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1. Title

Modelling in Casyopée

2. Scenario Identity

Authors: 

M. Maracci, M.A. Mariotti, 

Dept. of Mathematics and CSCI, University of Siena, Italy.

Subject area: 

Mathematics

Topic(s): 

Real function of a real variable.

Algebraic modelling of geometrical problems.

3. Activity rationale: 

The scenario presents a didactic proposal aimed at introducing students to functions through modelling activity in geometric context. The didactic intervention is centred on the use of specific tools of the Casyopée environment.

The scenario is inspired by the Theory of Semiotic Mediation (Bartolini Bussi and Mariotti, 2008), which guided both the specification of the educational goals and the overall structure of the planned activities. 

Assuming a Vygotskijan perspective, Bartolini Bussi and Mariotti put into evidence that the use of an artefact for accomplishing a mathematical task in a social context may lead to the production of signs, which, on the one hand, are related to the actual use of the artefact (the so called artefact-signs), and, on the other one, may be related to the mathematical knowledge relevant to the use of the artefact and to the task. As obvious, this knowledge is expressed through shared systems of signs, the mathematical signs. 

In a mathematics class context, when using an artefact for accomplishing a task, students can be led to produce signs which can be put in relationship with mathematical signs. But, as the authors clearly state, the construction of such relationship is not a spontaneous process for students. On the contrary it should be assumed as an explicit educational aim by the teacher. In fact the teacher can intentionally orient her/his own action towards the promotion of the evolution of signs expressing the relationship between the artefact and tasks into signs expressing the relationship between the artefact and knowledge.

According to the Theory of Semiotic Mediation, the evolution of students’ personal signs towards the desired mathematical signs is fostered by iteration of didactical cycles, encompassing the following semiotic activities: students’ working in pair or small groups with the artefact for accomplishing given tasks, students’ individual production of written reports on the class activity, and [image: image3.png]


classroom collective discussion orchestrated by the teacher. 
The action of the teacher is crucial at each step of the didactic cycle. 

Teaching and learning problems addressed

It is a common experience of both researchers and teachers that students’ personal meanings related to the notions of variable and function are rarely elaborated in depth. Accordingly, the notion of function has long been the object of a great number of studies, and the extensive literature reports on numerous difficulties related to different aspects of this notion. The classic book of collected papers edited by Dubinsky and Harel (1992) provides a good example of such studies. More recently, Falcade et al. (2008) highlighted the potentialities of introducing the notion of a function as co-variation within a dynamic geometry environment. 

The interest towards the teaching and learning of the notion of function is not so surprising, since this notion is central in mathematics and essential in experimental sciences for modelling real world phenomena.

Modelling constitutes another important aspect addressed in this scenario. Doubtlessly, in the last decades modelling has raised more and more the interest of the community of math educators, as witnessed also by the recent ICMI study on the topics (Blum et al. 2007). In general mathematical modelling can be seen as a didactic means for learning mathematics, or as an objective in its own right. Notwithstanding the growing importance given to it, modelling, either as an educational aim per se or as a didactic means, has only scarcely and superficially been dealt with in the (Italian) schools.

In this scenario we focus on the algebraic modelling of geometrical problems. Through the designed activities we mean at one time to use modelling as a frame in which meanings related to functions and variables can be elaborated more in depth, and to lead students to develop general abilities and to reflect on general issues related to modelling.

Innovation

As mentioned above, modelling is not given a prominent room in the (Italian) schools: modelling activities are usually limited to solving word problems or, in scientific high schools, optimization problems. These problems are meant to provide students with the occasion for applying known procedures. Moreover in these activities students are rarely asked to build models on their own: instead, the modelling process is usually step by step driven by the teacher (or the textbook). On the contrary, this scenario is intended to make students experience true modelling processes through proposing activities in which students have to address issues such as choosing the most relevant aspects of the problems, deciding which aspects have to be kept and which ones can be simplified, choosing the variables for building the algebraic models. Casyopée functionalities can support students in this process while leaving them the needed autonomy.

