1. Title: Angles in 3d Space – Revolving Door Simulation
2. Scenario Identity 
· Writer(s): Psycharis Giorgos, Latsi Maria, Kynigos Chronis
· Subject area: Geometry 
· Topic(s): Angles in 3d space, Spatial visualisation/orientation, 3d geometrical figures
3. Activity rationale
· Teaching and Learning problem addressed: Research in mathematics education has shown that students have great difficulty in grasping the subtleties of the concept of angle to the extent where they can use it in a variety of problems in mathematics and in science. The representation of angle usually encountered in school textbooks is that of a union of two segments with a common endpoint or that of the region contained between the two segments (static definitions). The notion of angle as a rotation or as the measure of a turning of a segment around a point from one position to another (dynamic definition) is often neglected, although according to a great mathematics educator, Hans Freudenthal (1973), turning is the most natural, the most instinctive aspect of angle. Students’ misconceptions and difficulties in learning relevant concepts and skills in this domain are well documented in the literature. For instance, children frequently relate the size of an angle to the lengths of the line segments that form its sides, the area enclosed by the triangular region defined by the drawn sides, the distance between its sides (from points sometimes, but not always, equidistant from the vertex), the proximity of its sides or the turn at the vertex (Clements and Battista, 1989). It is also documented in researches that students have great difficulty in coordinating the various facets of the angle embedded in various physical angle contexts involving slopes, turns, intersections, corners, bends, directions and openings (Mitchelmore, 1998).
In the framework of ‘MaLT’, which is as a constructionist microworld environment for programmable constructions in 3d geometrical space, students can capitalise upon their intuitions bringing their knowledge about their bodies and how they move into the work of learning formal geometry. MaLt is designed to provide opportunities for learners to engage in expression of mathematical ideas through meaningful formalism by means of Logo programming and dynamic manipulation of graphically represented mathematical objects through specially designed Variation Tools. Studying in a dynamic way 3d geometrical objects that are often encountered in everyday situations (doors and revolving doors), the notion of angle comes in the foreground as turning with specific measure in 3d space.
Innovation: 
This activity engages students in exploring the mathematical nature of angles in three-dimensional (3d) space capitalising upon the distinctive characteristics of MaLT. They will program through Logo commands a turtle avatar to change positions and directions in the simulated 3d space of MaLT and they will create geometrical figures by means of the linear trace left by turtle as its position changes. Translation of visual features into conceptual relations is facilitated by the variation tools that act as a mediator between figures on the one hand and mathematical formalism and concepts on the other (Kynigos, 2004). Using the variation tools students can dynamically manipulate the figures created by the turtle by means of continually changing the variable values of the Logo programs they create. In this activity students will create rectangles to simulate revolving doors. Revolving doors combine a multiplicity of situations embedding the concept of angle such as: right angles as results of specific turtle turns to construct  rectangles, angles between rectangles in 3d space, angles as dynamic change of 'rolling' in planes perpendicular to the plane of the surface in simulating the motion of a revolving door. Constructing, changing and dynamically manipulating revolving door simulation allow students to explore angle in the following ways: 

· as a geometric shape, i.e. what different types of angle (e.g. 2d or dihedral angles) look like when visualised in 3d space (e.g. incorporated in 3d simulations); 

· as a dynamic amount, indicating both a turn and the result of a turn which can also be represented by a variable;

· as a measure, in angle/turn measurement situations represented by a number.
·  Added value
The activity is designed to help students make dynamic links between everyday experiences with angles in space and the use of mathematical representations to construct simulations where angle plays a significant role in their animation. Forging links between experience and mathematical representations as they construct revolving doors will help them understand meanings related to angle in a functional and at the same time mathematical way. The representations and functionalities available in MaLT give students the chance to capitalise upon their intuitions and the informal way of experiencing physical 3d space, something which teachers in Europe often attempt but find difficult given the formal focus of the curriculum they have to follow and the conditions and means available to them. The sequence of tasks for the construction of a revolving door simulation in this activity plan aim to give space for pupils’ engagement in expressing their ideas around the concept of angle in 3d space based on turning and directionality. 
4. Context of implementation
· Educational Goals
In relation to the subject domain

