Because basically the last passage must give you the result of the first one.

68. Teacher:
The last passage must give you the result of the first one: what does it mean?

69. Amalia:
And yes because basically if you solve the first passage the result must be…equal to the second.

70. Teacher:
Let's help her to say it well […]

73. Sabrina:
Yes because finally the result is the simplification of the first, each passage has the same result.

74. Teacher:
And so?

75. Amalia:
Basically, if we have…I don't know…6/3 and we reduce it to the minimal terms it comes 2, doesn't it? (The teacher writes on the blackboard 6/3 and 2, side each other) So I tell that 2 is the result of the first passage […]
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79. Teacher:
[…] How do we say that the result of 6/3 is 2? In mathematics, when we speak, how can we say that the result of 6/3 is 2?

80. Cora:
That the result of 6 divided by 3 gives 2.

81. Teacher:
Yes, but…what do we say of these two (pointing to 6/3 and 2 with the two hands, Fig. 4) here?

82. Sabrina:
That they are equivalent to each other.
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83. Teacher:
That?

84. Sabrina:
Yes, that they are equivalent to one another, they are equivalent.

85. Teacher:
And what does it mean that they are equivalent?

86. Amalia:
That they are equal… 

87. Students:
That they have the same value.

From the beginning of the discussion the teacher focuses on the interpretation of the feedback-signs of Aplusix (#1). As emerging from the discussion (#1-19), and confirmed by the collected written sheets, all the students' interpret the feedback-sign as "right passage" (see #19: “Two vertical lines […] when the passage is right and concluded”). The personal meanings that students develop from the first activity with the artefact are consistent with the primary interpretation of the feedback. According to the classification provided by the Theory of Semiotic Mediation, the inscription “||" can be considered an artefact-sign, since its meaning is strictly related to the activity with the artefact. Under the guidance of the teacher it becomes the first element of a semiotic chain leading to the mathematical sign, referring to the notion of equivalence, Once it happened, the feedback-sign “||” has reached the level of the secondary interpretation. In fact in the excerpt we can observe the following evolution for the interpretation of Aplusix feedback-sign “||”:

right / no mistakes (#19-41) becomes passages with the same result (#67-73) becomes equivalence between passages (#82-84)

7. Possible extension

A new cycle can be inserted in the PP after the second cycle. This new cycle, starting from the decomposition of a natural number as the cycle 2, explores the binary nature of all the arithmetic operations. That issue can be addressed by means of the feedback-signs provided by Aplusix, which accepts trees with tree leaves in the case of + and * but not in the case of - and /.

Another possibility is to plan new activities, after the completion of the whole PP, for introducing the calculation with polynomials.
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Figure 5. The teacher pointing to 6/3 and 2.
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