In addition, one more element of innovation is the fact that modelling is not an aim in itself, but it is used as a more general frame in which meanings related to functions and variables can be elaborated in depth.

Finally, even if the idea of linking the notion of function with the notion of co-variation is not completely new (see for instance Falcade et al., 2008), yet as Thompson (1994) observed very little has been investigated in this regard and in regard to students’ meanings of variable as variable magnitude.
Added value

ICT tools in the classroom are often seen as new (kind of) mathematical tools (1) for solving new more challenging problems, or more in general (2) for presenting new mathematical topics which otherwise could not be even approached, or still (3) for presenting “old” mathematical topics in more fascinating ways. We certainly value these potentialities, but we see also the risk that one privileges training students in using ICT tools and pays less attention to the meanings which students make in relation to the use of these tools, to the link between those meanings and the mathematical meanings beyond, and to students’ awareness of this link.

The added value of this scenario consists in the specific attention paid to these aspects. We assume that through enacting this scenario a teacher can use Casyopée as a tool (a) for developing shared meanings having an explicit formulation, de-contextualized with respect to the tool itself and its actual use, recognizable and acceptable in respect to the mathematicians’ community, and (b) for fostering students’ consciousness-raising of those meanings.

4. Context of implementation

Educational Goals 

The main goals of this Pedagogical Plan are to foster the evolution of students’ personal meanings towards:

1. the meaning of function as co-variation and thus consolidate (or enrich) the meanings of function they have already appropriated;

2. mathematical meanings related to the processes characterizing the algebraic modelling of geometrical situation.

More specifically,

as for the notion of function, students should consolidate or enrich:

· the meaning of variables both geometrical and numerical,

· the meaning of domain of a variable,

· the meaning of function as co-variation over time of variables (of different kind: numerical or geometrical),

as for the modelling process, students should learn to:

· recognize geometrical variables

· pass from not-measurable geometrical objects (e.g. points) to measurable geometrical objects

· associate numbers (numerical variables) to geometrical variables

· associate geometrical variables to numbers (numerical variables)

· express the relation between numerical variables through formulas

· parameterization (optimize the number of variables).

Remark: we listed above many different specific educational goals in which the main educational goals are articulated. Though all those aspects could be singularly pursued through the scenario, it is not reasonable to think to be able of pursuing all of them at the same time. Actually, the choice of the specific educational goals to focus on, is left to the teacher, it also depends also on how the activities progress.

In relation to the Italian National Curriculum (retrieved March 15, 2009 from http://www.pubblica.istruzione.it/riforma/secondociclo.shtml - IT version only):
The development of modelling competencies is a general didactical objective of the teaching of all the scientific discipline and of mathematics in particular.

At the end of the secondary school, students are expected to “understand the role played by the mathematical language in describing, communicating, formalizing and mastering the fields of the scientific and technological knowledge. [Students are also expected to] understand the process of modelling which leads to the construction of the tools of mathematics and to frame them in the more general process of rationalization of the reality”

More specifically, as for the scientific and technological secondary schools, according to the curricula elaborated by the Brocca Commission (which reprises partly the PNI curriculum) mathematics with its languages and models represents a tool with a very high educational value. Among the aims of the teaching of mathematics there are:

· the development of the capability to use mathematical methods, tools and models in different situations;

· dealing with different problematic situations by means of mathematical models;

· provide pupils with rigorous methods of analysis, competencies for modelling (even) complex situations.

The introduction of calculus concepts has to be accompanied by a wide spectrum of possible applications in both mathematical and extra-mathematical fields.

Which students? 

Scientific High School. From grade 11 up.
Students’ prerequisites 

Students are expected to have received some formal teaching on Euclidean and Cartesian plan geometry and functions. As for function, prerequisites are very basic: functions as expressed by elementary formulas, functions as expressed by a graph. For developing the second part of the scenario, some formal knowledge on “parameters” is needed too. 

Duration 

11 school hours.

Place 

Computer labs or usual classrooms, depending on the sessions. 

