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A.1 Analysis of the Teaching Experiment
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A.2 On the actual implementation of the TEs

A.2.1 Questionnaire: On the actual implementatiofitbe TEs

Experimenting Team:
Teaching Experiment Title:
DDA:

1. (Quantitative infos)
Number of classes involved:
For each class, specify:

a. Kind of school , grade , age

b. Number of hours:

c. (Approx.) Date of beginning:

d. (Approx.) Date of ending:

Comments:

2. (Variations with respect to the designedleaching SequenqgeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the déifie implementations)

O No, no variations at all
O Just small adjustments
[0 Major variations

In case of major variations, report on them: whaslpects have been mainly modified? what
are the reasons for those variations?...

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring lialee sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

A.2.2 Didirem TE with Casyopée

1. (Quantitative infos)
Number of classes involved: 2
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For each class, specify: (same structure in thectagses)

a. Kind of school Lycée ,grade 11 ,age 17

b. Number of hours: 10

c. (Approx.) Date of beginning: Oct. 2007

d. (Approx.) Date of ending: Dec. 2007
Comments:

2. (Variations with respect to the designedleaching SequengeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the d#ifé implementations)
X No, no variations at all

In case of major variations, report on them: whaslpects have been mainly modified? what
are the reasons for those variations?...

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring liatee sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

No

A.2.3 Didirem TE with Casyopée

1. (Quantitative infos)

Number of classes involved: 2
For each class, specify: (same structure in thectagses)

a. Kind of school Lycée ,grade 11 ,age 17

b. Number of hours: 5

c. (Approx.) Date of beginning: Sept. 2007
d. (Approx.) Date of ending: Oct. 2007
Comments:

Another experiment took place with younger studentspring 2008 and with the same
Educational Goals. The tasks were similar, but @btvities were carried out outside the
classroom.
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2. (Variations with respect to the designedleaching SequengeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the d#ifé implementations)

X Major variations

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?...

The teaching sequence was designed in two phasesfdamiliarization with Cruislet where
we would try to show its potential for raising awdrking interesting issues in the “travaux
personnels encadrés” (TPE, personal project wotk thie support of teachers) perspective,
and one of use of the DDA within specific projeethose theme had to be fixed by the
students themselves according to the TPE didaotitract. This pedagogical plan had to be
amended on two important aspects, explained below.

1. We modified the work in the first phase whenpaiiing the sessions with the teachers

The two teachers have been involved in the Casyppgject and working in collaboration
with the Didirem research team for 10 years. Thag & good understanding of the ReMath
objectives and were ready to invest time and en&ggxperimenting Cruislet, while they
also thought that the institutional distance wite tnathematics French curriculum was big.

They participated in the elaboration of the pedaggdgplan. They expressed concerns about
the difficulty of bringing activities not directlyconsistent with the curriculum, in the
mathematics course (scientific stream) af giade where the syllabus to cover is very heavy
They agreed with us that using the TPE structuraldvaertainly be the right choice while
insisting on the fact that the “TPE spirit” of fredoice by the students and of consistency
with the national themes should be preserved, iligitthe space of freedom for the
experiment.

During the year 2006-2007 they tried to acquireviiedge about Cruislet, but difficulties
were experienced with the first version. Researschad teachers had difficulties to get aware
of the potentialities and we rather shared thdegrnogations. Thus we could not go very far
into the teaching sequence design until we recetlredsecond version and the correction to
the graphic display (may 2007). Also the DDA manlisited only a small subset of the
LOGO commands and no control instructions (Makpe&g...).

After that, we prepared the three sessions dewotethssroom work directed by the teacher
for the first phase. When the teachers worked adtenario with the version of the DDA
they had received, it quickly appeared that thestgsoposed in the PPM for the first phase
were not enough specified and were also too amisitidVe had thus to revise the scenario
and design tasks that, based on the same ideas] keuunderstood by the students as
consistent with the curriculum, as well as feasible

We conceived thus two central tasks that corresporde first steps of the PP (presentation
of the software and preparing and programming )rips
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1. Prepare a flight from one town to another stayisiglase as possible from the ground.

This implies computing angles in vertical planeattallow the avatar reach a point without
crashing on the ground.

2. Prepare Logo procedures to make an avatar fliglat given figure (circles, spirals,
helixes..)

We thought of combining the two tasks (for instawcgele around the Mount Olymp) but
could not implement this idea because of time cags.

The task of correcting a trajectory to cope with wind effect was appealing and really could
have make us take advantage of the Cruislet’s patdar treating vectors. We nevertheless
abandoned this last part of the scenario for tvasaas:

1. Teachers thought that the two tasks above weradyrenough time consuming and
that they would certainly be sufficient for ensigrithe required familiarity with
Cruislet for using it in projects.

2. We could not find a way to have a feedback, allgnstudents to know whether they
accurately corrected the trajectory. It would hbeen necessary to build into Cruislet
some feature for this kind of effect.

2 The second phase could not be implemented

The sessions in the first phase ran reasonably amellwere quite interesting. A geography
teacher participated in the presentation of Cruistanging information about the geography
of Greece and the systems of representation.

Then the teachers invited students to design their project, in the frame of the TPE, and
tried to encourage projects around Cruislet andnbédeling of 3D deplacements. They did
not succeed. The problem was that students weetatl by other themes than modelisation
for their project of TPE. Actually, this theme igewed as difficult by students and rarely
chosen. The attractive power of Cruislet was naoingt enough for overcoming this obstacle.

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

Because of the above reasons, the experiment witgriedtly from what was planned in the
guidelines. Thus it is necessary to adapt the gbgfsothesis and research question.

Educational Goals

Use Cruislet’'s potential for students working on 32@ographical representations and
displacements. Reinvest trigopnometric notions in-standard settings (calculations of angles
for displacements).

Introduce students into Logo programming, givingsseto Logo procedures as a record of
deplacements and proposing attractive problemslewtut too far from the curriculum, as
well as feasible

Educational Hypothesis

It is possible to conceive tasks to introduce sttsléo this complex software and that appear
to students consistent with the curriculum andaative. An introduction to Logo structured
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programming could be done by presenting student$eaative procedure as a solution to a
problem they solved non-iteratively (flying in auglateral triangle) and asking them to adapt
this procedure to generate flights following otfigures (circles, spirals, helixes...).

Common Research Questions

How do students appropriate and coordinate reptasems of displacements in Cruislet
(Cartesian and Polar). Is it possible to introdtiemm to Logo programming in a short time?
What are the consequences on the understandihg ohderlying mathematical objects?

Note: as indicated above we carried out another exmgarinater on, in order to get more data
for analysis.

A.2.4 ETL TE with Cruislet

1. (Quantitative infos)

Number of classes involved: 2
For each class, specify:

a. Kind of school Upper high schaajrade 1, age 15-16

b. Number of hours: 28 {iclass), 8 (¥ class)

c. (Approx.) Date of beginning: 19/10/2007 (botasdes)

d. (Approx.) Date of ending: 11/4/2008"(@lass), 14/12/07 {2 class)
Comments:

» Due to context problems there was an extensioheopériod of TE implementation.

2. (Variations with respect to the designedleaching SequenqgeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the déifi implementations)
O No, no variations at all
\ Just small adjustments
[0 Major variations

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?...
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Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

Teaching Sequence®(tlass):

* Kind of tasks: The familiarisation phase was exeshtb 8 hours and several tasks
were added.

» Additional activity sheets were created.

* The time schedule was extended.

Teaching Sequence”(xlass):

» Kind of tasks: The teacher changed some of thestaskshe wanted to focus only at
the concept of function.

* Additional activity sheets were created by the leac

* Time schedule: The second TS lasted 8 hours.

The changes made, mainly affected the PP strucsréhe teacher of thé92TE altered the
PP to fit her own educational goals (focus mainlytree concept of function rather on
navigational mathematics).

The hours of implementation of th& TE were much more than th&@ne. As a result, this
had a major effect in reformulating and answerimg $RQs as most data were not primarily
focused at the concept of function, but at navayati mathematics as well (e.g. emerging
mathematical concepts, coordinates). Thus, in palyais we preferred to combine the results
of both TEs in the CRQ (regarding the concept atfion) and reformulate the other SRQs.

A.2.5 ETL TE with MaLT

1. (Quantitative infos)

Number of classes involved:
For each class, specify:

a. Kind of school ___Public multi-cultural high school , grade_7th
,age_13
b. Number of hours: 18
c. (Approx.) Date of beginning:  01/11/2007
d. (Approx.) Date of ending: 19/12/2007
Comments:

Each teaching session (hour) lasted 45-50 minutes.
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2. (Variations with respect to the designedleaching SequengeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the d#ifé implementations)

O No, no variations at all
M Just small adjustments
0 Major variations

There were no major variations in the implementatiof the plan. However, small
adjustments were performed which primarily concdrnevision of the time schedule and
modifying/omitting specific activities. Two example

(a) the Introductory Activity related to student’s fdiaiisation with the environment took
more time than initially planned
(b) the implementation of the activity Spiral Stairc&mulation was omitted due to time
restricts of the school.
Those adjustments did not affect the possibilitaéwering the questions a-priori formulated
in the TE portrait that we had provided.

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?...

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain.how

A.2.6 ETL TE with MoPix

1. (Quantitative infos)

Number of classes involved:
For each class, specify:

a. Kind of school:Upper Secondary — Vocational Education Schoplgrade:12",
age:17to 21

b. Number of hours25
c. (Approx.) Date of beginnin@7/11/07
d. (Approx.) Date of endin@0/12/07
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Comments:
Ten sessions took place. The duration of each @s2a0 3 hours.

2. (Variations with respect to the designedleaching SequengeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the d#ifé implementations)

O No, no variations at all
M Just small adjustments
O Major variations

Comments:

Although there were no major variations in the iempéntation of the plan, several
adjustments were performed as far as the time stheohd the activities initially designed
are concerned. The time-schedule was revised at teace during the experimentation
process while a number of activities describechainitial version of Pedagogical Plan were
modified, moved to another phase of the experintiemtar even omitted.

The possibility of answering the questions a-priormulated in the TE portrait was not
affected by any of those adjustments.

In case of major variations, report on them: whaspects have been mainly modified? What
are the reasons for those variations?

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

A.2.7 lIoE TE with MoPix

1. (Quantitative infos)

Number of classes involved: 1
For each class, specify: 7 students (Advanced Léaghematics)

a. Kind of school _ college  , grade , age_16-19

b. Number of hours: 15

c. (Approx.) Date of beginning: 31/10/2007 (Octop@07)

d. (Approx.) Date of ending: 19/12/2007 (Deceni®@d7)
Comments:

— Weekly meeting for 1.30 (one-and-a-half hour)
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— voluntary participation: inconsistent attendance thuother student priorities reduced
scope of teaching sequence
— teaching conducted by researchers

2. (Variations with respect to the designedleaching SequenqgeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the déif implementations)
O No, no variations at all

v Just small adjustments: More time than anticipated spent on some aspects of the
teaching sequence. As a consequence most studehtaot complete tasks related
explicitly to graphing or interactions between alge

[0 Major variations

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?...

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

The omission of work on graphs prevented us frodressing one of the sub-questions to our
reformulation of the CRQ which referred specifigdath graphical representation.

A.2.8 IoE TE with MaLT

1. (Quantitative infos)

Number of classes involved: 1
For each class, specify: 24

a. Kind of school state , grade__year 8 ,age 12-13
b. Number of hours: 8
c. (Approx.) Date of beginning: 20/11/2007
d. (Approx.) Date of ending: 30/11/2007
Comments:

— 8 meetings: 4 times a week with two meetings in dene

2. (Variations with respect to the designedleaching SequenqgeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?
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(If needed or suitable, distinguish among the d#ifé implementations)

O No, no variations at all

O v Just small adjustments The details of materiadsviged to support use of MaLT
were developed during the teaching experimentsparse to our evaluation of student
needs.

0 Major variations

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?...

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

No

A.2.9 ITD TE with Alnuset

1. (Quantitative infos)
Number of classes involved: 1
For each class, specify:
a. Kind of school classics Liceo , grade 10 ,age 15
b. Number of hours: 20
c. (Approx.) Date of beginning: f@ctober 2007
d. (Approx.) Date of ending: fDecember 2007
Comments:

2. (Variations with respect to the designedleaching SequenqgeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the déifi implementations)
O No, no variations at all
X Just small adjustments
[0 Major variations

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?...
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Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

A.2.10 ITD TE with Aplusix

1. (Quantitative infos)

Number of classes involved: 1
For each class, specify:

a. Kind of school low secondary school _, grade 7 ,age 12-13

b. Number of hours: 8 (+2 for pre-test and postite

c. (Approx.) Date of beginning: November 2007
d. (Approx.) Date of ending: "eDecember 2007
Comments:

2. (Variations with respect to the designedleaching SequenqgeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the déifi implementations)
X No, no variations at all
O Just small adjustments
[0 Major variations

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

A.2.11 MeTAH TE with Aplusix

1. (Quantitative infos)
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Number of classes involved: 3
For each class, specify:
C1:
. Kind of school: Junior High Schograde 9, age 14-15 years

. (Approx.) Date of beginning: November 21, 2007

a

b. Number of hours: four 50-minute sessions
c

d

. (Approx.) Date of ending: December 4, 2007

C2:
. Kind of school: High schopyrade 1Q age 15-16 years

. (Approx.) Date of beginning: September 6, 2007
. (Approx.) Date of ending: October 22, 2007

a

b. Number of hours: 3 hours with one group (G1%; Bours with the other group (G2)
c

d

C3:
a. Kind of school: International High Schpgrade 10, age 15-16 years

b. Number of hours: four 50-minute sessions

O

. (Approx.) Date of beginning: December 3, 2007

o

. (Approx.) Date of ending: December 21, 2007

Comments:

2. (Variations with respect to the designedleaching SequenqgeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the déifi implementations)

C1, C2: Major variations
C3: Just small adjustments

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?...

Shortening the scenario:

- Conversion tasks RNk RT et RU— RT were worked out with Aplusix in
controlled mode only (initially, we planned to pose the same kind of activities
in free mode as well) ;

- Conversion tasks R RNL were assigned as a homework (they were plansed
classroom activities) ;

- Treatment tasks in RT were not compulsory. Teachen® free not to propose
them, or propose them only to students with diffies (Grade 10 teacher can
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benefit from one hour a week that can be dedicadea@gmedial activities with a
small number of students having difficulties in hjat

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

We do not think that these modifications could eiffine possibility to answer the research
questions formulated a priori.

