APPROACHING FUNCTION WITH CASYOPEE

1. Scenario identity 

a. Writers: 
Didirem team (M. Artigue; C. Cazes; JB. Lagrange; B Le-feuvre, X Merrier, T.K. Minh; F. Vandebrouck,)

b. Subject area: 
The scenario affects two mathematical domains: function, geometry
c. Topics  :
The principal notions involved are:

· associated function; 
· quadratic function; 
· dynamic Geometry
· modeling of a geometrical situation
2. Activity rationale 

a. Teaching and learning problem addressed 
The notion of function is the core of the mathematical knowledge at stake at secondary level. The general problem addressed is to enrich the students’ representation of function, to establish a balance between working on previously learnt knowledge and introducing to new concepts, to develop skills for modelling geometrical situations. 
b. Innovation
The particularity of Casyopée is to establish a link between dynamic geometry and algebraic domain through geometric calculations. This allows to work on cases where a numerical value (often the value of an area) is associated with a geometric figure, when we vary this figure, the numerical value associated also varies. Thus the numerical value is “function” of the figure. It remains to explain this function or model the situation. This allows students to work with functions in the concrete context of the Dynamic Geometry. Furthermore, such work is explicitly requested in the French programs.
c. Added value

Casyopée permits activities of exploring and it also partly discharges students of technical algebraic manipulations even if using the software introduces a new manipulative work.
3 Context of implementation 

a. Educational Goals
Concerning the notion of function, students should construct and consolidate:
· the meaning of variable 

· the distinction between variable and parameter 

· the meaning of function of one variable 

· the fact that a same function may have several algebraic expressions

As for geometry, students should construct and consolidate:

· the ability to experiment and anticipate in front of a dynamic geometric situation 

· the ability to modelling a geometric situation by  a geometric then algebraic calculus 

· the ability to interpret an algebraic result in the geometric context.

b. Which students? 
Students aimed at are scientific students in grade 11. This scenario has been extended for 12th grade students, see paragraph 6 2
c. Students prerequisites
Students have already some basic knowledge of functions and algebra (factoring and developing expressions, solving first grade equations). They have met affine functions, some exemplars of simple second grade, third grade and homographic functions. Approach has been mainly graphical and numerical. Functions have already been used for modeling geometrical situations but the modeling process was strongly guided. For instance, the independent variable was always given. They have only worked on particular examples non dependent upon parameters. Moreover, some basic knowledge on elementary geometry is asked (calculation of areas, Pythagoras and Thalès theorem).
 No specific prerequisite on Casyopée.


d. Duration

The pedagogical plan has 6 sessions of almost 2 hours each



e. Place  
It takes place in a computer classroom for session 2; 3; 5 and 6; and in an ordinary classroom for session 1 and 4. 

f. Resources and tools
A computer classroom equipped with Casyopée and a video projector; worksheets to fill (annex1) and paper and scissors (for session 4)
g. Types of activities 
Session 1 and session 4 are collective sessions. During the other sessions students are working by pair, each of them has a computer. They are asked to fill a worksheet at the end of each session (see worksheet in annex 1). 


4 Enactment of the activity  


a. Activity
The scenario is built around three main phases:

· Associated functions 

· Introduction (associated function)

· Targeted function

· Different expressions of a quadratic function

· Function and geometry: variable and equation

· Introduction (dividing a triangle into figures of fixed area)

· Application  (dividing a triangle into figures of fixed area)

· Functional modeling of a geometrical situation for solving an optimization problem



b. Resources and tools
Usually a Casyopée file is provided to the students, it contains some elements (function or geometrical figure…) associated to the adequate session. As already said, for each session, students have also a worksheet to complete (see in annex).


c. Organization of classroom activities 
First phase: Associated functions

· Session 1: Introducing associated functions
This session is a collective session. Its content is: introducing associated functions and presenting Casyopée’s algebraic module. 