Resources and tools 

This scenario is designed having in mind Casyopée release September 2007, small adjustments could be necessary if other releases are used. 
In particular the environment “Geometric calculation” is exploited. This environment supports the construction of an algebraic model of a geometrical situation reproduced in the Dynamic Geometry Environment. Within this environment one can create “geometric calculations” (expressing a relation between geometric variables), associate geometrical variables with numerical variables and define functions between such numerical variables.

The use of different features of the Geometric Calculation environment can help to achieve the goals of the scenario:

Create a calculation. This sub-environment allows creating "calculation" associated with geometrical objects created in the Dynamic Geometry window. The formal expressions of the created calculations are displayed in the Geometric Calculation environment. Calculations can be selected; in this case, the corresponding current value is displayed too, and it is automatically updated when dragging objects in the Dynamic Geometry window.

Choose a variable. Within the rationale of the DDA functioning, this feature allows choosing the intended independent variable of the function which is going to be defined. An important aspect is that users cannot arbitrarily choose variables: the system imposes specific constraints on the choice of the variables.

Create function. Once a variable is validated and a geometrical calculation is created and selected, the button "create a function" appears. If one clicks on the button, the system checks whether there holds a functional relationship between the variable chosen and a geometrical calculation selected. If such a relationship holds, one can create an algebraic function which is exported in Casyopée main window.
As for the equipment, the computer lab should be equipped with:  one computer each two students, data projector, black or whiteboard. It might be helpful to have one computer and one data projector also in the classroom.
Students are given worksheets containing either the tasks to be accomplished with Casyopée or requests to produce reports on the classroom activities. A detailed description of the worksheets is given in the next chapter.
Types of activity
The scenario is conceived as an iteration of “didactical cycles” alternating students’ activities with Casyopée and collective discussions. More precisely a didactical cycle encompasses the following activities: 

(a) students’ activities with the artefact for accomplishing the proposed tasks. Students work in pair or small groups, each group is asked to produce its own solution. That entails the production of shared signs.

(b) Students’ individual production of reports on the class activity which entails personal and delayed rethinking about the activity with the artefact and individual production of signs.

(c) Classroom collective discussion orchestrated by the teacher. 

The action of the teacher is crucial at each step of the didactic cycle. In fact the teacher has to observe students’ activity with the artefact, collect and analyse students’ written solutions and home reports in particular posing attention to the signs which emerge in the solution, then basing on her analysis of students written productions she has to design and manage the class discussion in a way to foster the evolution towards the desired mathematical signs.

5. Enactment of the activities

The scenario is conceived as the iteration of two “didactical cycles”. 

Phase 1: Didactical Cycle 1

This first didactical cycle is aimed to:

· enrich pupils’ meanings of the notions of variable and function, and 

· initiate the development of modelling abilities as well as an explicit reflection on the modelling process itself.

It is worthwhile to notice that the same issues will be dealt with in different moments and with different level of depth.

Five sessions constitute this didactical cycle, and they are conceived to be proposed in the given specific order: 

1. Familiarization (lab session).
2.  Optimization Problem 1 (lab session).
3. Discussion 1 (classroom session).
4.  Optimization Problem 2 (lab session).
5.  Discussion 2 (classroom session).

As for time-schedule, 2 hours for each lab session and 1 hour for each discussion seem reasonable.

At the end of each session, students are asked to write individual reports on the class activity. Specific questions are given for stimulating the writing of the reports.

Activity 1: Familiarization

Within this session students are proposed a set of ad hoc tasks with the aims of providing an overview of Casyopée features and guiding students to observe and reflect upon the “effects” of their interaction with the tool itself. This session is meant to drive pupils towards the “discovery” of some Casyopée functionalities which will be used in the subsequent sessions (in particular of the Casyopée environment “Dynamic Geometry” and of its sub-environment “Geometric Calculation”) and their effects in a twofold sense:

· the effect on the object upon which the command directly acts,

· the effect on the environment, e.g. what commands are activated, what ones are de-activated...