· Exploring facets of the notion of angle in the 3d space

· angle as a change of direction within the 3d space

· angles as a result of specific turtle turns

· angles between two different planes in 3d space

· angle between two geometrical figures, each one of which defines a plane

· Identifying the mathematical structure of real 3d objects

· Identifying the mathematical structure of 2d and 3d geometrical figures

· Identifying the relationships between 2d and 3d representations when using the former to construct simulations of real 3d objects

· Using variables to express the relations underlying the construction of 3d geometrical objects and to dynamically manipulate them

In relation to the learning process

· Collaborative group work in problem solving

· Development of dialogic/argumentative practices

· Active engagement in exploratory processes

· Formulation of guesses and conjectures

· Testing, verifying or rejecting conjectures

· Drawing conclusions

· Development of logical arguments to justify conclusions

· Which students? Lower secondary students.
· Students’ prerequisites No special programming skills needed, but a familiarisation with basic Logo commands and use of variables in Logo procedures.
· Duration 12 teaching sessions.
· Place Computer Laboratory.
· Resources and tools MaLT computational environment,  MaLT microworlds, worksheets.
· Types of activities Students collaborate in groups while carrying out exploratory activities in their PC. At the same time the activities are constructionist as students are consciously engaged in constructing (or de/re constructing) something on the computer (such as animations simulations, geometrical figures etc.), implying that the notion of construction refers both to the ‘external’ product of this activity as well as to the theories constructed in pupil’s minds.
5. Enactment of the activity
· Activities 
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1st phase: Constructing parallelograms in 2d space

The teacher has load to the computers the ‘Amystery’ procedure (see resources) and invites students to draw a rectangle by dynamically manipulating with sliders in the 1d variation tool the values of the four variables corresponding to the lengths of it. 
Initially students are asked to execute the given procedure with a random quadruplet of numbers. As a result an orthogonal crooked line is drawn in the Turtle Scene. Then students are asked to activate the 1d variation tool and to work in groups and experiment with the variable values so as to construct a rectangle. The teacher can provoke students’ interest, focus their attention and facilitate discussion by asking questions like the following:

· How does the turtle execute each line of the code?

· Is there a quadruplet of variable values for which a rectangle is drawn? Are there any other? How many?

Within each team students discuss their observations and try to find out what relationships underlie each quadruplet of numbers. The teacher can collect the quadruplets of numbers that each team has found and present them in a table in the blackboard or project them by using a data projector so as to discuss and form conjectures, at a classroom level, about the relationships underlying these numbers. After unifying their observation and drawing certain conclusions about the relationship between the lengths of the segments of each rectangle students are asked to change the ready-made ‘Amystery’ procedure so as to have the least needed variables for the construction of rectangles. The procedures developed by students can be of the following form:
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to rectangle :a :b

fd(:a)

rt(90)

fd(:b)

rt(90)

fd(:a)

rt(90) 

fd(:b)

rt(90)

end

Then students are asked to construct parallelograms using a second ‘BMystery’ procedure (see resources below). In this procedure students have only to define the appropriate measures of the angles since the measures of the segments are given. 

Students are again asked to execute the above given procedure with a random quadruplet of numbers. As a result a crooked line is drawn in the Turtle Scene. Then students are asked to activate the 1d variation tool, to work in groups and experiment with the variable values so as to construct a parallelogram. The teacher can provoke students’ interest, focus their attention and facilitate discussion by asking questions like the following:

· How does the turtle execute each line of the code?