Throughout this lesson, f is a function defined on the set of real numbers. The functions g, h and t are defined on the same set by: g(x)= f(x)+2 ; h(x)= f(x+2) ; t(x)= 2f(x). They are associated to f. 
Step 1 The teacher begins by explaining the algebra module of Casyopée and showing how to enter a function and draw its graph. 

Step 2 Then students have to draw by paper and pencil the graph of different associated functions to f: x -> x². A student explains his (her) solution on the white board. The teacher explains Casyopée’s algebraic module and uses this module to discuss the student’s solution, by projecting Casyopée’s graphs upon the student’s drawings.
Step 3 Similar task but a student operates Casyopée for the solution.
Step 4 The teacher enters associated functions with parameters, and displays the graphs by animating the parameters. Some students operate Casyopée for a similar animation. Then the class discusses a geometrical interpretation.
Step 5 The teacher explains the reverse problem (Targeted Functions). A graph is given. The goal is to find the expression of an associated function with the given graph. The class solves collectively an example and the teacher stresses that, when more than one parameter is involved, it is better to animate them successively, rather than together.
· Session 2: Working on associated functions, getting a first knowledge of Casyopée (algebraic module)
Step 1 Three tasks about targeted functions: a graph of a function is given; students have to guess the algebraic expression of the function. The students know the target graphs and the reference function (x->x²). To help them, in the first two tasks, the general parameterized form of the target function is given. They know that, in the target functions, parameters will take integer (not necessarily positive) values. 

Step 2 Task with paper and pencil
Note the correct values of the targeted functions. Explain how the answer could have been (partly) anticipated by way of the geometrical interpretation.

Step 3 Further work (if enough time)
« Guess my function ». A group of students graphs a function and then delete (hide) the algebraic expression. Another group has to discover the function.

· Session 3 : Identifying equivalent quadratic expression 
Step 1 Find targeted function with the same process than previously but with 3 targeted functions forms (f(x)=a(x-d)^2+e     g(x)=a[(x-k)^2+m] et p(x)=a(x-u)(x-v)).

There are 2 possible methods:

- to do the same process (manipulate the parameters as far as the graphics of the hidden function and the targeted function are the same) for each function 

- to do the same process for one function and find the others by algebraic manipulations (with or without Casyopée).

Step 2 Find, whereas it is possible, the 2 others forms of other and find the abscissa of the extremum of each function 
Step 3 Collective discussion and validation, institutionalization of the 3 forms, interpretation when it is possible of the parameters
Second phase: Function and geometry

· Session 4:  Introduction to the geometrical module in Casyopée
Step 1 Students are asked to draw a triangle ABC knowing the coordinates of the point A, B, C. Then the teacher asks them how split the triangle into two parts of equal areas, not necessarily triangular, with one scissor cut, with two scissor cuts?

Step 2 Collective discussions with Casyopée. The teacher shows how to enter coordinated points, the middle point, the other lines and the geometrical calculations
Step 3 Other problems witch involves a free point, the choice of a variable 

Step 4 The teacher shows how to create a free point on a segment, then a student will operate Casyopée’s geometrical module. The teacher explains the rest of the procedure, particularly about the variable (choice, feedbacks). He announces the next session on this topic.
· Session 5 : Geometrical situations, modelling and reflecting about the notion of variable
Step 1 Student have to cope with this problem  
“In orthogonal axis, create A (0, a) ; B (b ; 0) et C (a ; b). (a and b being parameters in [0,10]). How to choose a point M in order that triangle BMC’ area is the third of rectangle ABCD’s?”
This session focuses on feedback, students have to fill in a table with choices for the variable and the two feedbacks before and after the definition of a function. The goal is to make students aware that xM and yM are variables, and that yM is a suitable variable whereas xM is not.

Step 2 Further work (for faster students)
1 Draw from the previous work a method to cut the rectangle into three equal area figures: a triangle and two trapezes.