The focus is on those commands which will be used by the teacher to mediate (a) the meaning of function as co-variation and (b) the process of algebraic modelling.

Orchestration of the activity 1
The teacher distributes the Familiarization Worksheet (see “Resources and tools” section above) among students. If needed she/he could show how launching Casyopée and how auto-saving one’s work by means of a data projector.

The teacher supervises the work of pupils with the aims of helping pupils to overcome possible empasse, of ensuring that everyone can proceed in the work, of ensuring that pupils do not miss some tasks and do not forget of producing answers to the posed questions. The aim of the session is not that pupils develop a complete mastery of the functioning and meanings of Casyopée commands. Some brief discussion can take place if needed.

As homework, students are asked to produce individual reports on the activity, based on the Request of Report 1.

Resources and tools for the activity 1

Familiarization Worksheet Students are presented with a written text including different activities to be accomplished with Casyopée (in the given order). Such activities are meant on the one hand to guide students to familiarize with some commands of the "Dynamic Geometry" environment, on the other hand to drive students' attention on the different feedbacks provided by Casyopée. In particular students are required to pay attention to:  (a) the different kinds of "behaviour" of the points in the geometrical environment with respect to dragging; (b) the functioning of the "choice variable" environment, in particular to the kind of variable which can be defined, and to the kind of "informative messages" produced by the tool; (c) the functioning of the "create function" command. (See annex1: unisi_casyopee_annex1_EN.pdf)
Request of Report As homework, pupils are asked to individually write a report on the activity.

Report

Re-consider the tasks accomplished with Casyopée, what did you understand about Casyopée functioning?

In your opinion, what could Casyopée help? What impressed you most (if anything)?

Activity 2: Optimization Problem 1

Within this session students are presented with a geometric optimization problem to be solved through the use of Casyopée.

The posed problem has been chosen because according to our a-priori analysis its solution could make emerge different crucial aspects concerning the modelling process, which could be discussed in the subsequent discussion. Such as:

· the difference between measurable and not-measurable geometrical entities; 

· the difference between geometrical variable and algebraic variable;

· the difference between independent and dependent variable;

· the possible mismatch between the number of geometrical variables characterising a geometrical situation and the number of algebraic variables characterising the algebraic model of that geometrical situation;

· the possibility of a wide variability of geometrical configurations: in fact if the triangle (in which the problem is instantiated) is acute-angled then there are three different classes of inscribed rectangles;

· the variety of possible different choices for the independent variables;

· consequently, the variety of possible different algebraic models;

· the possible difficulties in geometrically re-interpreting the results drawn from the algebraic treatment, which may depend on the modelling choices.

Two remarks are needed: the problem is not posed in the frame of the Cartesian Geometry, and is formulated in general terms: “given a triangle...”. That raises the need for the teacher to guide a first “modelling” of the geometric situation described: from a Euclidean coordinates-free frame to the Cartesian-like frame as implemented in Casyopée. A seemingly natural choice is to approach the problem in general terms: that is to choose 3 free points in Casyopée Geometric Window as vertices of the considered triangle. The consequence of such a choice would be the construction of a model depending on at least 6 independent variables (the coordinates of the vertices), but Casyopée only supports the construction of an algebraic model depending on one variable. In addition the meaning of the expression “given a triangle...” has to be negotiated in the class, if not shared yet.

Orchestration of the activity 2

At the very beginning, the teacher should quickly show how one could accomplish the tasks of the Familiarization Worksheet (see above) using a data projector. The objectives are: 

· to show Casyopée features to those students who possibly did not succeed to complete the Familiarization Worksheet in the previous section (or who were not present); 

· at the same time, to briefly remind each student the functioning of Casyopée; and

· to show how to display the graph of functions in Casyopée main window (there is not any specific task on that in the Familiarization Worksheet).