A.2.12 MeTAH TE with Alnuset
1. (Quantitative infos)
Number of classes involved:

For each class, specify:
a. Kind of school : private high school, grade, Hgje 15-16 years

b. Number of hours: 3

c. (Approx.) Date of beginning: April {02008

d. (Approx.) Date of ending: April {22008
Comments:

2. (Variations with respect to the designedl'eaching SequengeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the d#ifé implementations)

= Just small adjustments

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.
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A.2.13 Unisi TE with Alnuset
1. (Quantitative infos)

Number of classes involved: 2
For each class, specify:

Class 1
a. Kind of school classics Liceo , grade 9 ,age 14
b. Number of hours: 18
c. (Approx.) Date of beginning: f@ctober 2007
d. (Approx.) Date of ending: f'5January 2008

Class 2
a. Kind of school professional school , grade 9 ,age 14
b. Number of hours: 20
c. (Approx.) Date of beginning: 7October 2007
d. (Approx.) Date of ending: _{'5January 2008
Comments:

2. (Variations with respect to the designedleaching SequengeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the d#ifé implementations)

O No, no variations at all
O Just small adjustments X (for both teaching expenits)
[0 Major variations

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

No, they did not affect such possibility.
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A.2.14 Unisi TE with Casyopée

1. (Quantitative infos)
Number of classes involved: 4 (A, B, C, D)
For each class, specify:

a. Kind of school Scientific High Schqodbcientific High School, Technical Schooal,
Scientific High School

grade A, B,C: 12; D:11 ,age A, B, C:17-18; D:16-17

b. Number of hours: A:12; B: 13; C: 8; D: 11

c. (Approx.) Date of beginning: A, B, C: Oct 07; Mar 08

d. (Approx.) Date of ending: A, B, C: Dec 07; D: @3
Comments:

2. (Variations with respect to the designedleaching SequengeAre there any variations
with respect to theTeaching Sequencedesigned before the beginning of the
experimentations?

(If needed or suitable, distinguish among the d#ifé implementations)

O No, no variations at all
[X] Just small adjustments (A,C,D)
[X] Major variations (B)

In case of major variations, report on them: whaspects have been mainly modified? what
are the reasons for those variations?...

One of the experimenting teachers (B) wished to@msgyopée but was concerned about the
planned number of hours (11-12 school hours). Weeajto shorten the PP (8 school hours),
omitting the last two sessions.

Did those variations affect the possibility to aeswhe questions a-priori formulated and
contained in the TE Portrait (we are referring tth e sections of the Portrait: validation of
DDA and PP, CRQ, SRQ)? In case, explain how.

This decision did not affect the possibility to eelkb the research issues stated a priori
because it was possible to implement the omittetlipa8 other classes. Hence we gathered
anyway enough data to answer the RQs in focus.
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A.3 Questionnaire on context

A.3.1 Questionnaire answers: Didirem TE with Casy&p

(Planning - Global) Which elements of the global context raised tteatpst problems or
concerns in the planning of your teaching intenar# Explain in what sense, and how
you coped with them.

No real problem. The DDA, the Ed. Goals and therMeRe consistent with the curriculum.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching intenar® Explain in what sense, and how
you coped with them.

The local authorities welcomed the experiment spnoblem.

Because of our choice to work with teachers whatippated in the development of
Casyopée, the schools were far from our laboratomg, then we had to establish a rigorous
planning of the observations and to limit these.

(Implementation - Global) Which elements of the global context raised theatpst
problems or concerns in the actual implementatfoyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

No problem.

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain inqaér issues which were unexpected.

No problem. The teaching intervention and assotiabeservation went well.

(Teachen Did (and possibly how) the fact that the teaclias/was not a member of the
research team affect the implementation of thehiegantervention?

Both teachers were members of the research team.

A.3.2 Questionnaire answers: Didirem TE with Cruél
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(Planning - Global) Which elements of the global context raised tteatpgst problems or
concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

We had concerns about the difficulty of bringingiaties not directly consistent with the
curriculum, in the mathematics course (scientifieam) at 11 grade where the syllabus to
cover is very heavy.

Then it appeared problems with the software its®tfime were corrected by interaction with
Talent.

Others remained.

The teachers had also big difficulties for instajliCruislet on the schools’ network. To work
with students, they had to install Cruislet on @awwmek distinguishing "administrator" and
“students” rights. Then Cruislet did not open fatadent session. We tried various solutions,
including updating Java machines, giving rights special directories, without effect.
Teachers complained on a waste of time on techpicddlems remembering them their first
uses of computers in schools. It appeared finhly the installer provided by Talent was not
compatible with the French Windows XP because ef [ttalisation of the Java registry
keywords.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching intenar® Explain in what sense, and how
you coped with them.

The material difficulties we experienced in prepgrithe intervention have to be exposed
because they show how it is sometimes not easyass from ‘laboratory design’ to real

classroom use, and the attention that has to ke tpathe teachers’ work conditions and
workload if we aim at a successful use of technplog

Because Cruislet is based on an ambitious geogralpystem, an easy use requires more
material resources than is the case with usualatidumal software. In French Lycées, the

equipment is bought by regional authorities thathi@ present case (Brittany) privilege the

quantity of computers, not the size of the memany thhe up to date quality of display. This

choice is generally approved especially by mathesaeachers. It generally means that
students can have at home, for instance for gacoesputers more powerful than those they
use at school.

While, after the correction of the graphic displayjwe computers had the minimum
requirements for Cruislet use, according to therimftion provided by Talent, it appeared
that the functioning was too slow, bringing thexrikat students get bored and reject Cruislet.

The tests took a lot of time and teachers told hagt they had no time to upgrade the
computers. Our team had then to send a technicitireischools.

(Implementation - Global) Which elements of the global context raised theatgst
problems or concerns in the actual implementatioyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.
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The first sessions ran reasonably well and werteqnteresting. As a first insight, students
thought of Cruislet as an attractive tool, and il complain about activities too far from the
curriculum. Actually it seems that activities wéoeind very difficult by some students, while
other achieved them relatively easily. Especiatipeerned are: navigating with Cruislet and
Logo programming.

Then the teachers invited students to design their project, in the frame of the TPE, and
tried to encourage projects around Cruislet andmbdeling of 3D deplacements. They did
not succeed. The problem was that students weeztat by other themes than modelisation
for their project of TPE. Actually, this theme igewed as difficult by students and rarely
chosen. The attractive power of Cruislet was naotngt enough for overcoming this obstacle.

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inq@aar issues which were unexpected.

No particular problem linked to the local context.

(Teachen Did (and possibly how) the fact that the teachias/was not a member of the
research team affect the implementation of thehiegantervention?

Both teachers were members of the research team

A.3.3 Questionnaire answers: ETL TE with Cruislet

(Planning - Global) Which elements of the global context raised tteatpgst problems or
concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

* An official authorisation is needed to experimanaischool.
 Computer use for doing mathematics is not offigighlart of the curriculum of high
school. Thus math teachers are not always willingse computers in their class.

We found a teacher that was willing to participtaethe experiment and the head of the
school gave us the permission to experiment aagsek. Additionally the researcher attended
the mathematics class for three weeks before tipdementation of the TE, in order to meet

the students and find favour with the teachersthadead of the school.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching intenar® Explain in what sense, and how
you coped with them.

» Computer lab
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o Technical issues concerning the compatibility af BCs, as the lab was not a
new one.

o Difficulties to store and retrieve data to / fronetcomputers as we were using
the hypercam software in order to collect data.

o Equipment like microphones, etc. were tested.

The researcher cooperatively with the math teaahdrthe teacher of informatics (that was
responsible for the lab) updated the machines ewd fthe technical problems. This lasted
for almost a month.

- Difficulties in fixing the time scedule, as we wadttoo many hours for tH'ITE
and the computer lab as well as the math teacher mgg available.

In order to overcome this, we used an additiorf&rachool’ hour during the week.

(Implementation - Global) Which elements of the global context raised theatgst
problems or concerns in the actual implementatioyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inq@adar issues which were unexpected.

« The head of the school changed during the schaa ged this affected thé'TE in its
time schedule.

* The school closed during the experimentation foncst a month, due to a sit-in by
students. Thus, there was an extension of thegefionplementation of the®ITE.

* We didn't use a camera inside the classroom alth@uyg initial aim was to use one. This
was a restriction from both the teacher and thel loéshe school.

(Teachen Did (and possibly how) the fact that the teachias/was not a member of the
research team affect the implementation of thehiegantervention?

The fact that the teacher was a part of our tedpebeaus in:

* Finding a school for our experimentation.

» Extend the period of experimentation.

» Reformulating the educational activities /PP whezeded.
Supporting us in coping with technical issues atdbmputer lab.

A.3.4 Questionnaire answers: ETL TE with MaLT
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(Planning - Global) Which elements of the global context raised tteatpgst problems or
concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

1. Entry to schoolsThe entry to schools for classroom research eeGg is very difficult.
Most of the researches that are allowed by the dgoggeal Institute (the legal organisation
that has the responsibility for that) are basetheruse of questionnaires. The implementation
of the MaLT pedagogical plan took place in the catep laboratory of a multi-cultural
secondary school in Athens with on® grade classroom (13 years olds). The access was
gained through our personal contacts with teagbartscipating in the postgraduate course of
Mathematics Education at the University of Athefisis was not new for us. Our team has
long experience in conducting teaching experimeiich can be considered in some way as
interventions in normal educational life causinghedkind of perturbation. The is perturbation
would not concern only the actual educational pgede the classroom involving practical
issues (e.g. everyday schedules and technologynmasegement) but would also involves
much deeper issues at the socio-systemic levelieagher-student roles, social orchestration
in the classroom, epistemologies and beliefs abmthematics and the educational process.
All this issues were taken into account in the plag of our teaching intervention
considering that they would also be part of thelymimm at the institutional/cultural context
level.

2. School program and curriculumt the lower secondary level the teaching of reathtics
takes place for four teaching sessions (45 minudesjeek. The school time schedule, the
content and the curricular goals are determinedhleyNational Curriculum. Although the
national Curriculum suggests the use of computerserning geometry very few teachers
follow these suggestions in their teaching pradiocghree main reasons:

- computer use for teaching mathematics is notiaffy part of the curriculum;

- schools computer laboratories are usually occlfmethe teaching of informatics and;

- teacher training for the use of computers intdaehing of mathematics is rather limited.

This is the main reason for which the use of comsuin mathematics is not concerned with
the normal school practice and thus it can be deedeas an innovation. However, the
system officially gives space for teachers to dnmribeir lessons with activities in the
computer laboratory.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

Taking into account the specificities of the globahtext, ETL team was deeply concerned
about the specific school that the teaching expamimvould take place and the teachers that
would be involved. In particular it was importafmiat the math teacher of the classroom
involved would appreciate not only the added pedagd value of the pedagogical plan’s
implementation but would also see it as a chanae pi@fessional development and
empowerment. These concerns steered our contatthét schools and our final choice.
Additionally, we negotiated with the participatitgacher to embed part of the activities in the
prescribed curriculum (e.g. a great part of the WMalPPM involved the
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construction/properties of 2d geometrical figurehioh is at the core of the™7grade
geometry curriculum).

(Implementation - Global) Which elements of the global context raised theatpst
problems or concerns in the actual implementatfoyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

Official delay for entry to the schadDur experimentation was delayed by the fact winat
needed an official leave of entry to the schoabiider to carry out our teaching experiment.
The time-consuming bureaucratic procedures needsctcéused us problems that we hadn’t
anticipated in our initial planning. However, we maged to partly bypass them as a result of
the excellent communication and collaboration wite school board that had let as start our
experimentation before the official eave was issued

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inqadar issues which were unexpected.

Two elements of the local context seemed to hasedahe greatest problems in the actual
implementation of our teaching intervention:

- Students’ fluency in greelMany students of the multi-cultural school in whictur
experiment took place were not really fluent in coamicating in greek.

- Students limited experience with programmiipst of the students had not previous
experience in programming with any language.

As a result the initial stages of our experimeptatiook more time than planned. However
due to curriculum constrains the school was unébleffer more time for the experiment.
This resulted in modifying/omitting the implemendait of specific -initially planned-
activities.

(Teachen Did (and possibly how) the fact that the teachias/was not a member of the
research team affect the implementation of thehiegantervention?

In the MALT experiment both the experimenting tearcland the classroom teacher were
members of the ETL research team. The experimetgimgher was a postgraduate student of
Mathematics Education at the University of Atherslevthe classroom teacher had an MA
degree in Mathematics Education from the same wsitye During the implementation of the
pedagogical plan in the classroom the experimentesgher acted also as a researcher
(participant observer) and in parallel with thecteag responsibility of the classroom was
also active in data collection. During the lessba tlassroom teacher —also member of the
ETL team - was present with a more supportive imldata collection acting as co-researcher.
The fact that both teachers were members of the EHmM had positive effects on the
planning of the pedagogical as well as on its imm@etation and data collection.

The experimenting teacher’s participation in MalLddpgogical plan construction from the
design phase resulted in the development of a canmoommunicational ground between the
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members of the ETL team which facilitated the impdatation of the activities in the
classroom and fostered the experimenting teaclergagement in having the role of the
teacher who acts as a researcher. Moreover theratas teacher had an epistemological
stance —partly due to its Ma studies- that it wamgatible to the rationale and the theoretical
framework underpinning our research. Thus, thesotelsn teacher was willing to change her
classroom role to that of a facilitator, tryingebcit students’ ideas and to promote dialogue
and collaboration, which had affected the qualityhe collected data. Weekly meetings of all
members of the ETL team at the university, in paravith the implementation of the PPM,
contributed to the effective planning of future Sess as well as the documentation of the
types of interventions that seemed to promote dmstcuction of mathematical meanings by
the pupils.

A.3.5 Questionnaire answers: ETL TE with MoPix

(Planning - Global) Which elements of the global context raised treatpgst problems or
concerns in the planning of your teaching experimdixplain in what sense, and how
you coped with them.