2. Same problem without help: the area has to be the fifth or by replacing the triangle by a trapeze (to be checked with Casyopée in case of horizontal parallel sides).
Step 3. Discussion. The goal is to highlight and compare the different expressions of the function depending on the choice of the variable. 

· Session 6: A geometrical situation for solving an optimization problem
The students work on Casyopée, the triangle ABC is already drawn in the file Casyopée provided to students. The values of parameters are fixed. The students need as indicated paper document at their disposal (Annex 1), to deal with the problem by specifying the independent variable chosen, to write their solution and interpret results in the geometric module. A resolution goes through the following steps. Some steps such as experimenting, conjecturing are not essential to the resolution but can guide students toward resolution:

· Drawing a rectangle inscribed in this triangle
· Creating a geometric calculation corresponding to the area of this rectangle

· Experimenting by moving the mobile point in order to conjecture a position responding to the problem 

· Choosing a variable appropriate

· Creating the function
· Going into the geometric window to find the extreme of this function

· Reinterpreting the value found in the geometric window 

· Comparing with the value conjectured
The teacher supervises each student’s work. 


d. Assessment suggestions 

See worksheet in annex 1

5 Examples from the classroom
Report from the third phase (session 6)
Here is an example of Casyopée screen in the solving process
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This situation was experimented in France in several classes and difficulties are possible. We give a list so that a teacher can be aware.

· Sutends’ instrumentation of Dynamic Geometry may vary. The construction of the figure is not easy for the students that we observed, especially students do not always create a free point on segment (they create a free point on a line or in the plan), and some of them have difficulty in designing a construction plan: once the free point is chosen the others are imposed. In others words, the figure has only one degree of freedom, sometimes students bring more of that or otherwise do not make all sides of the rectangle mobile. The teacher has to choose which students he will help and when, he can also decide to give the whole construction in the Casyopée file.

· Some students skip the geometrical exploration and choose immediately a variable and export a function: is it because they are comfortable with this type of problem and know immediately to model it or otherwise because they have not understood the principle of covariation in which case an experiment could help them.

· Several algebraic techniques are possible to find the maximum. As a part of our French experiment, the search for a maximum gives often difficulties. The students do not always think of simplifying the expression of the formula linking the maximum to coefficients of the second degree polynomial. When they think about this relationship, they do not calculate it because there are confusions between the name of parameters and the terms of this formula in traditional French teaching. In observations, few students use the symmetry of the parabola to determine the coordinates of the maximum on the graph. It may be interesting to show that there are several ways to find this maximum.

6 Possible extensions and adaptations 

6.1 Extension of the third phase: collective session 

After the third phase, a collective review is needed. It can be seen in different ways depending on the objectives. Here are some examples:

· If the objective is to emphasize the part of experimentation and conjecture, the teacher will use Casyopée with a video projector.

· If the objective is to insist on modeling actions, he can show the diversity of variables chosen, style of functions associated, noted that the same situation can be modeled by different functions. Then he can reflect on how without Casyopée, one has an interest to make a “good” choice of variable (because a function which associates a simple algebraic expression with a “good” variable).

· One will also be able to show the diversity of methods to find the extremum, by distinguishing the exact methods (algebraic) with the approximate methods (numeric, graphic). 

· A reflection can be seen on the role of parameters, by changing the value of parameters in the figure and observing results. 

· The teacher can make a geometric demonstration

6.2 Extension for 12th grade

Next year the work with Casyopée continues on others similar problems; see in Annex 2 an example of a second problem to solve with Casyopée.
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Annex 1 : Worksheets

Session1



Associated Functions 

The aim of the session is the study of associated functions (with a given function). 

Let f be a function defined on a set E. 
The functions g, h, t defined by g(x) = f(x)+2, h(x)= f(x+2), t(x)= 2f(x) are examples of functions associated with f (notes : it is necessary to specify the definition sets of these functions).
 The Casyopée software will allow you to illustrate this study on these examples.

The plane is equipped with an orthogonal coordinate system (O, 
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, 
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1. Functions associated with the function sin
We have represented graphically the function sin on the annex sheet. 

