Juggling With Equations
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I. Scenario Identity

· Author: Foteini Moustaki, Chronis Kynigos, Educational Technology Lab, University of Athens, School of Philosophy.
· Subject domain: Algebra
· Topic(s): Equations, Algebraic formalism, Modelling

II. Activity rationale:

· Teaching and learning problem addressed: Students frequently use equations in a rote manner, without recognising any mapping among the equation’s symbols, the equation’s structure and the meaning the symbols and the structure convey. Focusing on reaching the right problem solution, they often employ equations (or parts of them) that they have simply memorized and for which they have little or no understanding while, in this processes, they also tend to perform symbol manipulations that appear to be meaningless (Larkin et al. 1980; Sherin 2001). The conceptual understanding of the phenomenon or the problematic situation presented to them as well as the ability to express this understanding using symbolic formalism is considered to be an obstacle for many students, even for those beginning to study more advanced mathematics (Dubinsky, 2000). For the traditional teaching approaches, on the other hand, it is often very hard to challenge students’ intuitions and engage them with the interpretation and meaningful use of equations as they usually employ static and standalone representational means (such as graphs and tables) which are then translated into algebraic representations (Morgan and Alshwaikh 2008). Lacking any chance of interacting with the respective representations, the students fail to identify meaningful links between the components and relationships in such systems and the use of mathematical expressions (diSessa 1993).
· Innovation: The “Juggling With Equations” Pedagogical Plan is designed to engage students in the deconstruction, editing and (re)construction of a Newtonian model called “The Juggler”. In this process and in order to understand, define and control the model’s behaviour, the students will need to interpret, manipulate, edit and develop algebraic equations using the MoPiX computational environment. MoPiX is designed to foster the construction of virtual models consisting of objects whose properties and behaviours are defined and controlled by algebraic equations assigned to them. When a model is executed in MoPiX, an animation is generated on the screen, giving students the opportunity to make meaningful connections between the algebraic equations’ mathematical formalism (the symbols and structure used) and their visual/graphical representation (the meaning the symbols and the structure convey).
· Added value: This activity is designed to provide a context in which the students don’t just use equations so as to provide the correct answer to a predefined problem. Using “The Juggler” half-baked model as a starting point, the students develop their own models using MoPiX equations. They interpret, manipulate, edit and develop algebraic equations, in their attempts to define and control the behaviours of their own models, engaging thus in collaborative activities that are personally meaningful to them. MoPiX offers functionalities that are designed to support learners in this process. The equations, for example, attributed to the objects participating in the animations are fully accessible and available for inspection and modifications at any time. This means that the learner in MoPiX is has control over a set of dynamic virtual artefacts and deep access to the elements that govern their behaviour. The manipulations performed on the equations underpinning the model’s behaviour produce a visual result on the screen from which students can get meaningful feedback. The visual representation of a model’s behaviour may support students in their explorations and experimentations with MoPiX as it allows them to observe the animation generated, identify and interpret the equations that are responsible for the “buggy” animated behaviour and specify which and how particular elements of the equations (e.g. its content, structure or both) need to be fixed.

Working with MoPiX in the context this activity proposes, will give students the opportunity to interpret algebraic equations’ mathematical formalism so as to explore their models’ behaviours, use the available formalism so as to edit their models’ behaviours and embed their own ideas, and create new models from scratch, using existing equations or constructing completely new ones, possibly extending in the way the environment’s available formalism. In this process, students are expected to make meaningful connections between the algebraic expressions’ conceptual content and their structure and use the visual representation generated so as to link the symbolic facet of the model to the visual one.
III. Context of implementation

· Goals: The goals addressed by the “Juggling With Equations” Pedagogical Plan.
In relation to the subject domain:

· Interpreting equations in terms of their algebraic formalism and the visual result they produce on the screen,
· Manipulating equations to control the models’ animated behaviours (e.g. adding/removing equations),
· Using the available algebraic formalism to modify the equations and control the models’ animated behaviours (e.g. editing symbols, modifying the structure),
· Constructing new algebraic equations employing the available formalism to define new behaviours,

· Connecting the equations' algebraic formalism to the visualised behaviours animated on the screen.

In relation to the learning process:

Collaborating in pairs discussing, forming and testing hypotheses, arguing, negotiating and reaching in joint conclusions/decisions concerning:

· the models’ behaviour as they observe the animations generated,
· the models’ behaviour and properties as they interpret the equations’ mathematical formalism and link it to the animations generated,
· the desired new behaviours and the properties to be assigned to newly inserted or existing objects,
· the strategies to be implemented so as produce the new behaviours (e.g. add/remove equations, edit existing equations or construct equations from scratch),
· the models’ new behaviours in terms of the equations attributed and the animations generated and their relation to the originally designed behaviours
· Which students: 12th grade (Vocational or General Education students). After essential modifications the Pedagogical Plan may also be appropriate for lower secondary education students.
· Students’ prerequisites: No special perquisites for the students are required.
· Duration: 15 school hours.
· Place: The school’s computer lab. MoPiX is a web-based computational environment and access to the Internet is required.
· Resources and tools: MoPiX computational tool, Microworlds, Work sheets.