One of ETL’s main fields of interest has been tlewelopment of technology-enhanced
innovative activities. Both during the phase of igesig such activities and the
implementation process, the Greek educational systdominant characteristics have always
been considered as an integral part of the instital/cultural context of the teaching
experiment.

The Greek educational system is considered to gpelyhicentralised (Kontogiannopoulou -
Polydorides, G. & Kynigos, C. 1993). The Nationalr@culum constitutes a pre-prescribed
set of instructions for the teacher to follow, ispw uniformity in the educational practice
and leaving no room for initiatives on behalf oé tteacher or the school. Thus, the teacher is
perceived as the technical implementer of the culuim (Kynigos, 2004) having officially no
right to implement his personal educational agesrdaut into practice any teaching methods
alternative to the traditional ones.

Although the use of technology is partially integdh in the National Curriculum, the
educationaluse of technology is limited and depends excligioa the teacher’'s will to
integrate innovative practices in his teaching dgerEven so, most of times, the use of
technology is perceived —both by the teachers hadthool administration- as a new, fancy
way to deliver the defined by the curriculum comtand not as means for expression and
construction.

Inevitably, in this context, both students and hems consider learning to be a merely
individualistic procedure during which the teaclattempts to transmit knowledge, usually
through problem solving activities, leaving no rofon experimentation, meaning generation,
personal expression, meaningful constructions amtlaboration among peers. The
implementation of innovative activities is extresneare and bound to genergterturbation
(Laborde, 2001) both in the school and the clagartavel.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching experimdixplain in what sense, and how
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you coped with them.

The MoPiX Teaching Experiment was purposely desigte take into account potential
problems the implementation process would genesdte regard to the local context. The
researcher who developed the Pedagogical Plan adeé all the necessary arrangements to
prepare the experimentation had been a teachdreirsdhool in which the implementation
took place for more than seven years and thus neantg take into consideration crucial
elements of the context that would be likely tossmunanticipated problems.

Those elements concerned not only the turbulencengtementation of this kind would
cause to the students’ routine classroom practoesroles, but also practical issues such as
the availability of the computer lab during certahool hours, the grant of permission from
the school administration to implement innovatiwiwaties in the school and the other
teachers’ support and good will to provide the isight number of school hours for the
implementation. The development of an open, flex®édagogical Plan that could be revised
at any point by the researchers and the supportetbearchers would offered the students
during the experimentation as well as a series eétmgs with the lab administrator, the
headmaster of the school and the rest of the temdtedped us to plan an experiment that
would take into account most of the problems tlwallcontext could possibly create.

Moreover, both the researcher and the teacherratsavho conducted the experimentation
had already carried out in the same school dutiegptist year a pilot research for the Cruislet
DDA with students of the same grade and age a®iles that participated in the MoPiX
Teaching Experiment. This gave them a good ideahef potential problems that could
possibly occur during the MoPiX experiment’s impkamtation process.

(Implementation - Global) Which elements of the global context raised theatpst
problems or concerns in the actual implementatioyoar teaching experiment? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

The implementation of innovative activities in dggducational system such as the Greek one
is bound to produce -at different levels and extsnme kind of perturbation. The fact that
the ETL research team members are also active deagtho have deep knowledge of the
global and institutional context in which the immlentation took place, permitted us to
minimize the effect the specific characteristicsto# global context would possibly have on
the implementation process and a-priori devise vi@ays/-pass potential problems.

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghexperiment? Explain in what
sense, and how you coped with them. Explain Inq@adar issues which were unexpected.

During the experimentations we encountered fewrtieah problems (e.g at some point we
were unable to retrieve data from the computers)stnof which were solved by the

researchers who participated in the experiment ¢dieem has a specialty in Informatics and
iIs more a far experienced researcher that the ¢eaiekearcher).

As far as the Pedagogical Plan was concerned, wedheevise the time schedule twice and
modify some of the activities. The reason for thats the fact the students felt that they
needed more time to spend working on specific digtss Since we didn’t want to impose our
own pace of work, disregard the difficulties ourdsgnts encountered and move on to the next
activities, we decided to prolong the correspongihgses and give them more time to work
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on their models. This could not be considered ta lbecal problem as if this was an obstacle
deriving from the students’ specific charactersstiout it could be recorded as an unexpected
problem that had as a result to ask the teachersnfome school hours to complete the
experimentation.

(Teachen Did (and possibly how) the fact that the teachias/was not a member of the
research team affect the implementation of thehiegantervention?

As it was mentioned before, the ETL researcher ddggned the Pedagogical Plan and made
all the necessary arrangements has also beenheteachis school for many years. This fact
enabled us to have full access to the school pestaiad equipment, communicate effectively
with the administration and the teachers and ewadgtwarry out the experimentation by-
passing any obstacles the request of an officithaaization would cause (consume time
waiting for an approval, declare the exact timeesitie that should be followed accurately).

The teacher’s previous experience in the schoanpied us to taken care of the context
problems (particularly the local ones) in advartiging the planning phase, while any petty
problems created during the implementation weralleghon the spot mostly due to the fact
that the teacher knew her ways around the school.

A.3.6 Questionnaire answers: IoE TE with MoPix

(Planning - Global) Which elements of the global context raised tteatpst problems or
concerns in the planning of your teaching intenar® Explain in what sense, and how
you coped with them.

Within the UK educational system, the followinguss are of main concern and interest:

* Entry to schools: In general, it is difficult totgato the schools in the UK. One needs to
go through a long process of legal issues and awatidn with schools. The ethical
consideration is also an issue within the educatisystem and within the Institute of
Education/LKL as well.

This issue was resolved by using personal contadeilitate entry.

* Relationship to the National Curriculum, schooleties of work, examination pressures
and the time available: while the system officialiwes space for teachers to add
enrichment activities, in practice the curriculusnviery constrained and many teachers
and schools are unwilling to deviate from standanttemes of work.

We dealt with this in two ways. Firstly, our teanfpisessions were scheduled outside the
timetabled lessons for mathematics. Secondly, wetreed with the teachers involved in
order to design our pedagogical plan in a way Waild have as much synergy with the
prescribed curriculum as possible.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching intenar# Explain in what sense, and how
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you coped with them.

e Curriculum match: during our discussion with thedmeer, the issue of making the
teaching experience relevant to the curriculum d@sinant and we changed our plan to
achieve that goal.

* The time available: The college and teachers weteprepared to allow us to use their
scheduled teaching time for the teaching experinfnidents thus had to voluntarily give
up some of their free time to be involved in theojgct. Finding a time slot to
accommodate us was difficult, resulting in a smmallean anticipated number of
participants.

» Students’ priorities and study loads: This conceas raised by the teachers since the
students were studying for a high staked examinaticAdvanced Level Mathematics. It
was necessary to present teachers and studentsemplitit links with the standard
curriculum and to present the project to studestara activity that would support their
learning in preparation for their examinations d &ok good on their CVs when applying
to university.

(Implementation - Global) Which elements of the global context raised theatgst
problems or concerns in the actual implementatfoyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

e The curriculum and examination system: These prdwodae an ongoing issue, affecting
student motivation and attendance. The college @tgh us by continuing to encourage
students to attend.

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inqadar issues which were unexpected.

* Number of students and their priorities: Sinceipgration in the teaching experience was
voluntary, only seven students were involved. Imscsessions attendance was reduced
because of other events (e.g. attendance at ietesyipreparation for examination) that
took priority for individual students. This had tbensequence that we were unable to rely
on stable groupings of students. The collaboratioeking aspect of our pedagogical plan
was thus reduced and adapted.

(Teachen Did (and possibly how) the fact that the teaclhias/was not a member of the
research team affect the implementation of thehiegantervention?

Teachers were only involved at the planning stdge. teaching sequence was implemented
by the researchers.
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A.3.7 Questionnaire answers: IoE TE with MaLT

(Planning - Global) Which elements of the global context raised tteatpst problems or
concerns in the planning of your teaching intenar® Explain in what sense, and how
you coped with them.

Within the UK educational system, the followinguss are of main concern and interest:

* Entry to schools: In general, it is difficult totgato the schools in the UK. One needs to
go through a long process of legal issues and awatidn with schools. The ethical
consideration is also an issue within the educatisystem and within the Institute of
Education/LKL as well.

This issue was resolved by using personal contadeilitate entry.

* Relationship to the National Curriculum, schooleties of work, examination pressures
and the time available: while the system officialiwes space for teachers to add
enrichment activities, in practice the curriculusnviery constrained and many teachers
and schools are unwilling to deviate from standaottemes of work.

There were three consequences of this for our plgnrrirstly, some of our teaching
sessions were scheduled outside the timetablednsder mathematics. Secondly, we
negotiated with the teacher involved in order tsigie our pedagogical plan in a way that
would have as much synergy as possible with thescpieed curriculum and with
officially sanctioned approaches to teaching. Fnahe school chose a group of students
for us to work with that was identified as ‘lowaitting’. Because these students were not
expected to perform well in high-stakes examinajalowing them to spend time on
extra-curricular activities was not perceived bg fithool as so high risk.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching intenar® Explain in what sense, and how
you coped with them.

e The National Curriculum and school scheme of watlring our discussion with the
teacher, the issue of making the teaching expegigetevant to the curriculum was
dominant. The plan had to be adapted to achiewegthel. We also had to schedule the
teaching sessions to fit in with the school’s pkshiorder of topics.

* The time available: Given the small amount of tiavailable within the school's scheme
of work, we had to schedule all sessions withiwa week period and, moreover, had to
make use of additional after school sessions.

e Students’ level of attainment: As indicated abawe, group of students we were able to
work with were identified as low attainers. We re€ld our expectations of what students
would be able to achieve based on the school'sassmt of their attainment level.

(Implementation - Global) Which elements of the global context raised theatgst
problems or concerns in the actual implementatioyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.
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* The time available: as mentioned above, the mdeciabf the time was in putting the
whole teaching experience only on 10 days with eosdd schedule that added more
pressure on students and affected their motivatrwhinterests.

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inq@adar issues which were unexpected.

e Students’ level of attainment: this issue addedenpoessure on us as researchers since we
were tightened, from on hand, by the time availadold, from the other hand, by the
schedule of activities to implement MaLT with thedents. In addition, the students had
no pre knowledge with LOGO.

* The school's computing facilities: The computerdediory in which our MaLT sessions
were scheduled was arranged in such a way as ¢ouwtege group work. Students were
also used to working individually when in this rooithis meant that they were unwilling
to share computers and there was less collaboratidndiscussion than we would have
wished.

* The usual didactic contract: Students were unuseubtking in groups and found it hard
to do so productively. In order to help them to sy we were supported by the class
teacher and a student teacher.

(Teachen Did (and possibly how) the fact that the teachias/was not a member of the
research team affect the implementation of thehiegantervention?

The teacher was the main figure of the teachingiesece in preparation and implementation
stages. We coordinated with her from the beginning:general plan, the time needed and the
type of project as an outcome of the TE. Thusteleher’s role did affect the implementation
of the teaching sequence. One main contributidreisgood’ assessment of the pupils she is
teaching which affected our plan and implementatibtine TE.

A.3.8 Questionnaire answers: ITD TE with Alnuset

(Planning - Global) Which elements of the global context raised tteatpst problems or
concerns in the planning of your teaching intenar® Explain in what sense, and how
you coped with them.

In the Italian secondary school, the teachinglgélara is devoted to the development of
competencies of symbolic manipulation on the bakes curriculum that is characterized by a
quite rigid sequence of topics and notions (for negle, the second-degree equation is
approached after the first-degree equation, theualdies are approached after the
equalities...). The traditional curriculum of Algebisajustified by the characteristics of the
technigues used in traditional practice. The imstrnted techniques of Alnuset allow us to
modify this rigid sequences of algebraic topics antions. We have decided to exploit them
to plan a PP characterized by innovative aspedtseaturriculum level (for instance, we have
approached the solution of the second-degree equatithout introducing the formula to
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solve it). This change did not create problemsabse it was well supported by the
instrumented technique of Alnuset.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

No problem, because the teacher was very inter@steanotivated to practice the innovative
proposal characterizing our PP as well the spesdhool involved

(Implementation - Global) Which elements of the global context raised theatgst
problems or concerns in the actual implementatfoyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

No problem

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inq@adar issues which were unexpected.

No problem.

(Teachen Did (and possibly how) the fact that the teachias/was not a member of the
research team affect the implementation of thehiegantervention?

The fact that the teacher was not a member of esearch group did not affect the
implementation of our TE. He appreciated very mtiehproposed PP and he managed well
the activities with his students. At the end of fhie in a interview he expressed a very
positive opinion on the performed activity. Instmew school year he has expressed the
intention to use Alnuset in his normal activitythvhis classes.

A.3.9 Questionnaire answers: ITD TE with Aplusix

(Planning - Global) Which elements of the global context raised treatpgst problems or
concerns in the planning of your teaching intera@® Explain in what sense, and how
you coped with them

No problem in planning the TE since the DDA ahd tlidactical goal were consistent with
the curriculum
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(Planning — Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching intenar® Explain in what sense, and how
you coped with them.

The school we have involved in the TE is one ofttlree experimental low secondary school
in Italy. With this school, that is well equippem a technological point of view, we have a
strong collaboration from several years. Henceynoblem

(Implementation — Global) Which elements of the global context raised theatpst
problems or concerns in the actual implementatfoyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

No problem

(Implementation — Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain In@adar issues which were unexpected.

No problem

(Teachen Did (and possibly how) the fact that the teachias/was not a member of the
research team affect the implementation of thehiegantervention?

The teacher involved in our experimentation is as@e with which we had already
collaborated in the past . She actively parti@dah the design of the PP. Once defined with
the teacher the arithmetic knowledge to be taught ¢he educational goals to be achieved,
our research group designed a draft of PP expipitire functions of Aplusix and, in
particular, the modality of use of the tree reprgations. The teacher contributed in refining
the draft version of the PP and she proposed dosathe tasks. These tasks concerned the
translation in natural language of arithmetic esprens expressed through both tree
representations and the arithmetic linear represient

A.3.10 Questionnaire answers: MeTAH TE with Aplusix

(Planning - Global) Which elements of the global context raised tteatpst problems or
concerns in the planning of your teaching intenar® Explain in what sense, and how
you coped with them.