Represent graphically the functions g, h, t on this sheet.
2. Functions associated with the square function

a. Let f be a function defined on IR by f(x) = x².

b. Represent graphically the functions g, h, t on the annex sheet. 
Same question with the functions u, v, w et s defined by: 
u(x)= f(x) –3 ; v(x)= f(x–1) ; w(x)= – f(x) ; s(x) = f(–x).
c. What geometrical transformation allows to obtain the graphical representation of u from f ? Same question with v, w and s.

3. Associated functions with parameters

Let f be function.We consider the following associated functions:

g(x) = f(x) + a ; h(x) = f(x + b) ; t(x) = – f(x) ; s(x)= f(– x).

Observe the graphical representations of associated functions obtained with Casyopée to complete the conclusion.

Conclusion 

Let C be the graphical representation of the function f.

C g,  C h, C t and C s designate the graphical representations of the functions g, h, t et s.

a and b designate parameters.

If g(x) = f(x) + a  then Cg  is the image of C by …..

If h(x) = f(x + b) then Ch  is the image of C by …..

If t(x) = – f(x) then Ct is the image of C by … 

If s(x) =  f(– x) then Cs is the image of C by … 

4. Target Function

In each case below, we give the graphical representations of the square function and a function k which is associated with the square function. 

Determine the expression of k (specify your method).

· Case n°1


 eq \x(k(x) = …………….)
[image: image4.png]



· Case n° 2


 eq \x(k(x) = …………….)
[image: image5.png]



t(x) = 2 f(x)






u(x) = f(x) – 3

etc…

Session 2



Targeted Functions

The aim of the session is to reinvest the work carried out on the associated functions by using the Casyopée software.

In each activity, we consider the square function f defined on IR by x 

 SYMBOL 190\f"Symbol"\h\s5

 SYMBOL 174\f"Symbol"\h\s5EQ \s\up1()
 x².
We graphically represent a function h whose expression is hidden. 

We must determine the expression of a function g, defined from f whose graph overlaps with the one of h. 

Activity target 1   g : x 

 SYMBOL 190\f"Symbol"\h\s5

 SYMBOL 174\f"Symbol"\h\s5EQ \s\up1()
  f(x+k) +  a

[image: image6.png]



Working with Casyopée

Open the file target 1.

Graphical representation of f

In the menu Create, using the command Create function to enter the function f  defined on IR by: x 

 SYMBOL 190\f"Symbol"\h\s5

 SYMBOL 174\f"Symbol"\h\s5EQ \s\up1()
 x²  (x² is obtained with x^2).

Tick   [image: image7.emf]

   to display the graphical representation of f.
Graphical representation of h 

Tick  [image: image8.emf]

to display the graphical representation of h.
Creation of the parameters a and k 

In the menu Create, choose Parameter. 

[image: image9.emf]


In the window that appears, click on [image: image10.emf]

. 
The default values for the minimum and maximum are -10 and 10.

To create k , using the pulldown menu, then click on [image: image11.emf]


[image: image12.emf]


Creation of the function g

In the menu Create, using the command Create function to enter the function g 

Defined on IR by: x 

 SYMBOL 190\f"Symbol"\h\s5

 SYMBOL 174\f"Symbol"\h\s5EQ \s\up1()
 f(x+k) +  a
Piloting parameters

Piloting the parameters a and k [image: image13.emf]

  to superimpose the graph of g on the one of h.

Report 

Give the value of parameters of the solution and the expression of the function g :               
Explain how the solution could be anticipated from geometrical considerations :…

Interpret wherever possible the effect of changing of the parameter k ; same question with the parameter a :  
Activity target 2   g : x 

 SYMBOL 190\f"Symbol"\h\s5

 SYMBOL 174\f"Symbol"\h\s5EQ \s\up1()
  a  f(x+k)

[image: image14.png]



Working with Casyopée

· Open the file target 2.