After that, the teacher distributes the Optimization problem 1 Worksheet (see “Resources and tools” section above). Students, working in small groups, are asked to solve the geometrical optimization problem in the worksheet using Casyopée and produce a written solution. 
As for the first modelling of the geometric situation described in the problem: from a Euclidean coordinates-free frame to the Cartesian-like frame as implemented in Casyopée (see remark in the previous section), the teacher could:

· (Recommended option) anticipate this problem and initiate a classroom discussion for choosing 3 fixed points as vertices of the triangle (the same for anyone). This choice on the one hand limits the richness of the problem, but on the other hand makes easier the comparison among the students’ solutions in the following discussion. One could orient the discussion and take a triangle with a side lying on one of the axes. This last option would prepare the terrain for the “generalization” of the problem in the session “didactical cycle 2”

· Anticipate the problem and ask (let) each group of students to choose 3 fixed points as vertices of its own triangle. This option could lead to a variety of geometric situation and possible models.

· Anticipate nothing and let students possibly face the impossibility of constructing the desired algebraic model. Once students face this impossibility, one could suggest them to choose 3 fixed points as vertices of their triangle. This option would be rewarding for the richness and the complexity which would emerge, but it is also highly demanding for students and teachers and time-consuming.

Finally attention is needed: there are different possible constructions of a rectangle inscribed in a triangle, but some of them are not stable with respect to dragging.

After that the teacher supervises the students’ work and possibly launches and manages “private” or “collective” discussions with students.

As homework, students are asked to produce individual reports on the activity, based on the Request of Report 2.

Resources and tools for the activity 2

Optimization Problem 1 Worksheet 

Problem 1

Solve the following:

Problem. Given a triangle, what is the maximum value of the area of a rectangle inscribed in such triangle? Find a rectangle whose area has the maximum value.

Write down your solution. Take notes of you own actions - e.g. points created, variables chosen... - and of Casyopée messages as well.

Request of Report 2 As homework, pupils are asked to individually write a report on the activity.

Report

With respect to the activity accomplished with Casyopée, what did you understand about Casyopée functioning? On the contrary, what is not clear enough yet?

Activity 3: Discussion 1

In this session a discussion should be carried out starting from students’ different possible solutions of problems 1 and students’ written reports as well. The general aim is to help students’ personal meanings to evolve towards mathematical meanings related to the notions of variable and function, and to the modelling process. The exact themes of discussion cannot be foreseen precisely, but the focus should be more on aspects related to the notions of function, variables...  a more in depth reflection on modelling can be carried out in the “Discussion 2”.

According to our hypotheses, the previous activities could raise questions concerning:

(as for the notion of function)

· the meaning of variables both geometrical and numerical,

· the meaning of domain of a variable, 

· the meaning of function as co-variation over time of variables (numerical or geometrical),

(as for the modelling process) 

· the recognition of geometrical variables

· the passage from not-measurable geometrical objects to measurable geometrical objects

· the association of numbers (numerical variables) to geometrical variables

· the association of geometrical variables to numbers (numerical variables)

Orchestration of the activity 3

The discussion should starts from recalling the solutions to problem 1, provided by students - which can be possibly projected. The teacher could for instance ask a student to recall her/his own solution, then ask other students to comment a specific solution, to confront their own solution with other ones, to try to “follow” the solution of someone else (to facilitate that, each pair of students is now given back its own solution as a support for the discussion). In so doing the teacher should also stimulate students to make explicit the commands and the features of Casyopée used for solving the problem so to begin to establish explicit connections between mathematical meanings and tool features. When appropriate, the teacher can also recall the exact signs (expressions, symbols, diagrams, etc.) used by the students in their written productions and ask for clarifications, comments…

One has to keep in mind that the objective of the discussion is not validate students’ solutions, or compare them but rather to arrive at an explicit, shared, de-contextualised formulation of the mathematical meanings at stake. Since other discussions will take place in the following sessions, there is no need to “say everything about modelling” in this session. The above aspects will be re-called and questioned again and again.

As homework, students are asked to produce individual reports on the activity, based on the Request of Report 3.