(Planning - Local) Which elements of the local context raised theatgst problems or
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concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

Our biggest concern was finding teachers who woeldvilling to experiment with Aplusix-
tree. Initially, we wished to experiment with Gradeor Grade 8 classes. At this level,
working with trees would be more appropriate anduldocontribute to the learning of
algebra. Unfortunately, only the teachers who aesnivers of our research team agreed to
implement a scenario involving a tree representatbut they had Grade 9 and Grade 10
students. For this reason, we had to design deswtith the aim of remediation to students’
difficulties.

(Implementation - Global) Which elements of the global context raised theatpst
problems or concerns in the actual implementatfoyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inqadar issues which were unexpected.

Constraints in the schools, institutional or maieri

At the institutional level, for example, in the sch where C2 class is, all Grade 10 classes
progress in the math curriculum in the same wagnésarder, same rhythm). For this reason,
it was very difficult for the teacher to integrabe whole scenario into the common sequence.

Material constraints led to different implementasoof the scenario. For example, in the
Grade 9 class it is not possible to split the clagstwo groups. Therefore, all sessions were
done with the whole class, 2 students per comg@utdrthe classroom orchestration was much
more difficult than in the Grade 10 classes whkeedrganisation allows working with a half-
class.

(Teachen Did (and possibly how) the fact that the teaclias/was not a member of the
research team affect the implementation of thehiegantervention?

Although the 3 teachers are members of the resdassth, they were not involved in the
design process of the scenario. This might actuladlye affected its implementation. In
particular, the results observed in the C1 clagsomparison with those observed in C2 class,
lead us to question the way the teachers had apategh the scenario and integrated it or not
into their pedagogical activity. Recall that in €ass, students’ productions to activities that
followed the introduction of the tree register (RShpw that they did not succeed in mastering
this new representation and making connections thghusual one. Despite of the difficulties,
the teacher kept moving ahead through the propesgidities. Two hypotheses allow
explaining this behaviour:

- The tree representation is a mathematical objedticlwis not present in
mathematics curriculum. The teacher herself migivehfelt uncomfortable with
this content and had not succeeded the introdudesgion. Recall that in C2
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class, the teacher actually preferred to ask onéhefresearchers to lead this
session since he was not completely at ease wethekwv representation as well as
with manipulating the trees in Aplusix. In retrospeve realize that we could have
under-estimated the fact that the teachers couldurifamiliar with the tree
representation.

- The tree representation not being an institutiasigect, the scenario proposed
activities on top of the regular institutional on€hus it seems that in the teacher’s
eyes, they have hindered the progress of the usaehing sequence rather than
brought a solution to students’ difficulties.

A.3.11 Questionnaire answers: MeTAH TE with Alnuset

(Planning - Global) Which elements of the global context raised tteatpgst problems or
concerns in the planning of your teaching intena® Explain in what sense, and how
you coped with them.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

The design and implementation of the teaching serpiat stake is part of a Master thesis.
The aim of the thesis was to analyse, both by itgpe and empirically, an interactive
learning environment, namely Alnuset. Thus, ondhe hand, the teaching experiment aimed
at validating hypotheses coming from the a prioalgsis of the software. On the other hand,
the scenario was elaborated by the Master studemigieement with the teacher of the
experimental class. Therefore it was necessaryropose activities that could be easily
integrated into the teacher’s pedagogical sequédesigning activities that would bring these
two goals into harmony was the hardest problerh@éypianning the teaching intervention.

(Implementation - Global) Which elements of the global context raised theatgst
problems or concerns in the actual implementatioyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inq@adar issues which were unexpected.

Material constraints raised the greatest problemthe implementation of the scenario. The
scenario was implemented during two sessions, auhg aduring the first session the class
could have been split in two groups. The secondi@esvas therefore much more difficult to
manage. Moreover, the material arrangement of thgssmom was not favourable to the
whole class discussions. The students were obligadove from the computer part of the
classroom to another part with ordinary tables rideo to be able to see the screen where
Alnuset was projected by the teacher.
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(Teachen Did (and possibly how) the fact that the teaclwass/was not a member of the
research team affect the implementation of thehiegantervention?

A.3.12 Questionnaire answers: Unisi TE with Aplusix

(Planning - Global) Which elements of the global context raised tteatpst problems or
concerns in the planning of your teaching intenar# Explain in what sense, and how
you coped with them.

In planning the experiments based on Aplusix, wanoa speak in terms of problems but in

terms of points to be discussed with teachers. thoeteachers involved asked us since the
beginning to stay as far as possible close to tineccilum and to make explicit our envisaged

links with the curriculum, in the cases in whiclke fliaced arguments did not appear so linked
to it. We accepted teachers’ requests and we taedvolve teachers in the planning of the

experiment as much as possible.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

The answer to this question has been given abowwnbidering the way the teachers
(elements of the local context) affected the plagruf the experiment.

(Implementation - Global) Which elements of the global context raised theatgst
problems or concerns in the actual implementatioyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

No problem.

(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inqadar issues which were unexpected.

As far as concerns the classes, probably the gteateblem has been how to carry out the
lesson when some pupils where not at school. Ténsnoon situation affected the working-

sessions, where students had to work in pair anth@montrary remained sometimes alone.
Furthermore, when a pupil was absent for one orentessons, once joined again the class, it
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was then difficult to reach her classmates’ leVéle usual way adopted by teachers, that is to
make a short summary of what had happened in #haqus lesson to help the students who
was not present, seemed not to be effective fotyitee of activity of the experimentation. So,
a different approach has been adopted. It was mao the teacher ‘to fill the gap’, but were
some students who working with the DDA (by meana ofverhead projector) showed to the
class the passages of the previous activity thegt tonsidered more significant.

(Teachen Did (and possibly how) the fact that the teachias/was not a member of the
research team affect the implementation of thehiegantervention?

Two teachers were involved in the experimentatimme was a member of the team since
years, the other one collaborated with us for st fime. The teacher with experience in our
team often influenced the working session, sineaewganted in a way or in another to reach
the objectives we had fixed; as a consequence, tsonggeshe intervenes too much. On the
contrary, the other teacher limited her intervamjogiving more time to her students to
discuss collectively.

A.3.13 Questionnaire answers: Unisi TE with Casyepé

(Planning - Global) Which elements of the global context raised treatpst problems or
concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

The teaching intervention was designed for graderl®3 of Scientific High School. At the
end of the grade 13 class of Scientific High Schaplidents have to give a final year
examination in mathematics. The content knowledggltt in that class has to be relevant to
the final year examination: this is an expectatbrboth students and teachers. We tried to
design activities so to meet this expectation.

(Planning - Local) Which elements of the local context raised theatgst problems or
concerns in the planning of your teaching inter@® Explain in what sense, and how
you coped with them.

N/A

(Implementation - Global) Which elements of the global context raised theagpst
problems or concerns in the actual implementatfoyoar teaching intervention? Explain
in what sense, and how you coped with them. Explaiparticular issues which were
unexpected.

N/A
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(Implementation - Local) Which elements of the local context raised theatgst
problems in the actual implementation of your téaghntervention? Explain in what
sense, and how you coped with them. Explain Inq@aar issues which were unexpected.

The computer labs of some of the school involvetheénexperimentation were equipped with
“low-performing” computers, which hindered runningntemporarily Casyopée and Screen-
Capturing Software (used for documenting studeattsvity).

(Teachen Did (and possibly how) the fact that the teachias/was not a member of the
research team affect the implementation of thehiegantervention?

The teachers involved in the implementation of tieching intervention were not members
of our research teams, even if two of them haddlyecollaborated with us in the past years.
They agreed with the teaching intervention (stetuaims, activities...) and the
underpinning principles, even for what concerneglrtBpecific role. Nevertheless they had
not previous experience in managing classroom dgons as framed within the Theory of
Semiotic Mediation (that is crucial in our interti®m); the classroom discussions were not
always exploited as completely and fruitfullyagriori envisaged.
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A.4 Syntheses of the Teaching Experiments
A.4.1 Synthesis of Didirem TE with Casyopée
Educational goals and students' achievements

Goals
The pedagogical plan aimed to help students totagir enrich knowledge on two aspects:

1. meaning of functions as algebraic objects,
2. meaning of functions as means to model a co vanati geometric and algebraic
settings.

More specifically :

as for the notion of function as an algebraic abjsttidents should consolidate:

* the meaning of variable the distinction betweeraide and parameter

» the meaning of function of one variable with selezgisters of semiotic representation
» the fact that a same function may have severabedgeexpressions

as for functions as means to model a co variastudents should develop:

* the ability to experiment and anticipate in a dyrageometric situation

* the ability to modelling a geometric situation bygeometric then algebraic calculus

» the ability to interpret an algebraic result in femetric context.

The plan proposed a succession of tasks expldit@gotential a priori offered by Casyopee
for approaching and studying the notion of functiand especially:

* the role played by parameters for studying famfljunctions and generalizing.
* the role played by functions for solving problemisiag from geometrical situations.

Specific importance was given to the constructibtasks where students can choose
different variables for exploring functional dependies, and to the connection between
algebra and geometry. This connection is suppant€hsyopee by geometric expressions
that allow expressing magnitudes in a symbolic legg mixing geometry and algebra.

The scenario was built around three main typeasks:

- finding target quadratic functions by animatiraygmeters (five different tasks according to
the semiotic forms used for these functions):

Lesson 1: Introducing associated functions (a fonaj is associated to a function fif it is
defined by a formula like g(x)=af(x)+b or f(ax+hy) similar)

Lesson 2: Target Functions (functions that canrbplged but whose expression is not
known)

Lesson 3: Different expressions of quadratic fuorci

- creating a function as a model of a geometritahton to solve a problem of relationships
between areas,

Lesson 4: Introduction
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Lesson 5: Application; dividing a rectangle intgures of fixed area
- creating a function as a model of a geometritahton to solve an optimization problem.

Lesson 6: solving a problem of optimisation in getma settings by way of algebraic
modelling.

Achievements with respect to the a-priori envisagedd. goals.

Goals related to the distinction between variabledgparameter and the meaning of one
variable function

In lesson 1, the teachers introduced the notioassbciated function in close relationship to
Casyopée’s functionalities: a function f being eatie(in the examples f was x2 or sin(x),
parameters help to define ‘generic’ associatedtions. Then the problem was to find values
of the parameters to match a “target” function thab say).

Students learnt to create and graph functions tioecreate parameters and associated
functions.

After that, in lesson 2, they had to learn how mareate parameters in order to find target
functions by superposing the target’s function Hredassociated function graphs.

Because Casyopée accepts only identifiers of abpdotady created, students sometimes had
difficulties when creating associated functionscéwese of inappropriate creation of a
parameter (for instance they had to create a paeamdth the identifier h, but did not
activate the choice of an identifier and finalleated a parameter with the default identifier.
After that, when they wanted to create an assati@tection involving the parameter h, they
got an error message from Casyopée, warning thedshunknown). Nevertheless, after the
first two sessions, students were quite familiar
with these functionalities of Casyopee, and newanfused parameters and the function
variable.

In lesson 3, a “guess my function” game was progposere students in a team had to
immagine a function, an associated function anakrget in order that another group solve it.
Students actively participated, creating sophistitaargets.

In the geometric part of the experimentation (less® to 6), students used parameters to treat
generic cases (for instance a rectangle of sizedébfand had no particular difficulties with
geometric constructions and expressions involviagameters. Some exceptions occurred
when students had to find a solution with paranseteee below lesson 6, team 2) and could
only consider numerical cases. They managed wittibficultu to build a figure and create a
function involving parameters, but, to get a solatihey had to apply a procedure that before
they had used before only for numerical values.

This global achievement can be related to the diedute of parameters in Casyopée, the
facilities for animating them as well as to theefal and gradual introduction by the teachers.

Goals related to understanding that a same functimay have several algebraic
expressions

This was at stake in session 3. The target funstias quadratic and students were given the
associated function f(x)=a(x-d)*2+e g(xX)=a[(p&+m] et p(x)=a(x-u)(x-v). They had to
find values for parameters a, d, k, m, u, v. It waatively easy for them to treat separately
the associated functions f and g, because theaaslclose to what they had done in lessons 1
and 2 and they could make sense of the effect ioiaimg parameters. However they could
have gain time by making a connection between farfebr instance remarking that e=a m,
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could have helped them to find m without animatiragameters. No students did that. It was
much more difficult for them from p. Animating pamaters did not help them to make sense
of u and v. They looked in vain for an effect oé$le parameters on the global form of the
parabola without noticing the intersections witle thraxis. Actually there was a clear gap
between the first two forms and the third. Thetfirgo were in continuity with the previous
activity and animating the parameters producedlatgpnents that students could make sense
of by considering the curve globally. In contrasgking sense of the animation in the case of
the factorisation requires considering ‘locallyetmtersection with the x-axis. Teachers had
to recall students more or less individually thareleteristics of the form and the relationship
with the zeros. The recording shows that studeidteat immediately understand their point.

Students were also asked to check their answeesfiignding the expressions they found for
f, g and p. It was hard for most students. Studdmas did not find the same expansion
because of mistakes wondered whether somethingnn@sy or not. However, when they
corrected and found the same expansion, they vedéisvyed and recognized the uniqueness
of the expansion.

Students were also asked to use the expressiorfdbayg, to look for the extremum of the

function. It was expected that they recognize emextremum both from the curve and
because a(x-d)"2+e is the sum of the constant eofiad expression of constant sign. Few
succeded without help.

Students had to do this twice for two different dnadic functions. For the second function,
the expanded expression was given and it was mcedly suggested that students use
associated function and parameter animation. Theyentheless used these. Even the
parameter a, which in the three forms is the coiefiit of x2 in the expansion was found by
animation. Animating was not easy because studeadsto adjust the step in order to get
non-integer values of the parameters. This secanctibn had no factored form and students
recognised more or less easily this by noting thatcurve does not intersect the x-axis,
while animating the parameters u, v, the associauece always did.

