Functional approach to equations and inequations with Alnuset

Scenario Identity 

Writers: UJF-MeTAH, Grenoble, France (Anne Krotoff, Jana Trgalova, Hamid Chaachoua)

Subject area: algebra 

Topics: 

· Equality and equation

· Variable and unknown

· Solution of an equation, an inequation

· Solving an equation, an inequation

Excerpts from Grade 10 mathematics curriculum (ftp://trf.education.gouv.fr/pub/edutel/bo/2001/hs2/mathematiques.pdf, p. 34):

	Contents
	Expected competencies
	Comments

	Modelling; solving equations and inequations algebraically and graphically.
	Solve an equation or an inequation of the first degree.

Use a table of signs to solve an inequation or to determine the sign of a function.

Solve graphically equations and inequations of the type: ƒ(x)= k; ƒ(x)< k; ƒ(x)= g(x); ƒ(x)< g(x);…
	For a same problem, contributions of algebraic and graphical modes of solving equations and inequations will be combined. Advantages and limits of these different modes will be clarified.

Graphical representations of basic functions and their relative positions could be used.

It is not forbidden to propose one or two examples of problems leading to an equation that cannot be solved algebraically at this level and for which approximate solutions will be sought for.


Activity rationale

Teaching and Learning problem addressed 

In the Grade 10 class, the notion of function plays an important role and is linked with the notions of equation and inequation. In his PhD thesis, Erdogan (2006) calls this "algebraic functional site of the Grade 10 class". The general problem is to help students develop conceptual understanding of notions linked to equations and inequations before they learn techniques how to solve them.

Innovation 

Alnuset provides three representations of a function linked to each other: algebraic (algebraic expression in Algebraic Line and Algebraic Manipulator components), dynamic (variable point on the algebraic line in Algebraic Line component) and graphical (curve in the Cartesian Plane component). The pedagogical plan is designed in a way to allow approaching the notions of function, equation and inequation from three different points of view whose articulation can foster conceptualisation of these notions.

Added value

Dynamic representation of algebraic expressions in Alnuset offers possibilities to conduct exploratory activities through which students can observe relationships among expressions and link those with mathematical knowledge at stake.   

Context of implementation

Educational Goals 

Related to the notion of function, the students are expected to know to:

· Identify a variable and its domain of definition for a function defined by a curve, a table of values or an expression;

· Determine, in each case, the image of a given number;

· Describe the behaviour of a function defined by a curve.

Related to the notion of equation and inequation, the students are expected to know to:

· Solve an equation or an inequation of the first degree;

· Solve an inequation by using a table of signs;

· Solve graphically equations and inequations of the type: f(x)=k; f(x)<k; f(x)=g(x); f(x)<g(x)...

Which students? The scenario is designed for Grade 10 students (15-16 years old)

Students’ prerequisites:

The students need to be familiar with the vocabulary related to the notions of function (x-value, function-value, domain, codomain, variations, curve...), equation and inequation (solution, solve...). However, since the pedagogical plan proposes remedial activities, all these notions will be revisited in the new environment of Alnuset.

Duration: 2 sessions of 3 hours altogether

Place: The sessions will take place in a computer lab. The students work by pairs on computers equipped with Alnuset software. The teacher’s computer is connected to a videoprojector for the purposes of the whole class discussion phases.

Resources and tools: The students work with Alnuset. Their work is framed by a worksheet presenting the tasks to perform and asking questions to answer (cf. appendix 2).

Types of activities: Exploratory activities are proposed to students. Students will work in pairs on a computer and complete worksheets.

Enactment of the activity

Activities 

The scenario is organized in three main units (cf. Appendix 1):

1. Exploring functions and solving simple functional equations and inequations

a. Exploring functions f(x)=x² and g(x)=1/x 

i. Observing functional relationship between x and f(x)

ii. Studying variations of f and g

b. Solving simple functional equations and inequations

i. f(x) = 4

iii. f(x) = g(x)

ii. f(x) < 4

iv. f(x) ( g(x)

2. Comparing expressions

3. Solving equations and inequations

a. Solving equations

i. x² = 3x+4 

ii.x² = x+3

b. Solving inequations

i. x² - 4 > 3x

ii. x3-3x² ( -x - 2

Resources and tools 

Resources and tools used in each activity, as well as their educational goals and duration are summarized in the table in appendix 1. Moreover, the students’ work is famed by worksheets (cf. appendix 2) they should follow and complete.

Organization of classroom activity 

The sessions take place in a computer lab. If possible, the activities are done with half-classes in order to facilitate management of students’ instrumental activities and of collective discussions.