· Is there a quadruplet of variable values that when used the turtle draws a parallelogram? Are there any other? How many?
The main aim of the activity is to engage students in experimenting with the 1d variation tool so as to recognise the mapping between the values of the variables in the procedure and the measures of the corresponding angles in the resulting figure.  In order to achieve so, students can go back and forth between the visual and the symbolic representations observing changes on the screen as they kinaesthetically manipulate with the 1d variation tool the value of each variable. The teacher should give them enough time to experiment and to find more than one quadruplet of variable values that when used a rectangle is constructed. The teacher should focus students’ attention in recognising relationships between the turtle turns and the (internal) angles of the figure or between the angles of the parallelogram (e.g. complementary angles, sum of all its angles) After unifying their observation and drawing certain conclusions about the relationship between the measures of the angles of a parallelogram, students are asked to change the ready-made ‘Bmystery’ procedure so as to have the least needed variables. The procedures developed by students can be of the following form:

to parallelogram :a 

fd(5)

rt(:a)

fd(10)

rt(180-:a)

fd(5)

rt(:a)

fd(10)

rt(180-:a)

end

Finally, students are asked to synthesize their findings and their conclusions and edit a variable procedure with the least number of variables necessary to construct any kind of parallelogram. Such a  procedure can be a synthesis of the procedures developed so far taking  the following form:

to parallelogramA :a :b :c

fd(:a)

rt(:c)

fd(:b)

rt(180-:c)

fd(:a)

rt(:c)

fd(:b)

rt(180-:c)

end
Working at a classroom level the teacher can help students elaborate their procedure by introducing the ‘repeat’ command. Using the blackboard or data projector to present some of the procedures developed by the various teams, teacher can focus students’ attention on the commands repeated. After students have spot the sections that repeat, the teacher can introduce the use of the ‘repeat’ command in Logo programming. An indicative example of a procedure that may be developed is shown below:
to parallelogramB :a :b :c

repeat 2 [fd(:a) rt(:c) fd(:b) rt(180-:c)]

end

2nd Phase: Simulating the opening and closing of a door 
In this phase students are initially asked to observe the door of their classroom while opening and closing. The teacher informs the students that their final goal is to construct a simulation of a door that opens and closes in MaLT and provokes a classroom discussion by asking what geometrical figure the door looks like and what changes take place when the door opens and closes. Children can freely express their views using geometrical terms or not. From a mathematical point of view and taking into account that the standard angle concept first develops in situations where both arms of the angle are visible, the main difficulty while opening and closing a door is to identify door’s initial position as one arm of the angle. This concept may not arise in this phase but it may gradually be developed while searching for ways to reconceptualise 3d objects so as to construct a door using Logo in MaLT.

Since they have been accustomed to construct variable procedures during the preceding activities, students are expected to realise that initially it is necessary to construct a rectangle in a vertical to ‘the ground’ plane in the 3d space. In other words, they have to command the turtle to change plane and move to the vertical one using the 3d Logo commands ‘uppitch ndegrees’ or ‘downpitch ndegrees’. Students may experiment and draw conclusions about the measure of turtle’s uppith or downpitch by changing manually in the Logo editor the corresponding values and then run the procedures developed in the previous phase. Otherwise they can develop a simple variable procedure –like the following- where the degrees of ‘uppitch’ or ‘downpitch’ are represented by variables. In such a procedure students can experiment while manipulating with sliders the degrees of uppith or downpitch. 
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to door :a :b :c :d

up(:d)

parallelogramB(:a :b :c)

end

In order to animate their construction and create the simulation of an opening and closing rectangular door, students have to make conjectures about what changes when a door opens and closes and to search for ways to command the turtle to re-execute the procedure that constructs a rectangle in different planes around the x axis. In this phase they have to make use of another set of 3d Logo commands: ‘rightroll n degrees’ and ‘leftroll n degrees’. Students may experiment and draw conclusions about the measure of turtle’s rightroll or leftroll by firstly changing manually in the Logo editor the corresponding values and then running the procedures developed in the previous phase. Otherwise they can develop a simple variable procedure –like the following- where the degrees of ‘rightroll’ or ‘leftroll’ are represented with variables. That way, they can experiment while manipulating with sliders the degrees of rightroll or leftroll and animate their construction while sequentially changing planes around the x axis. 

to movedoor :a :b :c :d

up(90)

lr(:d)

parallelogramB(:a :b :c)

end

3rd Phase: Constructing a revolving door simulation
Initially students are asked to observe various types of revolving doors either by using concrete 3d models or photos from various sources, e.g. from the internet. The teacher informs students that their final goal is to construct a simulation of a revolving door and animate it through the use of the variation tools in MaLT. The teacher provokes discussion by asking what geometrical figure can be identified in a revolving door, how the parts of the door are placed in relation to each other and in relation to the surface as well as  how the door moves. Children are free to express their opinions. The aim of these questions is not to end up in definite answers but to trigger students’ attention on various aspects of revolving doors as geometrical constructions.