This report does not mean an underachievementrelition to the goal of understanding the
several equivalent expressions of a function. Bhisws that, although these students learnt
algebra before and were relatively high achievirsir algebraic knowledge was still weak
both with regard to manipulation and to understagdActually this insufficient knowledge
was challenged by the tasks and clearly they pssgce with regard to “completing the
square” forms as well as to the expansion (unige®nelhis progress is less visible with
regard to factorisation. Teachers’ dialogs withdstits can be described as ‘strong
mediations’ and question the ‘a-didacticity’ of trs#tuation. Up to what point could
Casyopée’s feedback make students give up withyltiteal point of view and reflect on the
properties of the factored form? Up to what poiaswhis mediation effective?

Casyopée played the role of an enhanced graphee than of a symbolic environment.
Students could have obtained the expansions antatherisations directly via the calculate
menu of Casyopée. Few did it and only for doubleeking. Teachers did not encourage
them to use this menu, implicitly recognising that hand’ calculation was important at this
step.

Goals related to the meaning of a variable and ohttion of one variable

Whilst in the first three sessions, a function vi@sthe students a familiar object linked to an
algebraic expression, lessons 4 and 5 proposeder wpproach based upon the dependency
between measures. Lesson 4 was an introductiorobdgms about measures in geometry and
to the associated Casyopée’ functionalities. Irsdas5, a free point M in the plane was
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defined and students had to build a function mauglthe dependency between M and an
area involving this point in order to find the pasas of M that give a specific value to the
area. The area was chosen in order that it depesrdéte y coordinate of M, but not on the x.
Thus students had many choices for an independeiatble built with M, but only variables
like yM or yM-yU or yU-yM (U being a fixed point) are adequate for building a function. It
was expected that students would understand thigmtieypreting the Casyopée’s various
feedback.

In the experimentation, students were prepared siy@dy of the co-variation: by dragging M,
they could approach a position where the area adured value. Some noticed that moving
M ‘horizontally’ did not change the area.

Nevertheless there was much hesitation when chgasirariable, students moving back and
forth between xM and yM and asking the teacher hmwnderstand Casyopée’s feedback,
before finally choosing yM. It seems however thatsimunderstood better the meaning of a
variable and a function of a variable thanks tott#sk and to Casyopée.

This is an example of a team (Elina Chloé) reporting upon their work
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They say that they moved M until reaching the etlgubwalue of the area. They say that they
found two positions, which is not entirely corréeicause all positions on two parallels to the
x-axis are solutions. This means that dynamic emfilen was not sufficient in itself. After
that they recognized that the area depends on yiMnahon xM, as a result of Casyopée’s
feedback when choosing a variable and creatingdhable.

Thus both the exploration in Casyopée’s GD and Qa&g's specific capabilities for
modelling contributed in recognizing the functiodapendency at stake.

They also commented upon how Casyopée helped timehupon their difficulties: Their
comments about Cayopée’s help confirm the abové/sinaand their difficulties show that
“finding that y alone has an effect upon the amsa’ really the big challenge of the situation.
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The following report by another team brings als@erce of the role of Casyopée’s specific
capabilities for modelling in understanding the elegency upon yM.
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In contrast Kévin did a throughout exploration afedind the sets of solutions without
algebraic modelling.
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As a last example showing diversity among studetiisrlotte’s report brings no evidence of
a focus upon the independent variable:
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Goals relative to
the ability to experiment and anticipate in a dyn@&ygeometric situation
the ability to model a geometric situation
the ability to interpret an algebraic result in thgeometric context.

Lessons 4, 5 and 6 were conceived for these goadéson 4 was an introduction to problems
about measures in geometry and to the associat®m&e’ capabilities. In lesson 5, students
had for the first time to solve a problem by moidegllalgebraically a dependency. As shown
above, the main stake was the idea of a variabkectiuld be relevant to model the position of
a free point for a given problem. They were introgll to a method: creating a geometric
calculation representing the area at stake, chgoam independent variable, creating the
corresponding function, solving the problem in #hanbolic window and visualizing the
solution.

In lesson 6, no method was indicated and studentll choose freely a construction of the
rectangle (especially choosing the free point)aaable and a method. The method followed
in lesson 5 was nevertheless likely to influenaedsits. Actually what was at stake was
students’ understanding of this method and theilitgio put it into operation for a new
problem (finding a position optimising an area, veas lesson 5 was about finding a position
for a given value of an area). We will analyse tasson 6 relatively to students’ work.

The problem that students had to solve was theviiig. a, b, c, being 3 positive parameters.
Three points are defined: A(-a,0); B(0,b); C(c,Ghbnsider a rectangle MNPQ (with M on
[OA]; Qon[OC]; N on [AB] and P on [BC]) . Finithe rectangle of maximum area.
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N |/ | N

The students had to create the rectangle, to sleé/problem, to put in writing their solution,
to write a research report, and to visualize tHetg&m in the geometric window.

The observation of students’ work suggests that gppropriated diversely the method. This
diversity among students can be appreciated wghrceto three poles:

1. the study of the covariation in the geometrimmdaw for experimenting at the
beginning and for checking the solution found syhadadly at the end.

2. the study of the functional dependency on a eurvthe symbolic window after
expressing the covariation in an algebraic form.

3. the study of the functional dependency by algebmeans (finding a maximum
symbolically)

The indicators of diversity are the importance thaidents gave to each pole in their work
and the help that they needed from the teacher wioeking in each pole. The figure below
gives a comparison between three teams and iltestthe variations.

Team 1 (green arrows) did a geometrical exploraiotme covariation and concluded that the
optimal position of M is the midpoint of [0A]. Thieacher had then to prompt them for a
proof. They choose the variable —xM that corresgaddhe distance between o and M. One
can think that they preferred to choose a varidelned on a positive interval. They created
and graphed the function, but they needed the égachelp to recognize a parabola. They
knew how to calculate the extremum of a quadratncfion, but did not succeed in this case
because of the parameters. Then they calculatddtiagt numerical values of the parameters
and did not come back to the geometrical windowe Téacher had to prompt them to

interpret their result as the midpoint of the segimeonsistent with what they found by

exploration.

Team 2 (red arrows) did no preliminary experimeatatThey asked the teacher to help them
to choose an independent variable and directlytedethe function. After that they again
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needed teacher’s help to study the covariatiorherctirve. They easily recognised a parabola
and a maximum on the parabola, but were confusatidoparameters when trying to express
algebraically the position and the teacher hadelp them to find a symbolic solution. After
that, they went to the covariation in the geometricdow and were happy that the solution
they found algebraically was really a maximum ie gfeometric window.

Team 3 (black arrows), like team 1, did a geomatrexploration of the covariation and

conjectured that the optimal position of M is thedpoint of [0A] and the teacher had to

prompt them for a proof. He had also to help thenthoose a variable and to create the
function. They recognized the curve as a parabothteed to read the coordinates of the
maximum on the graph. The teacher had to help tteememember how to calculate the

coordinates of the extremum. After that, like teaithey were happy to see that the symbolic
solution matched the result of the geometrical @vgtion.

Team 4 (blue arrows), was helped by the teacherdate the geometrical computation MN
cross QM. Teacher also helped the team (only amgent) to create the variabk , the
function and its graph. The student recognizedpdmabola but she can’t see the maximum
because of the zoom. Another student helped haséahe zoom. Then, she wanted to read
the coordinates of the maximum on the graph with ¢hrsor. She manipulates M in the
geometrical frame in order to put the plot of tlmapl on the maximum. Finally, no proof on
the algebraic frame was done.

With respect to the above goals, these reports shglwbal achievement, but also diversity
among the three teams. Team 2 is not comfortalile experimenting and anticipating. They
prefer to tackle the problem symbolically as sosmassible. In contrast team 1 and 3 favour
experimentation and show some reluctance to mddebeaically this geometric situation.
Interpretation is difficult for team 1. More analkyss in progress, considering other students’
work.

Green :team 1 ; Red : team 2 Black : team 3 ; Bteam 4

Geometrical frame
Covariation

Numerical register

Continuous arrows or circles when the team was wwgrlone and discontinuous ones when
the teacher had to help the team.

2. Specification of the evidence supporting the dlaed achievements

The Didirem team privileges an “internal” assessinterclaim about students’ achievement
and about the role of Casyopée and of the pedagjogian. This is clearly different from
“external” assessment, that is to say comparisdwdsn experimental and control groups.
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“Internal” assessment is based upon a comparistweke the a-priori analysis of the
situation (analysis of the milieu and of its feeclyaanalysis of the support brought by the
software and by teacher’s mediation...) with the alctealization.

“Internal” assessment has proved much efficientrtderstand the role of the multiple factors
in a learning situation especially with technologilst the evidence of achievements given
by “external” assessment does not specify the oflehe factors. In the case of our
experiment, given the complexity of the learninguaiion considered in the research
guestions, the multiplicity of the factors involveahd the relatively small scale of the
experiment, a comparative study would have broliglg new understanding. In addition, it

is the first real research experiment about Casyas& and an internal assessment is better
for getting insight into the effects of this use.

This choice of an “internal” assessment broughtougather data especially by recording the
interactions in the classroom and students’ intemacwith Casyopée. The analysis is in
progress and the above sectidkclfievements with respect to the a-priori envisagdd
goals.) can be considered as a first step and shows abeimproductivity of “internal”
assessment.

3. Relationship with the CRQ and SRQ, and the ITF

With regard to the ITF and the C(S)RQ, the abovalysis confirms the importance of
semiotic phenomenon brought about by the experiatient More work is needed to
articulate a semiotic approach in terms of regssté@buval) that seem useful “inside”
respectively a geometric frame (exploring co vasisg and dependences, and building
functions in the GD window) and a symbolic framensidering the algebraic expression of a
function, its graph, the associated algebraic nusthg, and an approach in terms of
coordination of frames or settings (Douady).

Synthesis with regard to Casyopée’s potentialaied with regard to CRQ and SRQ are also
in progress. In addition to semiotic issues, thel ving to the forth important issues like
students’ instrumental genesis of Casyopée andotheof the teachers, putting at stake other
elements of the ITF like instrumentation, the didaergonomic approach of teachers’
practices and the TAD. The above analysis alreadgsginsights into the interest of a
graduated approach of Casyopée’s functionalitieglationship with mathematical tasks for
students’ genesis. It also brings evidence thatea had to take a lot of decisions often not
predictable in a pedagogical plan, while prepadagcretely the lessons, and also during the
lessons themselves. More work will be necessarigeatify clearly and to make sense of
these decisions.

A.4.2 Synthesis of Didirem TE with Cruislet

1. About students' achievements
la. Achievements with respect to the a-priori enveged ed. goals.
Educational Goals

Use Cruislet’s potential for students working on Bdalistic problems enriching the meaning
they give to vectors through the use of represemtatnon standard school level and the
meaning they give to curves such as circles, spioalhelix through the local generation of
these.
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These goals were only partially achieved becaustha two experiments, time was short (3
and 2 sessions). Students actually encounteregrtidems. Some were able to solve them
completely while others found the software diffictd use and the tasks very demanding.
Time was too short to really intrumentalize Cruisl®assing to a paper pencil 2D
representation to solve a problem of 3D displacéntaordinating Cartesian coordinates and
polar representations of vectors as well as working. OGO programs were real obstacles
for some.

1b. Specification of the evidence supporting the @imed achievements
Data collected

*The first experiment:

—Video for the 9 (3x3) sessions observed

—screen captures for 12 students during the indatlidugroup work sessions observed
—audio-recording for 5-6 groups for the same session

—successive versions of scenarios, comments bydegdtudents’ documents

*The second experiment:
—videos for the 2 sessions observed
—screen capture for 4 (2x2) groups of students
—students’ documents
Elements informing answers

eSuccessive changes introduced in the design cfabsions by the teachers
*Analysis of videos and teacher mediations

*Analysis of screen captures on specific tasks:

—the Athens-Sparta trip in sessions 2 and 3 (expl)

—the horizontal triangular flight and its verticalagtation in session 3 (expl)
—the landing near Mount Olymp (exp2)

—the Athens-Corinth flight (exp2)

—the adaptation of the Logo program for an acrolféght (exp2)

2. A section discussing the relation between studeshachievements and the use of the
DDA in the context of the PP. In this section thessue of 'representation’ should be
addressed, according the different theoretical apmraches that each team adopt

a) Characteristics of the DDA

Cruislet’s attractiveness and affordances for nrelpresentation have a counterpart: the
complexity is very high. There are three ways oVigating associated to three different
representations: with the mouse, by piloting awatéirst by hand, then by LOGO
programming. After students learnt to navigate witle mouse, they moved to piloting
avatars, but then they could not navigate withntfeise anymore and they were often lost on
the chart. That is why they had often to remove r@odeate avatars. Then the avatar panel is
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very complex with several entry boxes some movhegdvatar in different ways, and other

related to the view (camera properties). It sedms rmany students do not really master this
panel and the associated representations. Expading®GO is done via the same boxes:

only a check box controls two very different beloavs and representations in the DDA,

piloting an avatar or writing commands, that a#gecution, will produce the avatar's move.

The LOGO panel often confused students becausehthnay no experience of programming,.

They for instance had difficulties to insert exjgoricommands at the right place as well as to
edit consistently the program.

b) Educational goals

After reflection, when preparing the sessions, sletirepresentation of vectors did not seem
to us a major feature. Thus our Mathematical goade in relationship with 3D coordinates
and trigonometry. These notions are not easy fadestts and problems with the interface
were often mixed with mathematical difficultiesr fmstance understanding the difference
between setpos and setdir had to do with distilgugspoints and translations. Difficulties
were also a consequence of insufficient abilityepresent mentally the third dimension and
of lack of method for solving problems in 3D. Fostance a student positioned an avatar low
above Sparta and wanted to go back to Athena, gilmpkchoosing this town in the list. He
repeatedly got the message “Avatar cannot go ® hsition” because there is a mountain
very close to Sparta. He understood that he hadctease the altitude, which he did by trial
and error up to 4000 meters, without thinking tougpoabove Sparta sufficiently high before
taking the direction of Athens.

More generally students did not try alone to repmnés problem like going from Athens to
Sparta in the 2D vertical plane passing by these towns. After teachers induced them
towards this representation they had difficulty &ctivate their trigopnometric knowledge
(using atan to find vertical angles).

c) Modalities of use

The tasks we prepared in the pedagogical plan seposteriori well adapted for the goals.
Nevertheless most students could not achieve théomea in spite of Cruislet's
representational capabilities, and one can be €@dubbout what they actually learnt. A
minority of students were more active and wouldedes further analysis.