Resources and tools for the activity 3
Request of Report 3 As homework, pupils are asked to individually write a report on the activity based on the discussion which took place in the class.

Report

Summarize the main aspects discussed in the classroom. Is there anything you did not understand?

Activity 4: Optimization Problem 2

This session is meant to make students reinvest what they learnt in the previous sessions both in terms of specific solving strategies and in terms of more general “ideas” related to the modelling process, so as to be able to re-work again on the mathematical meanings one would like that pupils appropriate. 

The problem has been chosen because its solution could lead to the emergence of different crucial aspects concerning the modelling process. It is highly likely that those aspects already emerged in the previous activities and were discussed in the “Discussion 1”. Hence this session offers to the students the occasion to prove what they learnt in a new situation. Moreover we hypothesize that the variety of possible geometrical configurations and of possible algebraic models, and the difficulty of geometrically interpreting the algebraic results are still wider than that of problem 1.

Orchestration of the activity 4
The teacher distributes the Optimization problem 2 Worksheet  (see “Resources and tools” section above). Students, working in small groups, are asked to solve the geometrical optimization problem in the worksheet using Casyopée and produce a written solution. 

As well as problem 1, even problem 2 is formulated in general terms, in a coordinates-free frame. Hence the same dilemma for the teacher emerges: the same fixed vertices for each group, each group choosing its own fixed vertices, or free vertices for each group. The teacher is given the responsibility to decide whether to follow the same option of the activity Optimization problem 1 (recommended option) or not. In this last case, the teacher should discuss with students the differences of the approaches to the two optimization problems.

As homework, students are asked to produce individual reports on the activity, based on the Request of Report 4.

Resources and tools for the activity 4
Optimization Problem 2 Worksheet 

Problem 2
Solve the following

Problem. Consider a given triangle and take a point of one of its medians. Through this point draw the parallel lines to the other two sides (whose medians are not drawn): such parallel lines form a parallelogram with these two sides and a triangle with the third side (whose median is drawn). What is the minimum value of the sum of the areas of the triangle and the parallelogram? Find the point of the considered median such that the value of this sum is the minimum.

Write down your solution.

Did you succeed in solving the problem? Summarize the main ideas of your solution.

Request of Report 4 As homework, pupils are asked to individually write a report on the activity.

Report

Try to explain the differences and the analogies between this last problem and that one approached and discussed in the previous sessions, and between their respective solutions.

Activity 5: Discussion 2

In this session a new discussion should be carried out starting from students’ different possible solutions of problems 2, from the comparison between these solutions with the solutions given to problem 1, and from students’ written reports as well. The present session aims at still contributing to the evolution of the students’ personal meanings towards mathematical meanings related to the notions of variable and function, and to the modelling process, which now the main focus should be on. The main issues at stake are still the same of the previous discussion.

The discussion could start from recalling the different possible solutions of problem 2; the teacher can possibly recall what emerged and was already discussed in the previous sessions. 

Once again, the objective of the discussion is not validate students’ solutions, or compare them but rather to arrive at an explicit, shared, de-contextualised formulation of the mathematical meanings at stake. 

Orchestration of the activity 5
As well as the session Discussion 1, this session requires the teacher to analyze students’ productions and the data collected during the previous activities. This includes also the analysis of the themes dealt with in the previous discussion and how the discussion developed. In particular, main attention should be paid to specific signs produced by students to solve the problem, communicate among them or to the teacher (e.g. through reports) and to the signs collectively produced and shared during the previous discussion.

The teacher could for instance ask a student to recall her/his own solution, then ask other students to comment a specific solution, to confront their own solution with other ones, to try to “follow” the solution of someone else, but also (s)he can ask students to “compare” the solutions of problems 1 and 2 and try to highlight the possible common “general ideas” underlying them (to facilitate that, each pair of students is now given back its own solution as a support for the discussion). In so doing the teacher should also stimulate students to make explicit the commands and the features of Casyopée used for solving the problem so to begin to establish explicit connections between mathematical meanings and tool features. When appropriate, the teacher can also recall the exact signs (expressions, symbols, diagrams, etc.) used by the students in their written productions and ask for clarifications, comments…

As homework, students are asked to produce individual reports on the activity, based on the Request of Report 5.