Students, working in pairs on computers, follow instructions on the worksheets (cf. appendix 2). Collective discussions are organized by the teacher regularly in order to discuss students’ conjectures and their ways to obtain them.

Session 1

1. Studying the function f(x) = x²

The students explore the square function in the Algebraic Line environment of Alnuset and by so doing they get familiarized with the tools available in this environment. A whole class discussion is organized during which the dynamic relationship between x and x² observed with Alnuset is linked with mathematical concept of variations of a function.

2. Studying the function g(x) = 1/x

The students explore in the same way the inverse function. A whole class discussion allows the teacher to appreciate to what extent the students can reinvest knowledge that has emerged in the previous activity.

3. Solving simple functional equations and inequations

In this activity, the students are led to use Alnuset to solve simple equations and inequations by using dragging of x and the “overlapping” technique (e.g., to solve the equation f(x) = k, one drags x on the line in a way to make f(x) coincide with k; such values of x are solutions of the equation). The students use also the Cartesian Plane environment to verify their answers. They are thus led to coordinate different registers of representation of functions. At the end of this series of activities, during a whole class discussion the notions of solution of an equation or inequation can be discussed in link with the instrumented technique for solving them.

4. Comparing expressions

In this activity, the students explore the relationship between two expressions, namely (x² - 4)/(x – 2) and x+2, which are equivalent except for x = 2 when the first one is not defined. The notion of “forbidden value” of an expression can thus emerge in a whole class discussion at the end of the exploration.

Session 2

5. Solving equations with Alnuset

Students are asked to solve two equations of the second degree. At this stage, they do not know yet the algebraic technique to solve such equations. The equations are built in a way to lead them to use tools available in Alnuset and to develop instrumented techniques based on the use of these tools. The first equation has integer roots and can thus be solved by the “overlapping” technique. The second equation has irrational roots; therefore the “overlapping” technique does not allow finding the exact solutions. The students are led to use the E=0 command to find successively the solutions of the equation. This activity addresses the equivalence between A=B and A-B=0, the notion of solution of an equation, the distinction between exact and approximate values of solutions of an equation. All these notions can be discussed collectively at the end of the activity.

6. Solving inequations with Alnuset

Students are asked to solve two inequations of the second degree. Like in the case of equations, the inequations are built in a way to lead the students to use tools available in Alnuset and to develop instrumented techniques based on the use of these tools. The interval(s)-solution of the first inequation has integer bounds and can thus be solved by the “overlapping” technique. The students are also led to complete a table of signs with the help of dragging of x and to use this table to solve the inequation.

The interval(s)-solution bounds of the second inequation has irrational roots; therefore the “overlapping” technique does not allow solving the inequation. The students are led to use the a<b command and the associated colour feedback to solve the inequation. This activity addresses the equivalence between A=B and A-B=0, the notion of solution of an equation, the distinction between exact and approximate values of solutions of an equation. All these notions can be discussed collectively at the end of the activity. The whole class discussion can be centred on the instrumented technique for solving inequations with Alnuset making use of a<b command.

Assessment Suggestions 

Examples from the classroom 

Possible extension
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Appendix 1: Pedagogical plan with ALNUSET

	Unit / Type of task
	Educational aim
	Tools
	Duration

	ES1

Exploring functions and solving simple functional equations and inequations
	ES1.1

Exploring square function f(x)=x²
	Familiarisation with Alnuset

Study of the function f(x)=x²:

· relationship between x and x²

· image, pre-image

· variations of f
	Dragging the independent variable

Yellow post-its

Start Tracking
	15 min

	
	ES1.2

Exploring inverse function g(x)=1/x
	Study of the function g(x)=1/x:

· variations of g

· domain of g
	
	10 min

	
	ES1.3

Solving equations and inequations
	f(x) = 4
	Solution of an (in)equation

Solving equations and inequations:

· in Algebraic line (dragging x and making f(x) overlapping with the image) 

· in Cartesian plane
	Dragging

Post-its

Cartesian Plane
	20 min

	
	
	f(x) < 4
	
	
	

	
	
	f(x) = g(x)
	
	
	

	
	
	f(x) ( g(x)
	
	
	

	ES2

Comparing expressions (x²-4) / (x-2) and x+2
	Equality of two expressions

Forbidden values for a function
	Dragging

Post-its
	15 min

	ES3

Solving equations and inequations
	ES3.1

Solving equations
	x² = 3x+4
	Determine if a given value is a solution of the equation