Then, students are trying to create revolving doors while working in groups with MaLT. Initially students have to decide what geometrical figures a revolving door is composed of and then how they should be placed in relation to each other so as to construct a static 3d representation of a revolving door in the geometrical environment of MaLT. Drawing upon the Logo procedures that they have developed in the previous phases and the conclusions they have drawn about moving around in the virtual 3d space, students have to place 4 rectangles in successive equal intervals around the x axis. 

A critical point here is the realisation of the fact that a full turn around the x axis is 360 degrees. Students can reach this conclusion either by drawing upon their previous geometrical knowledge or by trial and error while experimenting with the measure of turtle’s RightRoll or LeftRoll turns in the Logo Editor. Alternatively, they can create a simple variable procedure and experiment with the dynamic use of 1d Variation Tool. According to the progress of the various teams, either at group or classroom level the teacher can give students the hind of constructing a variable procedure and use the 1d variation tool. For instance students may write a procedure like the following:
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to slide :a :b :c :d

up(90)

lr(:d)

repeat 4 [parallelogramB(:a :b :c) lr(90)]

end
In the end of each phase, the teams present their constructions in their classmates and explain the difficulties they have faced and the conclusions they have drawn. Students’ comments and presentation can give teacher the opportunity for stirring up a fruitful discussion at classroom level which will help students express, share, unify and extend the meanings created in the construction process
· Resources and tools. In the following table the two mystery procedures used ready-made in the 1st phase of the activity are presented
	to Amystery :a :b :c :d

fd(:a)

rt(90)

fd(:b)
rt(90)

fd(:c)

rt(90) 

fd(:d)

rt(90)

end

	to Bmystery :a :b :c :d

fd(5)

rt(:a)

fd(10)

rt(:b)

fd(5)

rt(:c)

fd(10) rt(d) 

end



· Organisation of the classroom 
· The students work in pairs, sharing the same tablet PC.  Working this way is considered to be conducive to students’

· Experimention with their own constructions in MaLT 

· Expression of intuitions and discussion of ideas

· Formulation and testing of conjectures/hypothesis

· Drawing of conclusions and formulation of arguments

In this framework, the teacher

· Supports the use of the provided tools/functionalities of MaLT

· Prompts students and gives hints

· Poses questions and brings into the foreground points for consideration

· Provokes discussion at group and classroom level

· Moderates discussion at classroom level

· Facilitates further elaboration of student's ideas in a mathematical framework

· Assesment suggestions
Taking into account the constructionist pedagogical stance on the design of the above presented activities, it could be said that their pedagogical value and learning outcomes cannot be assessed with typical mathematical tests in pen and paper. Moreover their end-product is not easily measured or prescribed in detail in advance. Thus it suggested that formative and summative evaluation should be carried out. Formative evaluation is not concerned so much with the effectiveness of a pedagogical plan in terms of its initial goals but mostly with the identification of any changes required that could make the programme more likely to achieve its goals eventually (Thorpe, 1993). Thus formative evaluation could be carried out in parallel to the activity itself and will affect its implementation for those currently involved. Throughout the plan’s implementation the tutor could reflect on the way in which each group is working while experimenting and trying to construct firstly the simulation of a door opening and closing and then the simulation of revolving doors in the computational environment of MaLT. Putting emphasis on the process of learning, the tutor could identify and follow the intellectual progress made by the participants by ‘identifying areas of conflict and monitoring resolutions’ (Underwood, 1990, p. 191). Students’ dialogues and argumentation in parallel with their constructions on the computer screen is a valuable source of information. In particular, what it matters is not so much the final product of their construction but the interplay between students’ intuitions, screen phenomenology and formal mathematical knowledge. As a result, the commands given to the turtle and the gradual formation of Logo procedure is another source of information. 
Summative evaluation is carried out in the end. The educational plan will be evaluated as a whole in relation to the initial educational goals, having the same source of information, namely students’ utterances while experimenting and constructing their simulations, the logo procedures developed and the filled out worksheets that may have been used by the teacher as well as the presentation of students’ constructions at the end of each phase made by students themselves. The outcomes will affect the formation of practice in the future applications of the course. 