· Create the parameters a and k
· Create the function g defined on IR  by : x 

 SYMBOL 190\f"Symbol"\h\s5

 SYMBOL 174\f"Symbol"\h\s5EQ \s\up1()
  a  f(x+k)
· Manipulate the parameters a and k [image: image15.emf]

  to superimpose the graph of g on the one of h. 
Report 

Give the value of parameters of the solution and the expression of the function g :               
Explain how the solution could be anticipated from geometrical considerations :…

Interpret wherever possible the effect of changing of the parameter k ; same question with the parameter a :  

Activity target 3

[image: image16.png]



Working with Casyopée

· Open the file target 3

· Create a function g defined from f and whose graph is superimposed with the one of h. 

Report 

Give the expression of the function g:…

Explain your method:…

Activity « guess the hidden function »

In teams of two, choose a reference function then construct an associated function according to the models of the activities above. 

Present the graphical representation of the associated function to another group who will guess its expression. 

Note the stages of their research and the aid that you have provided.

Activity « other targeted functions »
· Open the file target 4: three target functions had been drawn.

· Create three functions from f and whose graphs are superimposed on those of target functions plotted.

Give the expression of these three functions.

Interpret wherever possible the effect of changing of parameter.


__________________________________________

Session 3:
 Study of quadratic function
By definition, a quadratic trinomial is an expression of the form ax² + bx + c , where a (a SYMBOL 185 \f "Symbol"\h 0), b and c designate reals. The aim of the session is the study of various expressions of quadratic function and to deduce their properties. 

Activity 1

In the file target1, we graphically represent a function h whose expression is hidden. The function h is a quadratic trinomial.

We must determine expressions of three functions f, g  and p  whose graphs are superimposed on the one of h. The goal is to obtain three equivalent forms f(x),  g(x)  and p(x) of h(x). 

NB : In the file target1, the parameters used to defined the functions are already created.

[image: image17.png]



In each case, determine the values of parameters so that the graphical representation of the function (respectively f, g, p) is superimposed on the one of h. 

1. The function f is defined by f(x) = a (x – k)² + e . (form 1)
f(x) = … (x – ..…)² + ……
f(x) = …..x² + …..x +..….

2. The function g is defined by g(x) = a [(x – k )² + m] . (form 2)
g(x) = …[(x –..…)² + ..…]
     g(x) =  …x² + …..x + ….

3. The function p is defined by p(x) = a(x – u)(x – v) . (form 3)
p(x) =  … (x – …) (x – …)
      p(x) =  …x² + …x + ….


4. Deduce the developed and reduced form of the function h.
h(x) = ……………………………………

Indicate methods used to determine the values of parameters 

Give an interpretation, wherever possible, of the parameters

Activity 2

1. Let q be a quadratic trinomial defined by q(x) = – 5 x² + 4x –1 

a) Put q(x), wherever possible, in the form of (1), (2) or (3).

b) Determine the abscissa of its extremum by indicating the method used.

2. Same questions with the trinomial s defined by s(x) = 3 x² + 2x + 6 



___________________________________________

Session 4                      Divisions of a triangle
First problem 

In a coordinate system (o; EQ \o(\s\up7(\d\fo1()\d\ba3() SYMBOL 174 \f"Symbol"\s5\h);i)
; EQ \o(\s\up7(\d\fo1()\d\ba3() SYMBOL 174 \f"Symbol"\s5\h);j)
) we consider the points A(0 ; 6) and B(2 ; 5).

We would like to divide the triangle oAB into two parts (not necessarily triangular) but of equal area. 

1. How to handle it by one stroke of scissor?

2. How to handle it by two strokes of scissor? 
Second problem

On the same triangle oAB, we construct a free point M on the segment [oA]. The parallel to (oB) passing through M cuts [AB] at P ; the parallel to (oA) passing through P cuts [oB] at Q.  