Less ambitious tasks (free exploration, trips with@onstraints...) could have helped
students’ appropriation of Cruislet’ representagioand students could have achieved them
alone, but they would not have put actual matherabktnowledge at stake, which is not
really acceptable in the French institutional caht&ore simple tasks would also have been
possible by overlooking the geographical backgrodadinstance by making an avatar fly
along a horizontal geometrical figure. More oreslesnsciously, we did not dwell on such
tasks, because we thought that they do not exploét Cruislet's representational
potentialities.

Certainly, a more careful preparation taking intcaunt the instrumental needs of the tasks
we prepared would have brought better results.olild have required at least doubling the
number of sessions. This again points towards iffieudt ecology of this piece of software in
the French institutional context.

3. A section addressing the issue of the relationphbetween what envisaged when
planning the PPs and the actual results of the TE
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Regarding the first experiment

* Analysis shows that, in spite of the interest shiwyithe students for working
with the software, instrumentalization of the diéfiet representations and the
coordination between these required by the pilotihgvatars took more time
than anticipated:

— piloting avatars using directions
— coordinating map and avatar use
— coordinating direct and programmed piloting
* Analysis of the first experiment also attracts atiention:

— on the mathematical requirements of the tasks megbto students in the
first phase of instrumentalization (the risk of nidiye overload was
certainly under-estimated in the design of thedpask

— on the influence of institutional norms and thaffuence on teachers’
decisions even if this specific context of TPE signhess constrained

— on the limited opportunity that students have faking sense of the
semiotic affordances of Cruislet by the way of daditic adaptive
processes, in spite of very interesting opportesiti

Regarding the second experiment
* Two sessions suggesting:

— that some main Cruislet features are quickly acbkst grade 9
students

— the influence on these positive outcomes of thagés introduced in the
scenario in terms of tasks and of the tight intéoadetween the group
and collective work along the session

» But also, the same difficulties met like at 11thdg with the design of a flight
under constraints requiring the use of some trigetoy and Pythagoras
theorem

* The impossibility to getting a precise idea of whas been really learnt.

A.4.3 Synthesis of ETL TE with Cruislet (1/2)

1. Students’ achievements

Our findings during the analysis process indicdu&t tmost of our educational goals were
achieved at the epistemological, cognitive, sooiahstrumental level. In our perspective we
endeavor to study students’ construction of meanirgther than indicate the achievement of
the educational goals. According to our preliminfinglings we separate students’ meanings
into the following categories, which are not basadhe a-priori envisaged educational goals
but are consistent with them.

1. Geographical and spherical coordinate systems
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Students’ interaction with the Cruislet environmengaged them with concepts related to
the two systems of reference used to navigate isgate, geographical and spherical
coordinates, as well as with the relationship betweéhem. In particular, regarding

geographical coordinates, students preferred tadhesa to specify a specific position, in

contrast to spherical coordinates where studengsl tisem to make displacements in
space, independently of the destination place. Aerésting issue is that students
confronted latitude and longitude in a differentyves they manipulated height in order to
specify a position in space.

Most of the teams used spherical coordinates togatesin space and in particular they
used the 3d controller representation. Althougly tlvere not accustomed to this system
of reference, they manipulated the 3d controllet #gmough this they explored the notion
of vector as the displacement and associated aggplalisplacement with the variation in

geographical coordinates. In this way, studentsloegd vectors’ properties as they
constructed links between geographical coordingtee variables of the vector of

displacement) and the spherical coordinates.

As an example of this we use the following sequericstudents’ interaction with the
environment, where they utilize both spherical gedgraphical coordinates to specify a
position in space.

Cruislet Representation Students’
environment actions
Manipulate 3¢
controller in
order to specif
direction of
displacement.
Pasition Change th
38,1376 Lat® 38,1378 he|ght in 500(
24,0671 Long*® 24.0671
5000 Height m i meters an
displace thi
airplane by
pressing th
‘Go’ button.

The sequence of students’ actions indicates thay tendeavour to associate the
displacement in 3d space through the use of battesys of reference. Initially they use
the 3d controller representation (spherical coadis) and in this way they specify a
specific point on the map as the geographical dnatds change simultaneously. Their
second action includes the setting of one of thegghical coordinates as they want to
place the airplane at a specific height on the miapthis case students utilised both
Cruislet functionalities and the representatiorsvigled, as they attempted to combine the
two systems of reference to displace the airplane.

2. Function as covariation
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While students were interacting with the Cruislatieonment several meanings emerged
regarding the concept of function. We chose to gmiee these meanings according to
distinct concepts that rely upon the concept otfiom. In particular, there are three major
categories:

Domain of numbersStudents navigating the airplane in the 3d mapGoéece
realized that the domain of the geographical coateis is actually a closed group.
The investigation of the range of the geographmaiders as the domain of the
function became the subject of study and explanatibough the use of the DDA
functionalities. Students experimented by givingyesal values to geographical
or/and spherical coordinates and by this definedrdmge of the coordinates’ values.
An interesting issue is that the provided repres@ns helped students to realize that
the domain of numbers in the airplane that waslaispg according to the other one,
were strongly dependent on the other airplanes’aoraf numbers. In the following
episode they realize that the spy doesn’t folloenthwhen they fly at low height.

S1 There are some times that he (meaning the aifpdane) can't follow us.
R  Where? When?
S1 When I'm getting into the sea.

Function as covariationlnitially most of the students expressed the ddpeacy of
airplanes’ positions using verbal descriptionshsas behind, front, left, etc. as they
were visualizing the result of airplane’s displaesnts. When students experimented
by giving several values to coordinates, they sssftdly found the dependent
relation of the function in each coordinate anthis way they confronted function as
a local dependency. It is interesting to mentioat $tudents separated latitude and
longitude coordinates and the height coordinate¢hag were trying to decode the
hidden functional relationship between the airpg&néeight coordinates. In
particular, they didn’t encounter difficulties inecbding latitude and longitude
relationship in contrast to their attempts to fthd height dependency. An interesting
point is that students used the height relationakifhe rate of change of the function,
as we can see in the following episode.

S2 When we go up 1000, he goes up 1000

R Do you mean that if we go from 7000 to 800@des from... lets say 2500 to
3500.

S2 Heis at... 3000. No. Give me a moment. At B8QGas at 5500. At 7000 he was
at 4500. At 5000 he is as 2500. And then....

S1 We could do the division to see the rate.

Inverse functionAlmost all of the teams failed to find out thata particular case the
inverse function was needed to end the game, mgamiget the second airplane to a
particular city (Thessaloniki). Most of the studenwere helped by the way the
dependency in airplanes’ position was represemeti® map

For instance, team 9 initially used the coordisaik Thessaloniki and displaced the
first airplane. Seeing the result displayed ondtreen, they realized that they had to
use the inverse function to move the second aiegalahessaloniki. In the following
episode, student S1 advises S2 to use the invenstidn, regarding it as a reverse
process. Students have already find out the hifigieetion so in order to define this
particular displacement they have to take into antdhe functional relationship
between the geographical coordinates. The hiddeatiin was (lat-0.1, long-0.05,
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height-2500). Consequently, in order to navigagegbcond airplane to Thessaloniki,
they had to change the geographical coordinationrding to the function.

S1 In order to get him to 500 meters we have t@tb@000 meters. (referring to
height function)

S2 Yes. But he didn’t disappear.

S1 You have made a little mistake though. Did yaah @1 and 0.05? (referring to
latitude and longitude functions retrospectively)

S2 What do | have to do?

S1 You have to ... these are the coordinates thatyst insert here.

S2 Yes.

M1 You have to add 0.05 and 0.1 in lat and long.

Although students used the representations prdvidefind the inverse function,
when they had to express it in a symbolic way (ileen they were interfering in the
Logo code), they came up against problems andwileeg confused.

3. Combining mathematical and geospatial concepts

In the Cruislet environment, mathematical concepig integrated with geospatial
representations and information, providing oppdties for processes of mathematisation of
geographical space. Several times, students atsbdlee two systems of reference with the
geographical information. For instance, they cateel height in geographical coordinates
with the mountains of Greece or the r in spherazairdinates with the borders of Greece as
shown in the following episode.

S Inr, fi and theta we have restrictions also.

R We have restriction in r, fi, theta? Tell me.

S Because we can't go outside the map of Greece.
...... (conversation about what r, fi, theta repré®

R Nice. And why do we have restrictions theréatis the relation between Greece and r,
fi, theta?

S We only have the map of Greece, we can’t gofdareece.
R What values we can use, let’s say on theta?

S Hmm... theta and fi can take any value we waniust the other, r can’t be very large,
because it's how far it will go and we can’t get ofithe map of Greece.

R So, the restriction is only for r?
S Yes.

Also in another case, they organized a flight &geording to the goal of the PP where they
had been asked to construct a game for their setates. Motivating by this goal they tried
to make it as complex as possible. They definedrdlme of the flight so that it formed a
triangle. The vertices of the triangle were threggancities of Greece. The goal of the game
was to construct the triangle whose vertices waee rhidpoints of the sides of the first
triangle.
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2. Relation between students’ achievements and tlhuse of the DDA in the context of the
PP

The computational environment supported studentgeementation at several levels
regarding representations as it provides dynamsuali means that support immediate
visualization of multiple linked representationsudents used the provided representations to
construct meanings amongst themselves as any acaioied on a specific representation
provided immediate change and feedback in all sgm&tions. For instance, a displacement
of the airplane using the geographical coordingiesvided students with visual feedback on
the map and at the same time a numeric feedbattie atpherical coordinates, as they were
changed according to the airplane’s displacemesita Aesult students constructed meanings
about the relationship between coordinate systemdstlae displacement of an entity in 3d
space. Apart from the visual or numeric repredemts, the Logo programming language
provided opportunities for students to express gational concepts in a symbolic way. In
this way students associated symbolic representatwith the visual one as they were
running Logo commands and they were provided wigresult on the map.

3. The relationship between what envisaged when plaing the PPs and the actual
results of the TE

Time scheduleThe implementation of the TE changed some of thaned sessions of the
PP. For instance we needed to extend the famdiaoiz with the computational environment
phase, as we realized that students needed marediget accustomed to the representations
provided and to get familiar with the concepts edusal in the environment and the actions
in them. According to this change, students gotilfamwith all the representations (visual,
symbolic, numeric) of the environment during 8 tmubefore the implementation of the
“Guess my flight” activity. Additionally due to ctext problems there was an extension of
the period of implementation of the TE.

Cognitive goals: Most of the teams had difficulty in understandirggues regarding

geographical coordinates. A possible explanatiorghinibe that students confronted
difficulties with decimal numbers and the addition subtraction between them. This was
really surprising as we didn’t expect studentdat tevel to confront difficulties with decimal

numbers.

A.4.4 Synthesis of ETL TE with Cruislet (2/2)

1. Students’ achievements

The context of geographical space and the navigatiohin it provided students with the
opportunity to construct mathematical meanings eamaog the concept of function.

4. Domain of the function

Students navigating an airplane in the 3d mapreeGe realized that the domain of
the geographical coordinates is actually a closedi The 3d map of Greece is a
geographical coordinate system with certain bordeng investigation of the range of
the geographical borders became the subject of &tnd exploration through the use
of the DDA functionalities. In particular, studersploit the two different systems of
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reference and, approaching the values of the gpbma coordinates, they define the

range of the lat — long values. This certain raofyealues has been considered to be
the domain of the functions according to which disgplacements of the airplanes are
relative.

5. Function as covariation

Students exploiting the two coordinates systemetdrence constructed meanings of
the function as covariation. An interesting examphes the cases of the variation of
the height of the airplane every time they pushlib#on ‘go’ of the direction. In
particular, students defining the vector of a wailtiupward displacement observed
that height was the only element that changed enpbsition of the displacement.
Through a number of identical displacements stigdedéentified and expressed
verbally, symbolically and graphically the dependenf the direction functionality
and the height of the airplane. Students’ reasoriihg more times we push the button
GO the higher the airplane goessuggests that students developed a covariational
reasoning ability similar to the second level pregub by Carlson et al 2001 of how the
variables are changing with respect to each otMwreover, the retrospective
symbolic type that was developed by the studerls, h1+1000, shows that they
realized that the rate of change of the heighbrstant.

Students developed covariational reasoning alslaie they watch the flight of an out
of order plane. Through the procedure of logo nafhdd(which was a black box for
the students)they define the position of the plamelatcorrect-intependent variable)
and they see where it actually goes(latwrong-depeindariable). Trying to find out
the hidden function, students exhibited behavibis suggested they were able to
coordinate changes in the direction and the amadinthange of the dependent
variable in tandem with an imagined change of thdependent variable. We also
noticed that students had difficulties in using $eme reasoning patterns when
attempting to construct a graph.

6. Inverse function

Students’ interacting with the software considettezlinverse function as the reverse
process in a way that the old outputs could becaew inputs. Particularly, as
students know the hidden function they were asl®ud to navigate the out of order
airplane towards a particular city (Rhodos). Theideht made assumptions
concerning the values they have to input. Theimgrguesses caused misdirection of
the airplane. The immediate feedback provided leyDBA encouraged students to
think of the concept of inverse function as a psscthat may be reversed (Carlson
1996).

7. ldentity function

Students studying dynamic functional relationshipspsider how an image of two
variables changing simultaneously. During a paldicphase of the PP the activity
required them to reformulate the hidden functiom iway that the dependent variable
has the same values as the independent. Studentseo@ress easily the concept of
identity function either verbally, symbolically graphically.

8. Proportional reasoning

Students exploring the hidden function conceivedl filmctional relationship of the
geographical coordinates mainly as proportionale hidden function involved the
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variation of the height of the airplane was heightfitially, students considered that
the height had been multiplied by 200, misled lBirtexperimentation with the value
of 200 which gave the output 40000. After a numiieexplorations with different
values they realised that “the height has beenipteld by its own value”. This
alteration of their initial consideration was cadighrough their interaction with the
DDA, although the proportional reasoning is deepiybedded in their thinking. De
Bock et al., (1998) stressed a deep-rooted tendendp—-16-year old students to
apply proportional reasoning ‘anywhere’. Studentgndency to proportional
reasoning was also explicit in the graphs that tpheyduced in order to express
graphically the functional relationships of the gephical coordinates.