· Types of activities: The students are expected to work collaboratively in groups of two or three. This kind of orchestration may create prosperous circumstances for discussing, forming and testing hypotheses, engaging in joint decision-making processes, developing strategies, arguing and negotiating. Students will also participate in plenary sessions that will allow them to discuss and share their ideas with other workgroup members, exchange their artefacts and/or work collaboratively for a common aim.

IV. Analysis of the activities
· Activities: Drawing on the notion of layered learning design (Kahn et al. 2000), we divide the sequence of activities of the “Juggling with Equations” Pedagogical Plan into two phases and develop two microworlds -one for each phase. Taking into account the natural distinction in MoPiX between one–object and multi–object equations, the microworld for the first phase of the experimentation consists solely of one-object equations (i.e. equations that attribute a behaviour to one object), while the one developed for the second phase contains both one and multi-object equations (i.e. equations that link objects’ behaviours). Moreover, the equations that underpin the model’s behaviour in the first microworld derive exclusively from the environment’s Library (i.e. they are ready-made, classified in specific categories and easier to interpret), while the ones of the second microworld are also equations that we have developed ourselves.

· Phase 1: One-object equations

The “One-Object Equations” sequence of activities introduces students to the MoPiX environment and aims at giving them the opportunity to achieve a certain level of familiarity with the environment and its functionalities as they interpret, manipulate and edit equations in order to control and create animated models. The activities proposed in this phase of the Pedagogical Plan are of two kinds:

(a)
Activities aiming to engage students in the deconstruction of the one-object equations that underpin the behaviour of an already saved model and,
(b)
Activities aiming to engage students in the editing of one - object equations that already exist in the "Equations Library" and the construction of new one-object equations.
The microworld developed for this phase is the “One red ball” microworld and consists of a single object -a red ball- performing a combined motion both in the vertical and the horizontal axis. Each time the ball hits the side boarder lines or the ground boarder line, it bounces and returns in the main area of the “Stage”.

The students form workgroups of two or three sharing the same PC and participate in plenary sessions with the rest of the workgroups in order share with peers their current understanding on the equations’ algebraic formalism and make it an object of discussion and reflection for the whole class. The teacher does not intervene to provide the “correct answer” to the students or to give out instructions about what to do next and how. She guides the students discretely posing meaningful- often intriguing- questions, urging them to continue their experimentation, collaborate and discuss their ideas with their peers (the members of their workgroup or other workgroups).

Activity 1: Manipulating one-object equations
The students are asked to load the “One red ball” microworld, execute the model and observe the animation generated on the “Stage”. Working in groups of two or three, the students are invited to discuss with their teammates the behaviours animated and write down their remarks and observations on a worksheet we have prepared for them. They are expected to interact with both the computational environment and their peers, share their ideas, form hypotheses and draw conclusions regarding the object’s motion on the Stage.
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Figure 1: The “One red ball” microworld and the equations underpinning the model’s behaviour.

Each workgroup presents these conclusions to the whole class during a face-to-face discussion in which the members of each workgroup analyse the reasons they reached to such conclusions/explanations and the members of the rest of the workgroups intervene to ask questions concerning the issue discussed. Since the students are not yet acquaint with the MoPiX features and functionalities, we carefully try to draw their attention to the “Equations Library”, aiming to provoke discussions regarding the equations’ role in the animation and their relation to the remarks presented and discussed earlier. In order to stimulate students to start using the equations themselves, we ask the workgroups to insert a new object on the Stage and try to reproduce the red ball’s motion. In this process, we encourage students to interpret and use equations from the “Library”, add and remove equations from their objects so as to explore the model’s changes of behaviour and link the equations’ algebraic formalism to the behaviours they had previously noted down on their worksheet as well as with the graphical representation produced on the screen.
Activity 2: Editing one-object equations