Solve a quadratic equation in Algebraic line by dragging x
	Dragging

Post-its
	10 min

	
	
	x² = x+3
	Solve a quadratic equation in Algebraic line by using the command E=0

A=B ( A-B=0
	E=0 functionality
	15 min

	
	ES3.2

Solving inequations
	x² - 4 > 3x
	Solving an inequation by dragging x

A-B>0 ( A>B

Table of signs

Solving graphically an inequation 
	Dragging

Post-its

Cartesian plane
	25 min

	
	
	x3-3x² ( -x-2
	Solving an inequation by using the command a<b
	Dragging

Post-its

E=0 functionality

a<b functionality
	40 min


Appendix 2: Student worksheets

Session 1 - Student worksheet 1

1. Studying the function f: x [image: image2.png]


x2

Type x in the white line and press Enter. Type x^2 and press Enter again. 

You should notice that these expressions appear on the blue and the red lines, as well as in the « Expressions » window below the two lines. Clicking with the right button of your mouse on the expressions you can hide them (HIDE command), show them (SHOW command), delete them (DELETE command). The variable point is sometimes hidden under another expression and thus hard to select. The scale can be changed with the scroll wheel of the mouse.
1. Drag the point corresponding to the expression x on the blue line.

What happens to x2?

………………………………………………………………………………………………
Can you drag x2 with the mouse? Explain why.

………………………………………………………………………………………………

1. Drag x in a way to make it coincide with an integer on the line. Points corresponding to the expressions are coloured in orange. Click on these points.
What is the meaning of the yellow post-its that have appeared?

………………………………………………………………………………………………

· Click on the expression x² with the right button of the mouse and select START TRACKING command. Drag x. 
What do you think the tool START TRACKING is useful for?
………………………………………………………………………………………………
In order to deselect the tool, click again on the expression with the right button of the mouse and select STOP TRACKING command.


1. Drag x on the blue line to the right of 0 (x having only positive values).
How does x2 move with respect to the movement of x?
………………………………………………………………………………………………

1. Drag x on the blue line to the left of 0.
How does x2 move with respect to the movement of x?

………………………………………………………………………………………………

What can you say about variations of the function f?

………………………………………………………………………………………………

2. Studying the function g: x [image: image4.png]
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· Enter the expression 1/x. Drag x over the blue line. 


How does 
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 move when you drag x?


…………………………………………………………………………………………………
What are variations of g ? …………………………………………………………………………………………………

What happens when x is between 0 and 1? (you can use the scroll wheel of the mouse to change the scale and the START TRACKING tool) 

…………………………………………………………………………………………………

What happens when x = 0? Explain why.

…………………………………………………………………………………………………

Session 1 - Student worksheet 2

3. Solving equations and inequations 
1. Drag x and conjecture the solutions of the equation(x) = 4.
What values seem to be solutions of the equation f(x) = 4? 

…………………………………………………………………………………………………

Explain how you have done to find the solutions.

…………………………………………………………………………………………………

1. Drag x and conjecture the solutions of the inequation f(x) < 4.
What values seem to be solutions of the equation f(x) < 4?
…………………………………………………………………………………………………

Explain how you have done to find the solutions.

…………………………………………………………………………………………………

1. Click on x² with the right button of the mouse, select SHOW GRAPH command and then x. Do the same with the point 4 on the blue line. 
How can you verify your results to the previous questions?
…………………………………………………………………………………………………

· Back in Algebraic Line environment, drag x and conjecture the solutions of the equation x2 = 
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. 
What values seem to be solutions of f(x) = g(x)?

…………………………………………………………………………………………………

Explain how you have done to find the solutions.

…………………………………………………………………………………………………

· Drag x and conjecture the solutions of the inequation x2 ( 
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.
What values seem to be solutions of the inequation f(x) ( g(x)?
…………………………………………………………………………………………………

Explain how you have done to find the solutions.

…………………………………………………………………………………………………
1. Show graph of the function g.


How can you verify your results to the previous question?
…………………………………………………………………………………………………

Session 1 - Student worksheet 3

4. Comparing expressions
1. In Algebraic Line environment, delete x2 and
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. Enter the expressions (x2-4)/(x-2) and x+2.

What do you observe? Explain why.

…………………………………………………………………………………………………

1. Drag x over the blue line and click on the orange points.
 
What do you notice when x is different from 2? And when x = 2? Explain why. …………………………………………………………………………………………….……
Session 2 - Student worksheet 4

5. Solving equations with Alnuset

5.1. Solving the equation x2 = 3x+4

· Enter x, x^2, 3*x+4. Drag x and answer the following questions:


Is 1 solution of the equation? Explain why.
…………………………………………………………………………………………………

Is -1 solution of the equation? Explain why. …………………………………………………………………………………………………

Is 2 solution of the equation?