9. Verbal, symbolic and graphical representations
During their experimentation with the Cruislet eviment students constructed
meanings about the concept of function. Studentpressed the provided
representations verbally, symbolically and graphica Analyzing students’
constructions, several difficulties occurred. HRostance, students could verbally
express meanings which emerged from their intevactwith the available
representation, but they confronted difficulties drpress them symbolically in a
mathematical way.

10.The concept of limit
Students navigating the airplane in 3d space dpeedloan interesting intuitive
approach to the concept of limit. Specifically, ighihey had to approach a specific
point on the map, they used the spherical coordiagstem of reference by gradually
reducing the measure R of the vector of displacémidre students’ strategy seemed
to be closely related to their idea of the conaépimit “I approach something as near
as possible”, “I had to reduce the step...”.

2. Relation between students’ achievements and thwse of the DDA in the context of the
PP

Students exploiting Cruislet functionalities enghge a number of activities involved in the
PP. In particular, students had to find out thedaid functional relationships between the
geographical coordinates of the different airplapesitions using the provided systems of
reference (spherical and geographical coordinaiésgr in the visual and numerical context
and/or in the Logo context. In the case of the doned the function, students define the
borders of the 3d map of Greece using both systémeference as they had to navigate in the
particular geographical space.

The development of students’ ideas about the fancsis covariation was supported by the
variation of the Logo procedures and the simultasecesults on the displacements of
airplanes. By experimenting with the variation loé tgeographical coordinate of the position
of the airplane they explored the hidden functiomdtionships and developed covariation
reasoning abilities. Students expressed these ideaseveral ways, such as verbally,
graphically and symbolically.

3. The relationship between what envisaged when plaing the PPs and the actual
results of the TE

Based upon our PP and the results of the TE, stsid@mstructed several meanings around
mathematical concepts. In particular, students:

55/266



Dell3_Annexes

» developed covariational reasoning abilities whileytwere experimenting by giving
several values to coordinates (either geograpbicgpherical) and they observed the
result displayed on the screen,

» constructed meanings around the concept of funstieh as the inverse or identity
function,

» used their intuition to construct meanings aboatdbncept of limit,
e created verbal and graphical representations atifoms,
* became familiarized with spatial concepts.

A.4.5 Synthesis of ETL TE with MaLT

SECTION A: Students’ achievements

Throughout the implementation of ETL’s pedagog@anpl3-year-old pupils were engaged in
exploring the mathematical nature of angles whadetwlling and measuring the behaviours
of geometrical objects in the simulated 3D spaceVal.T. In MaLT, the elements of a

geometrical construction can be expressed with uke of variables and dynamically
manipulated by specially designed computationdktoalled variation tools.

In the research we were motivated to relate padms fdifferent physical angle situations
reminding the ones that an individual experiencegveryday circumstances in 3D space
where such situations need not be distinguished. g&dagogical was thus designed to
provide opportunities for pupils to construct 3Dogetrical figures and dynamically
manipulate, transform and animate 3D objects o#ferountered in everyday situations (e.qg.
sliding doors) through Logo commands and variatamis. After a familiarisation phase with
the basic Logo commands (Introductory phase), stisdeere engaged in building rectangles
using parametric procedures in at least two diffeganes of the Turtle Scene (Phase 1) and
experimenting with variable procedures designedcteate 3D simulations like doors,
revolving doors and staircases (Phase 2).

The modalities of use of ETL’'s pedagogical plaredtl a framework in which to account
specifically:

- for meaning-making processes concerning angalationships in the 3D space

- for student’s learning trajectories and potdrditficulties in coordinating different aspects
of angle/turn concepts in 3D space.

Thus, it could be said that all the main educaliag@als envisaged a-priori have been
achieved. In particular, the analysis of our dataught in the foreground the following three
clusters of meanings constructed by pupils arobedbncept of angle.

Cluster 1: Angle as a slope while navigating the ttle in 3D space

The move of turtle in MaLT is interrelated with tleenception of angle integrating two
schemes based on turning:
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(a) angle as a turn indicating both the act of biaging and the result of it, which inevitably
involves directionality (dynamic scheme) and

(b) angle as a turn represented by a number (measbeme) (Clements et al., 1996).

During the introductory phase, students were askedavigate the turtle in the 3D
geometrical space of MaLT in such a way so asrtulkite the take-off of an aircraft. In this
particular task pupils focused on moving the tugteund and simultaneously appeared to
connect this activity with everyday experiences agigsical angle contexts. From the
beginning pupils experimented with all the threéssef Logo turning commandsand it
seemed that they had made links between the comiephgle as a turn with particular
measure and that of angle as a slope.

The phraselLook there is a slope up(45) and then a slop&(80)’ in the following episode
taken from the work of one group of pupils is iratice. As they didn't try to draw a
geometrical figure but to navigate the turtle invay so as to simulate the take off of an
aeroplane, these pupils didn’t focus on the inteamgles of the crooked line that the turtle
had drawn but at the angle that was drawn by ttiketin relation to the line of horizon. The
significance of this constructive mathematical attiis set off if we take in mind that the
standard angle concept first develops in situatiwhsre both arms of the angle are visible.
Researches have also shown that only a small gageeof students can recognise the angle
between the horizontal and a sloping surface wileeeone supporting edge is missing
(Mitchelmore & White, 2000).

Episode 1

R:  Hey, nice take off!! | see you hit the ground! They are working
without speaking.
They write

fd(5)
rt(90)
fd(2)
up(45)
fd(5)
1t(50)

S1 Look there is a slope up(45) and then a slopg56X) fd(6)
S2  Yes, that's true, slope 45 and slope 50. Bui Esk when you m(30)
change the length and not the slope the resulhassame...the up(45)

angle doesn’t change. d(6)
up(90)

fd(6)
up(45)

fd(8)

Y In MaLT there are three kinds of turns: right/leftn in relation to turtle’s trunk-vertical axisghtroll/leftroll
which moves the turtle around its trunk/verticalsaaxnd uppitch/downpitch, which pitches the tuglabse up
and down.
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fd(8)
fd(5)

However, a closer look to both students’ dialognd the Logo commands they used brings
into the foreground their confusion in relatiorthe graphical results of the commands up(45)
and It(50). It seems that they focus in both casdbe angles drawn in relation to the line of
horizon and not in relation to the previous positaf the turtle, as it is the case. It could be
pointed out that students oscillated between tWfergint frames of reference:

= A world frame: defined in terms of directions ‘ugmd ‘down’.

= A vehicle frame: typically associated with the otegion of a moving entity, here the
turtle.

In the initial ‘take-off’ of the turtle the ‘vehie’ frame of reference coincides with the
‘world’ frame of reference. In other words the ‘up’relation to the turtle’s position coincides
with the ‘up’ of the simulated 3D space. Then asgeeially after the command Ir(30) the two
frames contradict one another. That's why studk&afg on using ‘up’ command in order to
get height but the result was the collision toghaund.

Based on indications like the above it follows taihough 3D simulated space is closer to
real life and every-day experiences, the body-syntmetaphor appears to be less strong in
3D turtle geometry than in 2D. In other words wivesm move in real 3D space the up and
down directions are usually stable (although notnviwve turn upside-down) because of
gravity. Moreover, we walk in a 2D horizontal plawkile the 3D turtle moves in different
planes in 3D space. For instance, we can easilylatm2D turtle motion with our body but
we cannot simulate 3D turtle’s motion. Thus, gres that the body-syntonic frame which is
inextricably linked with the world frame in real 3§pace should be shrunk in favour of the
‘vehicle frame’ in the simulated movement of tuiitiehe 3D space.

Cluster 2: Recognizing (or conceptualizing) a dihe@l angle in 3D space

A second cluster of meanings concerned the conalsdtion of a dihedral angle in 3D
space. This kind of activity appeared in Phase 1 eaperimentation when the
teacher/researcher asked pupils to construct gleising parametric procedures in at least
two different planes of the Turtle Scene simulating construction of windows in a virtual
room. The need to design figures in different ptané the 3D space challenged pupils to
move the focus of their attention from directedntubetween lines and planes to directed
turns between two similar geometrical figures.

The following episode is extracted from an activithere the students were trying to
construct two windows in two consecutive walls (@g) of their own virtual room. The
episode is indicative of the difficulties that stetls had faced at that phase while trying to
approach a dihedral angle as a geometric shap® sp&ce with a particular measure.

Episode 2

S1 | turned the turtle 90 degrees right in order teate an angle
between the two walls. So, this is an angle betwieem.
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S2 One angle...yes

R  So, you turned the turtle in order to create...vexatctly?
S2 ltis like an open triangle...

S1 Hey...look! It is an acute angle! An acute angle!!!

S2 Yes, you are right. It is an acute angle becaugesinaller than 90
degrees!

Students easily identified the dihedral angle defiby two consecutive windows (rectangles)
and used the terminology familiar to them from 2&bmetry lessons in order to describe it.
However, they characterized the dihedral angle drwthe turtle as an acute and not as a
right one as it was the case, although they wemg tiiat had commanded the turtle to turn 90.
It seems that they focused more on the visual cheniatics of the figural representation and
were confused by the ‘distortion’ of the dihedralgke as a result of the use of a vanishing
poinf in the line of horizon of the Turtle Scene desije strengthen the sense of depth in
the representation. Apart from the essential fanmsiation with the new kinds of turtle turns
(uppitch/downpitch, leftroll/rightroll) this interptation could possibly be interpreted in the
light of the fact that pupils who were accustomedwork with 2D representations of
geometrical figures might have had difficulties understanding the conventions used to
represent a 3D object on the computer screen.

However, pupils seemed to overcome such misunadelisigs through the dynamic

manipulation of geometrical constructions whichypded them with multiple perspectives of
the same 3D geometrical object including dihedragjles created by 2D geometrical figures.
The more the students appeared accustomed to theerdmns used in the 3D simulated

2 The main part of the ‘Turtle Scene’ component &agrid-like interface. A perspective projectianised with
three active vanishing points, so that a realistiect of 3D space representation and navigatiamdated. The
3D space representation is based on the metaphbermfsphere. The two active vanishing points have a
deviation of 96 and they are located in an iconic line of horizanich is conceived as the circumference of
vertical circle. The third active vanishing poiatdonceived as the pole of the hemisphere.
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space the more they were able to coordinate thealtharacteristics of the dihedral angles
with their measure related to the turtle’s turnsnfrone plane to another. The following
episode is indicative:

Episode 3

| to orth :a :b :c
| repeat 2 [£dl:al cti:c) £di:b) rtlic)]
end

orth({3 5 90)

to door :a th o:eord
up ()]

orth(ia th o)

end

door (3 5 90 0}

orthiia :h ic)

zepeat 4 [orth{:a b ic) le(90)]
end

slicells 2 60 70 45)

4 0

Em e petevidtion
Emutugds ertétean

S2: Yes, when we turn 90, an angle is formed (shows ahgle between the two
rectangles) 90.

S1: And from here (points at the variable c) timgla turns.
R: What is this 90?

S2: Itis ... aright angle!

R: Yes, but where is this angle?

S1: Between here...

R: So, where do you see this angle?

S1: Here that there are the 4.

S2: Among these ...

R: So? Explain it to me clearly so that | can ustierd it.
S1: Among the 4 rectangles there are 4 angles

In this case students were able to recognise tlveckmnsecutive right dihedral angles created
between the four rectangles around x-axis. Howeiteshould be stressed that MalLT
functionalities and especially the simulation oé imotion of rectangles (that represented a
sliding door) around x-axis as a result of the abdd Variation Tool, gave students the
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chance to see the dihedral angles created fromrdiff perspectives. Viewing dihedral angles
from different perspectives minimized the ‘distodfi effects of the visual 3D representation
and prompted students to focus more on the measuhe turtle’s turn in the Logo code so

as to describe the angles as visualized in the ositipn of the four rectangles in 3D space.

Cluster 3: Angle as a dynamic entity for moving indifferent planes

A third cluster of meanings in our data analysiscewns the concept of angle as a dynamic
entity for moving in different planes. Initiallyislents have focused on changing planes as a
result of changing turtle’s position. The use ot thwo new kinds of turtle turns
(rightroll/leftroll, uppitch/downpitch) coupled witpupil’'s experience in using variables and
handling variation with 1d Variation Tool facilied further the extension of their
experimentation around the different positions béady designed 2d geometrical figures
(e.g. a rectangle) in 3D space. This kind of attiappeared to provide a fruitful domain that
challenged student’s intuitions and ideas abouleaag a spatial quantity come into play since
the use of these specific turns signalled a dyngmagsage from one plane to another. For
instance in the following episode, students irliji@lecided to change turtle’s position and
bring it up at a plane vertical to the horizontefdye drawing the rectangle so as to simulate a
door.

Episode 4
S1 For the door we will need a rectangle

S2 Yes, we will need a rectangle ... so as to make t
rectangle. So, let’s try to make the door.

S1 Fd;
S2 No, firstly we will need a turn upup (90). We will He shows with his
create a right angle. hands the change of

planes.

Progressively the focus has been transferred toahahanging planes as a result of the
change of position of a 2D geometrical figure in §iace. At this point it is important to note

that while changing planes only the final planeirtet by the 2D figure is evident and as a
result the initial position should be kept in mindorder to conceptualise angle’s measure (or
vise versa). In many cases students decided toaisa fixed turn measure but a variable.

Thus it seems that angle is approached no onlydgamic turn in 3D space but also as a
dynamic amount, in other words as a measure thmbgalynamically handled and changed

sequentially using the functionalities of 1d VaoatTool. In the following episode students

decide to use a variable so as to progressivelyentiog door that they have created in the
horizontal plane to the vertical one.

Episode 5

S1 Letsdoup
S2 a

S1 No, 90;
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S2 Nola
S1 Up [she moves her hand like moving a door]
S2 Up...the whooole. So, what | need?