Resources and tools for the activity 5
Request of Report 5 As homework, Pupils are assigned the task of producing a report based on the discussion which took place in the class.

Pupils are asked to explicitly put into relationship mathematical meanings and Casyopée features. (See annex2: unisi_casyopee_annex2_EN.pdf)
Phase 2: Didactical Cycle 2

This phase is conceived as a new didactical cycle; hence it involves pupils in the “same” different kinds of activities. The main innovative element of this part is the intent of revisiting the notion of parameter within the context of modelling. The desired effect is that students appropriate the idea of parameter as a variable whose variation is under control, in particular a variable which can be considered as a constant at a given time.

Two sessions constitute this didactical cycle, and they are conceived to be proposed in the given specific order: 

1. Optimization Problem 1 revised (lab session, 2 hours), and

2. Discussion on parameterization (classroom session, 1 hour).

Activity 6: Optimization Problem 1 revised

In the “first didactical cycle” students were presented with the Optimization Problem 1. The original request concerned a “general” geometrical situation which students could not completely deal with in Casyopée. Students and teacher should have negotiated to face a “specific” problem through assigning particular coordinates to the vertices of the triangle. In this session, the teacher introduces the issue of approaching the problem as it was originally expressed.

The leading idea is to introduce parameters as a specific means for dealing with the “generality” of the geometric situation described in the problem. Then one can build in Casyopée Dynamic Geometry Environment a triangle, the vertices of which are fixed points or “parameterized points”, in order to cope with the problem in more general terms than done before. 
With respect to parameters and parameterized points, there are at least three issues at stake:

1. “Parameterized points” can be displayed in the geometrical environment only if parameters are instantiated. Thus one has to question the extent to which the geometrical constructions made depend on the specific instantiations of the parameters.

2. Quantities (measures, coordinates...) depending on parameters cannot always be confronted: that can originate different obstacles during the solution of the problem.

3. How many “Casyopée-parameters” are needed to solve the general problem? To what extent of generality can one “reasonably” face the problem? Because of what highlighted at item 2, it is highly suitable to choose the smallest possible number of parameters. 

Orchestration of the activity 6
The teacher recalls the Optimization problem 1 already faced in the second session, and makes explicit the intention of approaching it in more general terms. Hence (s)he can stimulate an initial brief collective discussion about how one could approach the problem in general terms, and orient it so as to touch upon the following points:

· one could think of choosing a triangle with two fixed vertices and a “free” one with the aim of generalizing in some sense what done before, so to deal with a more general situation nearer to that originally expressed in the Optimization Problem 1;

· remembering that Casyopée cannot construct algebraic models of geometric situations depending on more than one variable, one needs a way to “control” variation of the “free” vertex;

· basing on what students know about parameters, one can take a point whose coordinates are parameters instead of a “truly” free vertex.

Then the teacher shows how to create “parameters” in Casyopée and how to build a point (in the dynamic geometry environment) whose coordinates are parameters. In previous sessions, the possible status of a point with respect to dragging and movement was discussed, now points with parameterized coordinates can be presented as a “new kind” of points with respect to movement. That is, the points with parameterized coordinates are “variable points” which are anyway “controlled” and can be assumed as “fixed points” at a given moment.

As for the issues highlighted in the previous section, the teacher could just mention them if needed, but a systematic discussion on them should be made in the subsequent session (“discussion on parameterization”).

As homework, students are asked to produce individual reports on the activity, based on the Request of Report 6.

Resources and tools for the activity 6

Text of the Optimization Problem 1
Problem 1

Problem. Given a triangle, what is the maximum value of the area of a rectangle inscribed in such triangle? Find a rectangle whose area has the maximum value.

Request of Report 2 As homework, pupils are asked to individually write a report on the activity.

Report

In the last session “parameters” were introduced in Casyopée. Try to explain why. 