To urge students to start editing equations and establish new behaviours for their objects, we have deliberately made the original “One red ball” move rather slowly. We expect students to be intrigued by this fact and start expressing their personal ideas about their new object’s motion as well as asking questions on how to modify the existing equations in the MoPiX environment using the “Equation Editor”. Since there is a high possibility that some of the students' suggestions are infeasible or extremely time-consuming, the teacher asks the students to discuss with their teammates not only about the kind of behaviours they would like their objects to hold but also about the manipulations they will perform using the available formalism in order to describe those new behaviours. As students edit equations, the feedback received from the computational environment and their peers helps them confirm their hypotheses, evaluate the strategies they followed, draw conclusions concerning the effect a newly developed equation may have on their object and decide on further changes to be made so as to accurately describe a new behaviour using the MoPiX algebraic formalism.
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Figure 2: Editing the “x(ME,t) = X(OTHER1,t) + X(OTHER2,t)” equation

During the previous activity, in the process of interpreting and manipulating the ready-made equations, the students already have developed an understanding on the structure of the equations used in the MoPiX environment and the meaning the symbols comprising those equations convey. However, the editing of the equations during the second activity gives them the opportunity not just to interpret and use MoPiX equations, but also to use the available algebraic formalism in order to develop their own equations. To provide a meaningful context in which the students can interpret, modify and adjust equations, experimenting with the use of the algebraic formalism, we choose to let them decide for themselves which behaviours and properties they would like their new objects to hold and which equations it would be interesting for them to edit so as to achieve these behaviours.
· Phase 2: Multi-Object Equations

The “Multi-Object Equations” sequence of activities introduces students to the “Juggler” microworld and aims at giving them the opportunity to play with the “Juggler” microworld according to its current rules, deconstruct it to explore and interpret the equations underpinning its behaviour and reconstruct it, customizing it according to their personal ideas. The activities in which students get engaged in this phase are of two kinds:

(a)
Activities aiming at deconstructing the already existing multi-object equations model

(b)
Activities aiming at modifying the already existing multi-object equations model and using it as a starting point to construct new ones

For the this phase of the activities we designed a half–baked microworld (Kynigos 2007), i.e. a microworld that incorporates an interesting idea but it is incomplete by design so as to invite students to deconstruct it, build on its parts, customize and change it, eventually constructing a new artefact that could be distinctly different than the original one. In this case we built a game–like microworld –called “Juggler” (Kynigos 2007) – consisting of three interrelated objects: a red ball and two rackets with which the ball interacts (i.e. the objects’ behaviours are linked by multi-object equations). The ball’s behaviour is partially the same as the “One Red Ball’s”. However, certain equations underpinning the ball’s behaviour with regard to the rackets, don't derive from the environment’s “Library” but were created by us, using the MoPiX formalism. The rackets do not actively participate in the animation (i.e. their position doesn’t vary over time), but it is possible to move them around using the mouse and make the ball bounce on them, forcing it to move away in specific ways.
The students continue working in groups of two or three and participate in plenary sessions to discuss and share their ideas with the rest of the workgroups. The teacher again does not intervene to provide the “correct answers” or strategies for the students to follow.
Activity 1: Deconstructing the already existing multi-object equations model

After loading the “Juggler” microworld, the students are asked to observe the animation generated, discuss on the behaviours the objects present on the Stage display and detect any existing connections between them as far as the visual and the symbolic representation is concerned. 
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Figure 3: The “Juggler” microworld
A Worksheet is distributed so as to help students to explore the functionalities of the microworld, deconstruct the model as to identify and interpret the equations underpinning each object’s behaviour both as a standalone object and with regard to the others and determine the kind of behaviours each equation attributes to each object. Since the equations underpinning the ball's behaviour are not exclusively equations that derive from the “Equations Library”, in this phase, the students also come across equations that were constructed by another user (i.e. the microworld's author) using the MoPiX algebraic formalism. In the process of deconstructing the "Juggler" microworld, the students interpret symbols that don’t appear in “Library” equations as were introduced by the microworld's author while creating MoPiX compatible equations as well as mathematical structures quite different that the ones of the “Library's” equations.
During a face-to-face discussion with all the workgroups, the students share their understanding on how the model works, how certain equations influence the behaviour of more than one objects, how the algebraic formalism is used to describe behaviours that the ready-made equations couldn’t describe and how the structure of these equations contribute to the formation of a new behaviour.