…………………………………………………………………………………………………
Are there other solutions of the equation? If so, which ones?

…………………………………………………………………………………………………

Explain how you have done to find the solutions of the equation by using the Algebraic Line environment of Alnuset.
…………………………………………………………………………………………………

5.2. Solving the equation x2 = x+3

· Hide the expression 3x+4 and enter x+3. 

What are the solutions of this equation?
 ………………………………………………………………………………………………

Does Alnuset allow finding these solutions? Explain.


………………………………………………………………………………………………

· Alnuset has a tool allowing to solve equations of the type E(x) = 0.

What equation of the type E(x)=0 allows solving the given equation? Explain.

………………………………………………………………………………………………

· Enter the expression E(x). Click on the E=0 command. Drag the green point to make it coincide with the point corresponding to the expression E(x) and drag x on the red line in a way to make E(x) coincide with 0. 


What is the meaning of the triangle (red, red-green, then green) that appears?

………………………………………………………………………………………………
· Click on the post-it above the triangle.


What is the number in the white post-it?

………………………………………………………………………………………………

· Use again the E=0 command to find other solutions.
What are the solutions of E(x) = 0?

………………………………………………………………………………………………

Based on this result, what are the solutions of the equation x2=x+3? Verify with Algebraic Line. Explain how you have proceeded.

…………………………………………………………………………………………………

· Show graphs of the expressions x2 and x+3.

How can you find the solutions of the equation x2=x+3?

…………………………………………………………………………………………………
· Show graph of the expression E(x). 
How can you find the solutions of the equation E(x) = 0?

………………………………………………………………………………………………

Session 2 - Student worksheet 5

6. Solving inequations with Alnuset

6.1. Solving the inequation x2 - 4 > 3x


· Open a new file. Enter x, x^2-4, 3*x. Drag x and conjecture the solutions of x2 - 4 > 3x. 
What values seem to be solutions of x2-4>3x? Explain.

…………………………………………………………………………………………………

Based on your conjecture, what are the solutions of the inequation x2-3x-4>0? Explain.

…………………………………………………………………………………………………

· Delete all expressions except of x.

· Verify with Alnuset that x² - 3x – 4 = (x+1) (x-4).

Explain how you verify the equivalence of these expressions.

…………………………………………………………………………………………………
· Enter the expressions x+1 and x-4. By using Alnuset, complete the following table of signs:
	x
	

	x+1
	

	x-4
	

	(x+1)(x-4)
	

	x² - 3x – 4
	


· Use the table to find the solutions of the inequation x²-3x-4 > 0. 

Explain how you proceed.

…………………………………………………………………………………………………

· Use Cartesian Plane environment to solve the inequation x²-3x-4 > 0.
Explain how you proceed. 

…………………………………………………………………………………………………

6.2. Solving the inequation x3 - 3x² ( -x - 2


· Open a new file. Enter x, x^3 – 3*x^2 and –x-2.
Solve this inequation with Alnuset. If needed, you can use the E=0 command.

Describe how you have proceeded.

…………………………………………………………………………………………………
· Now you are going to solve the inequation x3 -3x² ( -x-2 with the a<b command. Click on a<b. Drag the green point corresponding to the blue rectangle on the point of the expression x3-3x² and the green point corresponding to the red rectangle on the point of the expression -x-2. Click on the pink post-it containing the inequation. A window « Sets » appears containing the inequation and coloured markers.

What is the colour of the marker?
 …………………………………………………………………………………………………

· Drag x and observe the colour of the marker.
What do the colours of the marker mean to your opinion?
 …………………………………………………………………………………………………

Use the coloured codes to verify the solutions of the inequation you have conjectured previously. Explain how you proceed.
…………………………………………………………………………………………………

· In the « Sets » window, click on the inequation with the right button of the mouse and select EDIT SET command. Drag x to make it coincide with the points that you considered important for the interval-solution and click on buttons [image: image10.png]


 in order to select these points. Click on that part of the pink strip, which corresponds to the interval-solution. It turns into green. Click on the arrow of the grey line. Two coloured markers appear in the « Sets » window opposite to the inequation and the solution found. Drag x and observe the colours of the two markers.

How do these coloured codes allow you to verify that the solution of the inequation you have found is correct?

…………………………………………………………………………………………………
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