1. How to choose M so that the oMPQ’s area is half of the area of the triangle oAB?

2. And if we want the oMPQ’s area is the 4/9 of the area of the rectangle oAB? 

3. And if we change the values of the coordinates of A ?  

Session 5                                             Division stories

In an orthogonal coordinate system, we consider the points A (a, 0) ; B (0; b) and C (a ; b), where a and b are two parameters, a SYMBOL 206 \f "Symbol"\h [0,10] and b SYMBOL 206 \f "Symbol"\h [0,10]. 

How to choose a point M in the plan so that the area of the triangle BMC is one third of the area of the rectangle oACB? 

Working with Casyopée

Open the file figure_initiale in which the parameters a and b have been already created. 

(Save the file in a personal folder with the filename session5).

Dynamic Geometry

· Constructing the rectangle oACB (changing the values of parameters to obtain a non square rectangle).

· Creating the geometrical Calculation of the oABC’s area .

· Choosing a free point M.

· Making a geometrical construction necessary for calculating the area of BMC 

· By moving M, conjecturing the positions of the point M for which the area of BMC is one third of the area of oACB.

In order to solve this problem, we want to model it by defining a geometrical function of the triangle BMC’s area and choosing an appropriate variable. As we saw in class, the Casyopée software allows you to choose the variable.

· Complete the following table:
	Choice of the variable
	Casyopée’s answer
	Possible expression of the function (area of MBC)



	BC
	
	

	OM
	
	

	BM
	
	

	xM
	
	

	yM
	
	


Indicate, if this is the case, another choice of variable of which you thought 

What answer does Casyopée give and can you create the function required?
· Summary of works 

The geometrical calculation of the area of oACB is:  AoABC = ………

The geometrical calculation of the area of BMC is: ABMC = …… 

The chosen variable is:  x = …….

The geometrical function equal to the area of oACB is displayed in the « Calculation » window in the form:

The definition set of this function is:  ………..

The algebraic expression of this function is: ……..

The geometrical function equal to the area of BMC is displayed in the « Calculation » window in the form: 

The definition set of this function is: ………..

The algebraic expression of this function is: ……..

Symbolic window

With the command « Switch to Casyopée » for solving the problem (in the symbolic window of the software). 

Indicate steps used and specify what support the software provides.

How to visualize the answer in the Dynamic Geometry window ? 

Extension 

Deduce a division of the rectangle oACB into three parts of equal areas : a triangle and two trapeziums. Write the answer below:

An another problem of division

In an orthogonal coordinate system, we consider the points A (a, 0) ; B (0; b) and C (c ; b), where a and b are three parameters, a SYMBOL 206 \f "Symbol"\h [0,10] , b SYMBOL 206 \f "Symbol"\h [0,10] and cSYMBOL 206 \f "Symbol"\h [0,10] ; a ≠ c. 

How to choose a point M in the plane so that the area of the triangle BMC is one third of the area of the trapezium oACB? 

Using the possibilities offered by the software to solve this problem and make a report.


_________________________________________
Session 6                                       An optimization problem
Let a, b and c be three positive parameters

We consider the points A(-a;0), B(0;b) and C(c;0). We construct the rectangle MNPQ with M on [oA], N on [AB], P on [BC] and Q on [oC].

* Can we build a rectangle MNPQ with the maximum area? 

* May MNPQ be a square? 

Work required

1. Load the file figinit.cas and then complete the figure with Casyopée. 
Notes: It is necessary to construct the segments [oA], [AB], [BC] and [oC] to define correctly the points of the rectangle.

2. Answer to two questions provided above with the following instructions:

· Giving the choice of variable.  

· Writing steps using the results displayed by the software.

· Visualizing the answer in the Dynamic Geometry module.

Annex 2                                               An example of extension
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Report: Is it always possible to put the trinomials on 3 forms 


a (x – k)² + e 	(form 1) 


a[(x – k)² + m] 	(form 2)   


a (x – u)(x –v) 	(form 3) ?












































_1253432663.unknown

_1253432696.unknown