Activity 2: (Re)constructing multi-object equations

In this part of the Pedagogical Plan the students are invited to modify the initial “Juggler” microworld, build on its parts, embed their own ideas regarding the models’ behaviours and reconstruct it to create a new customized version of the microworld. The students have already explored the functionalities of the “Juggler” microworld during the previous activity, deconstructed the saved model and defined the equations underpinning the properties and behaviours of each object. Working in groups of two or three the students are now asked to discuss the possibility of changing the microworld and assigning to their objects new behaviours. The teacher invites them to discuss their ideas within their workgroups and devise strategies to embed those ideas in the original microworld. Employing different strategies that depict their ideas about their new models’ behaviours, the students are expected to manipulate and edit existing “Library” equations or equations already assigned to the objects of the original microworld as well as to develop new equations from scratch and describe novel behaviours for their objects. Thus, the new artefact developed by each team is expected to be unique in terms of its functionalities and the activities in which the students engaged in order to it create it.
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Figure 4: A new microworld deriving from the “Juggler”
At this point the students have already achieved a certain level of familiarity with the “Juggler” microworld as, during the previous activity, they have deconstructed and interpreted the equations underpinning the model's behaviour. Apart from having gained an understanding on how the model works and how the equations assigned to the objects are linked to the visual representation generated, they have also developed their understanding on the equations’ mathematical structure and algebraic formalism as well as on the ways another user of the microworld (i.e. the author) has employed the algebraic formalism to generate behaviours that the ready-made equations couldn’t describe. The (re)construction procedure will give the students the opportunity to enhance their understanding on the mathematical structure and the algebraic formalism used in MoPiX equations so as to express properties and behaviour as the will not only explore and interpret the model’s equations but they will also use the algebraic formalism themselves to create new behaviours, possibly extending the existing formalism and introducing new symbols.
· Resources and tools: The resources and the tools needed for each phase of the Pedagogical Plan are described in the corresponding “Activities” sections.
· Organization of the classroom activity: The classroom orchestration during the activities is also described in the corresponding “Activities” sections.
· Assessment suggestions: At the end of the second phase all the workgroups are asked to participate in a plenary session and present to the whole class the model they have constructed and the way it works. They are asked to particularly refer to the behaviours they have decided their model to hold and the equations they have developed so as to ascribe these behaviours to their model. The teacher encourages the students to be as explicit as possible with regard to the mathematical formalism they used in the equations they attributed to their objects (symbols comprising the equations and their structure) and their connection to the animation generated on the screen (the meaning these equations convey). The rest of the workgroups intervene to ask questions concerning the equations’ function in the model presented, negotiate and argue about validity of the presenting workgroup’s assumptions and hypotheses, discuss the strategies they have followed to create the desired behaviours and evaluate the equations employed in terms of their mathematical formalism and the visual result they produce on the screen. Thus, the assessment process is conducted in a collaborative context where the constructed by the students artefacts become objects of discussion and reflection for the whole class.
V. Examples from the classroom
The activities described in the previous sessions were implemented in a Secondary Vocational Education School in Greece with 12th grade students (17 years old) studying mechanical engineering. The students customized the “Juggler” microworld employing different strategies and produced several unique artefacts that depicted their own ideas about their model’s behaviours. Changing the half-baked microworld gave them the opportunity to decide about the behaviours they wished to see visualised and use the mathematical formalism available to develop the equations that would describe these behaviours. Figure 4 displays one of those artefacts. The students of Group A attempting to build a new game decided to make the red ball change its colour according to the ellipse’s position on the Stage. To bring into effect this idea the students edited equations they found in the “Equations Library”, constructed new equations from scratch and invented new symbols so as to encode meaning.

VI. Possible extension

Activity 3: Exchanging "hands" and "balls"

After having deconstructed and modified the “Juggler” microworld, putting into effect their own ideas, the students could engage in activities aiming at sharing and revaluating these ideas. The students save their model (or some of their models’ objects) in an artefact library and ask the students of another team to load it and integrate it in their own model. The activities proposed in this phase of the Pedagogical Plan are of three kinds:

(a)
Giving out to another workgroup the saved object(s) (ball(s) or hand(s) or a combination of those),
(b)
Receiving from another workgroup the saved object(s) (ball(s) or hand(s) or a combination of those),
(c)
Integrating the “borrowed” from another workgroup object(s) and into their model

At this phase of the experimentation, the workgroups decide on the objects they will give to the other workgroups so as to integrate them into their own model, exchange parts of their models (for example balls or rackets), deconstruct the receiving parts so as to interpret the equations used and define their behaviours, decide whether these parts hold or not an interesting idea that could be incorporated into their own model and eventually modify them to merge the two models, refining in this way their original artefacts. The students’ dual role in this process (giving and receiving models/objects) and the interaction between the workgroups will afford students the opportunity to reflect on their models, as, on the one hand, they will have to provide the receiving team with sufficient information or make a coherent short presentation on the way their model works and, on the other hand, they will have to find ways in which their original model’s functionalities will be modified in order to foster the adaptation of the receiving model. This kind of reflection will lead the students into refining their models as they allow them to identify the pitfalls and inadequacies of their models and into acquiring a deeper understanding on the algebraic formalism and its use as they will deconstruct and customize equations that their peers constructed so as to represent behaviours and situations that they possibly haven’t thought of.
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