Try to explain what you mean by “parameter”. 

In your opinion, which features of Casyopée can be put in relationships with “parameters”?

Activity 7: Discussion on parameterization

The discussion aims at helping students’ personal meanings to evolve towards mathematical meanings related to the notion of parameter and to the parameterization process. But obviously meanings related to the notion of function and variable and to the modelling process are still in focus; aspects already discussed in the previous sessions can be possibly recalled with the aim of still working on the evolution towards the mathematical meanings.

As for the possible development of the discussion, one can hypothesize that the together with other more general aspects of the algebraic modelling process (already dealt with) the following questions could be raised: 

· the differences between parameters and variables;

· the need of instantiating parameters to display graphs, diagrams, geometrical construction, etc. depending on parameters themselves;

· the question of the extent to which the geometrical constructions made depend on the specific instantiations of the parameters;

· the question of the extent to which the properties of the graphs displayed depend on the specific instantiations of the parameters. And thus extent to which the properties of the corresponding functions (inferred through the graph) depend on the instantiations of the parameters, too;

· the “impossibility” of confronting (in general) quantities depending on parameters (e.g. a+b can be less, equal or greater than 0 depending on a and b; no general comparison is possible);

· the number of parameters needed to represent a generic triangle (or any other figure) on the Cartesian Plane;

· the difference between algebraic parameters and geometrical ones.

Orchestration of the activity 7
As well as for the other discussions, the teacher should analyze the students’ productions and the data collected during the previous activities before this session, in order to gain some awareness of the possible meanings students constructed in relation to the notions of parameter and parameterization within the modelling process. In particular, main attention should be paid to specific signs produced by students to write down the solution of the problem, and communicate among them or to the teacher (e.g. through reports).

The teacher could launch the discussion asking students to recall her/his own solution, drawing their attention especially on the introduction and use of parameters. Why were parameters introduced? To which Casyopée functionalities can parameters be related? What are the differences between the present situation and the situations in which students were used to deal with parameters? What are the differences between parameterized points, fixed points and free points? What are the differences between parameters and variables? In addition the previous section presents a number of aspects which could be addressed through the discussion.
As already stressed, the objective of the discussion is not validate students’ solutions, or compare them but rather to arrive at an explicit, shared, de-contextualised formulation of the mathematical meanings at stake. 
As homework, students are asked to produce individual reports on the activity, based on the Request of Report 7.
Resources and tools for the activity 7
Request of Report 7 As homework, pupils are asked to individually write a report on the activity based on the discussion which took place in the classroom. In particular they are asked to explicitly put into relationships mathematical meanings (“function”, “variable”, “model” and “parameter”) and Casyopée features. (See annex3: unisi_casyopee_annex3_EN.pdf)
Assessment suggestions

Students can be said to have achieved the envisaged educational goals if: 

· they use specific terms (function; independent, dependent, geometrical, numerical… variable; graph; measure; domain; variation; co-variation; etc.)  in “appropriate ways” (i.e. consistently with their (possible) mathematical meanings, the DDA functionalities and the specific activities at stake);

· they relate mathematical meanings and processes to the software functionalities;

· they express the main phases characterizing algebraic modelling of geometrical problems.

Evidence of students’ achievement should emerge from the analysis of students’ reports, their written solutions to the tasks with the DDA, and the transcripts of the class discussions.

That analysis should allow identifying expressions (constructed by students) in which specific terms are used to report on the tasks accomplished through the DDA. That would witness that already formed personal meanings are related to or re-elaborate in the light of the actual use of the tool (including the specific kind of tasks accomplished through it), thus testifying a progressive enrichment of students’ personal meanings towards the formation of the desired mathematical meanings.

Two “movements” should be attested: the use of already known mathematical terms to describe the activities with the DDA, and the use of artefact-signs in a way consistent with their mathematical potentialities. That would confirm the development of a texture of meanings and signs which bridges together the artefact-world and the mathematics-world.

6. Examples from the classroom

7. Possible extension
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