6. Examples from the classroom
During the implementation of the above mentioned activities in a public High school in Greece (13 year-old students), a key conclusion with pedagogical implication is that student’s visualisation and construction strategies are inevitably related to the representational infrastructure and tool’s affordances (Kynigos et al., submitted, Psycharis & Kynigos, in press). Below we present two such instances:
Firstly, it was evident that students had difficulties in visualising the 3d turtle’s turn commands and especially the leftroll/rightroll and the uppitch/downpitch commands. In order to navigate in the 3d simulated space students had to co-ordinate their static view point of the 2d computer screen while projecting their knowledge about their bodies and how they move into the ‘vehicle’ of the motion, the turtle, whose heading-face has a special importance. That’s why students used extensively their hands or other concrete 3d objects in order to visulalise turtle’s motion (Kynigos & Latsi, 2007).
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	Using hands in order to visualise turtle’s motion in 3d Space


Moreover the fact that the grid visible in the turtle screen followed the convention of the linear perspective and of a vanishing point visible in the line of horizon confused students as far as the course of the turtle in the z coordinate was concerned. The use of 1d Variation Tool was extremely helpful, giving students the chance to animate the constructed 3d models and thus to view their constructions from different perspectives.
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	Two different views of the Revolving Door simulation as a result of the use of  the 1d Variation Tool.
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Possible extension 
Having achieved the 'Revolving doors' simulation, students can be engaged in experimenting with the construction of other real world situations that involve turning.  An example can be the simulation of two opening-closing pages of a book.  The difference of this activity to the preceding one is that during the opening-closing turns both sides (rectangles) of the book move in opposite directions. Such a construction in MaLT has been chosen since it gives space for pupils’ engagement in expressing angular functional relationships based on turning and directionality in 3d space using one variable. This activity can also be considered as an opportunity for using the functionalities of the 2d Variation Tool available in MaLT.
8. Acknowledgments

This pedagogical plan has been developed and implemented in a the first grade of a multicultural high school in Athens in the framework of ReMath: Representing Mathematics with Digital Media, Sixth Framework Programme, IST-4, Information Society Technologies, Project Number: IST4-26751, http://remath.cti.gr. 

9. References 
Clements, D.H. and Battista, M.T.: (1989), ‘Learning of geometric concepts in a Logo environment’, Journal for Research in Mathematics Education 20, 450–467.

Freudenthal, H. (1973) Didactical Phenomenology of Mathematical Structures. Reidel Publishing Company, Dordrecht. 
Kynigos, C., Psycharis, G. & Latsi, M. (submitted) Meanings for angle through geometrical constructions in 3d space, 33rd Conference of the International Group for the Psychology of Mathematics Education, Thessaloniki, Greece: PME.  
Kynigos, C. (2004). A 'Black-and-White Box' approach to user empowerment with component computing, Interactive Learning Environments, 12 (1-2) 27-71.
Kynigos, C. & Latsi, M. (2007) Turtle’s Navigation and Manipulation of Geometrical Figures constructed by variable processes in a 3d Simulated Space, Informatics in Education, Vol. 6, No. 2, 1-14.
Mitchelmore, M.C. (1998) ‘Young students’ concepts of turning and angle’, Cognition and Instruction 16, 265–284
Psycharis, G. & Kynigos, C. (in press) Exploring angle through geometrical constructions in a simulated 3d space, Proceedings of the 11th International Congress on Mathematical Instruction (ICME), Monterrey, Mexico. Available: http://tsg.icme11.org/tsg/show/23

Thorpe, M., (1993), Evaluating Open & Distance Learning, Harlow: Logman.

Underwood, J.D.M. and Underwood, G. (1990) Computers and learning: helping children acquire thinking skills. Oxford: Blackwell.