S1 a

S2 So, we will slowly create a door She shows whénr hand a
progressive movemewt the

rectangle between the
horizontal and the vertical
plane.
S1 up(:a) and now...
S2 Now stop. We did up to create the angle, therdoorab cd
forward, then right so now we need rt(:d) and thﬁB('a)
forward '
repeat 4 [fd(:b) rt(:c) fd(:b)]

end

| to door 1a b 1c 1d
| up ()
Alfzepeat 2 [fa(:h) cti:e) felz)]
end
o0 < 00 2;

door(90 4 90 2)

|| Mapapezpor Siabiagias DOOR

Students progressively got more and more capableantlling different aspects of angle

simultaneously. For instance in the following episcstudents are experimenting with the
variables of the procedure ‘Slide’ (which was giveady-made to them) so as to create a
sliding door moving around. It seems that studergate meanings in relation to angle:

0 as a constitutive element of a figure which is medi and stay fixed (variable c)

0 as a means to move from the horizontal planééovertical one in relation to the
viewing axis of the user which is again defined atay fixed (variable d)

0 as a means of constantly changing levels aroundlsx(@ariable e)

SECTION B: Discussing the relation between studeuisievements and the use of the DDA
in the context of the PP

The construction of mathematical meanings as dtresatudents’ interaction with a specific
learning environment raises (among the others) a@nissues related to the available
representations. This perspective indicates that rédation which someone establishes
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between a representing and a corresponding repeesén in its own right a process of
meaning making. In other words it refers to a pssoef making sense of how a representing
and a represented are related and if and how tiseee link between a real object, its
computational representation and the traditionahmseof representing mathematical objects
in the classroom. Simultaneously students form walig their own ‘understandings’ of the
essence and the functionalities of the tool ancldgvschemes of use which were often quite
different to those intended by the designer ofdtwputational environment and the PP.

The analysis of our data has strengthened the abeweetical stance. Indicative of this is the
episode one presented with more details in theigue\sections. In short, it could be said that
the description of the task at the introductory gghéthe simulation of the take-off of an
aircraft) had decisive implication on the ways blietr students conceptualised angle as a
slope while navigated the turtle in the 3D spaceaddition, the world frame of reference
which is inextricably linked to the body syntonietaphor prevalent in 2D turtle geometry
contradicted with the ‘vehicle’ frame of referenegiich is by design used in turtle’s
navigation in the simulated 3D geometrical spacklaLT.

Other examples indicating the strong links betwdba available representations and
functionalities in MaLT to the meanings generatgdhe students are the episodes 2 and 3.
While students appeared to focus only on the visuas of the Turtle Scene, they were
confused about the measure of dihedral anglesrasudt of their distortion by the use of a
vanishing point in the line of horizon providingsanse of dept on the screen. However the
use of the 1d variation tool later on gave studéméschance to view dihedral angles from
different perspectives and to develop meanings ety the mathematical structure of the
visualised revolving door using respective argumment describe the relation between the
representing and the represented 3D object.

SECTION C: The relationship between what envisageavhen planning the PP and the
results of the TE.

Our main concern when planning the activities vealseé open enough so as to leave space for
the expression of students’ intuitions and for speetable answers to come about. Thus the
multitude and divergence of the created meaningkeasribed in the respective clusters (Part
A) was something hoped for. However it could bel ghiat there are two main points that
were not acted out in the way we have envisaged:

o Time schedule. The introductory phase took more tinan expected both because of
contextual factors and because of the fact thahageunderestimated the difficulties
pupils might encounter when navigating an enti turtle, in a simulated 3D space
through Logo commands. As a result the third astief Phase 2 concerning the
construction of a spiral staircase was not camwigd

o Student’s difficulties with specific representagorifhe main student’s difficulties
that we observed seemed to be related to the cbamsrused in the simulation of the
3D space on the screen. For instance we remingup#'s difficulties to recognise
the measure of a dihedral angle due to the vishatacteristics of the respective
representation (i.e. the existence of a vanisigomt in the line of horizon (see
episode 2).
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A.4.6 Synthesis of ETL TE with MoPix

Section A: Students’ achievements and the specification loé tevidence supporting the

claimed achievements

One of the main educational goals presented ilMbRiX Teaching Experiment Guidelines
concerned the students’ construction of meaningsitahe role of the algebraic equations and
the relationships between them in the context ahgimg a half-baked microworld. Students
used MoPiX built-in and created MoPiX compatibleiatpns so as to ascribe properties and
behaviors to their objects and represent phenonserca, as collisions and motions.

On the basis of this educational goal, we classiify students’ achievements into the
following categories of analysis:

Construction of meanings about the role of an egnahrough the interpretation of its
symbols.

Construction of meanings about the role of an egumathrough the editing of its

symbols.

Construction of meanings about the role of an egnahrough its conceptualization and
development.

Construction of meanings about the role of an eigmathrough the interpretation of its
symbols

At first place, students used the equations availab MoPiX without attributing any
meaning to the symbols on the left or the rightsid the equations. The criterion for
selecting and using an equation was plainly its enaRor example, students used the
equation “amlHittingGround(ME,t)= (y(MEg)(height(ME,t)=2)) and Vy(ME,80"
(faulty) presuming that it would make their objébit the ground”. Apart from the
equation’s name, all the symbols on the left aral right part of the equation were
disregarded. In case that an equation’s name d¢edsi symbols that didn’t give a clear
view regarding the behavior it would attribute he bjects (e.g “Ax”), the equation was
disregarded as well.

The next step in the construction of meanings altleitrole of the equations emerged
when students started using equations after haatindputed meaningnly to certain of
its symbols. In the case of the “Vx(ME,t)=Vx(ME J#Ax(ME,t)” equation, students
didn’t take into account the symbols on the rigattpf the equation. The decision to
attribute it to their object was the result of angarison between the left part of the
equation at hand and the left part of the “VXx(MEX®) equation. After attributing
meaning to the symbol of “0” in the latter equatenmd using it to describe the object’s
initial velocity, the students sought for an eqoiatio describe the object’s velocity at any
time. Since the left part of the “Vx(ME,t)=Vx(ME}+Ax(ME,t)” seemed to meet their
needs, students decided to ascribe it to theircobggardless of the meaning conveyed in
the symbols on the right part of the equation.

The use of an equation after having analyzed thening of each one of the symbols in
an equation and explored the relationships betwkem was the last of the students’
achievements in this category of analysis. In taise students viewed the equation as a
set of symbols that combined into unified wholee ®nd of behavior an equation would
give to an object was determined after having latted meaning to each one of the
symbols and having defined the symbol’s specifie no the equation.
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2. Construction of meanings about the role of an eguahrough the editing of its symbols.

The second category of achievements refers to dhstriction of meanings about the
role of an equation through the editing of its et By “editing the content of an
equation”, we mean the process in which studentnmeed changes to the symbols
composing an already existing equation but left strecture of the original equation
intact.

Students edited the already existing equationgwordistinct reasons: so as to attribute
meaning to certain symbols of the equation aftenmaring the effect that the new
equation had on objects with the effect of the inajone and -after having attributed
meaning to all of the equation symbols- so as tpress their ideas and generate
behaviors for their objects that were not accuyatidscribed by any of the already
existing equations.

The elements that the students often altered iecaration were the arithmetic values
present on its left or right part. The arithmetalue editing they performed could be
classified into two categories: editing so as faee the existing arithmetic value with a
different one and editing so as to replace thémetic value with a variable.

The students of the®@workgroup, after using the MoPiX Library equatictesdefine
their object’'s motion in the horizontal axis, thegught for equations that would make
their objects move in the vertical axis. The feguation they detected at the Library was
the “Vy(ME,0)=0", an equation that describes theiah vertical velocity of the object.
After attributing the equation to the object andtehing the animation generated,
students decided that the equation they had chaseidn’t move their object for two
reasons. The first one concerned the arithmetigevah the right part of the equation.
The “0” had to change into “3”, so as for the objechave a velocity in the Y axis. The
second one became apparent after attributing th@M¥,0)=3" equation to the object
and concerned the arithmetic value on the left pathe equation. The “0” value on the
left part that referred to the time instance hadhange and so as for the object’s velocity
to be “3” at the following time instances as wells students looked for ways to
incorporate the “all the next time instances to ebralement in their equation, they
decided that they needed a symbol which they wgukt look at and understand that it
represents the infinity”. The equation they formeak the “Vy(ME,t)=3".

3. Construction of meanings about the role of an eguathrough its conceptualization and
development.

The third category of achievements refers to thestaction of meanings about the role
of an equation through its conceptualization andetbgpment. The difference between
this category and the previous one lies in the flaat, in this case, students didn't just
change an already existing equation but actualhsiacted an equation from scratch,
using the MoPiX mathematical formalism. This metra in order to express their ideas
about the behavior they would like to give theijealts, students invented new symbols
to which they attributed meaning and related threse symbols to already existing ones,
forming a completely new equation. As it becomepaapnt, in this case, students not
only decided on the content of an equation, but déided on its structure.

The students of the*1workgroup decided that they would like to link tved their

microworld’s objects and make them interact undegtain circumstances. The idea was
to create two equations that would oblige one efdhjects to respond to specific events
handled by the user. The students decided botheoawent that would force the object to
respond (i.e the change in another object’s pogitamd on the kind of the reaction such
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an event would cause (i.e changes in the objeot®ic). In this process students not only
determined the content of the equation (the kindynfibols they would include) but also
defined the equation’s structure (the ways in whiehsymbols would be related to each
other). Moreover, since no other symbol could dbscthe effect they would like to
generate, students had to invent new symbols tchnthiey attributed meaning, defined
the values they would accept and used them so esdte the new equations to each
other.

Section B: The relation between the students’ achievememntsl ahe use of the DDA in
the context of the PP

As it was mentioned in the Teaching Experiment @lings, we chose to replace the term
“representations” that appeared in the Common Rese&uestion with the phase

“(students)...using the representations”, in ordedépict the importance of the use of the
DDA in the students’ construction of meanings. Tépecific choice was also supported by
the fact that the activities we had designed for BB and the microworld that we had
developed (i.e a half-baked microworld), by its omature, called for the use of the DDA’s
representations as it provided students deep stalciccess to its functionalities. Thus, we
expected the students’ achievements to be inektyicanterwoven to the use the

representations available in MoPiX.

Specifically, in order to construct meanings abihigt role of an equation, students used the
DDA’s symbolic representation system (i.e MoPiX aftjpns) in the process of:

« Interpreting the role of certain symbols in an dgumor interpreting the equation
itself as a unified whole,

« Editing the symbols of an already existing equatimodifying the arithmetic values
present in the equation and replacing them withtreroarithmetic value or a
variable),

* Constructing a new equation (conceptualizing andeld@ing an equation from
scratch, deciding on its structure and content).

In each one of the processes described above, ngésudapart from using the symbolic
representation system, also used the graphicalTdreegraphical representation generated by
the execution of the equations attributed to theaib was not used so as to directly express
ideas as it was the fact for the symbolic repregent system, but it was used so as to:

» Attribute meaning to an equation -or certain osigmbols- after adding it or removing
it from an object,

» Verify the role of an already existing equatiortloe role of newly formed one,

» Decide on further changes on a newly formed egnateéparding its structure or
content.

In any case, the two MoPiX representation systeergwsed interchangeably by the students
in the process of changing a half-baked microwand both contributed to the student’s
construction of meanings about the role of the ggus.

Section C: Relationship between what we envisaged when piagrthe PP and the actual
results of the TE

One of the main choices we made during the devetopof the Pedagogical Plan was not to
give out a certain set of activities that studevdsild have to accomplish before moving on to
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the next one. On the contrary, drawing on the cangonist viewpoint, we decided that we
wanted the experimentation process to take place ¢ontext that would allow students to
construct meanings about the role of the equatigrihemselves and at the same time permit
them to engage in activities that would be perdgmakaningful to them and not imposed
upon them. The half-baked microworld we developed the implementation of our
Pedagogical Plan supported our choice as it cdlbedchanges that could result in the
construction of a different and unique artifact éaich of the workgroups.

Taking into consideration this perspective, we exp@ students’ achievements to differ for
each workgroup according to the trajectories theuld choose to follow. For example some
of the teams didn’t attribute meaning solely tat@@rsymbols of an equation before viewing
it a set of symbols related to each other. Oth&ésmgted to edit an equation even before
attributing meaning to its symbols. Moreover, thedsnts of one of the workgroups selected
not to change the microworld in terms of constngiew equations. They created numerous
new objects to which they ascribed almost everyaggn already existing in the Equations
Library so as to make their microworld look likéfan fair”.

As it becomes apparent, we were not astonishechéyfdct that the students constructed
meanings about the role of the equation in wayemriht to each other’'s. By adopting the
constructivist framework and the using theoretemaistruct of the half-baked microworld (i.e

microworlds especially designed for instrumentdi@g for the implementation of the PP,

we actually pursued that kind of diversity to engergowever, we were surprised to find out
that students constructed meanings about the fotkeoequations in ways that we hadn’t
initially thought of.

A.4.7 Synthesis of IoE TE with Mopix

1. Student achievements

The envisaged educational goal of the teachingrerpat was the development of students’
concepts of motion in accordance with Newtoniarslaww the implemented pedagogical plan,
this focused primarily on the development of consepf velocity and acceleration.
Specifically:

« velocity as change in displacement

« velocity (in a plane) as a two dimensional vectather (magnitude, direction) or
(horizontal magnitude, vertical magnitude) - theosel of these being most naturally
encoded in MoPiX notation

» velocity remains constant unless acted upon
» acceleration as change in velocity
» acceleration as a force - specifically acceleratipplied at an instant

Through the course of the experiment, students’swaytalking and writing about velocity
and acceleration changed in ways consistent withdtucational goal, though their use of
acceleration was much less secure. Their use ofiXsffowed that they were able to operate
with these concepts in order to build models thawved in ways compatible with their
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intentions, though the nature of this varied betwstidents and achievement was uneven.
We would not claim that all students achieved ® shme extent. The types of achievements
we consider relevant include:

a) Separate treatment of horizontal and verticahponents of velocity and acceleration
in order to describe motion.

By later sessions, students’ problem solving preegsvhile using MoPiX consistently dealt
separately with vertical and horizontal componeotsmotion when adding and editing
equations to models. Moreover, when using otherenaof communication, students also
described motion in terms of x and y componentskingause of the terms Vx (or ‘x

velocity’) and Vy and, to a lesser extent, Ax a&wl As may be seen in example 1 below,
this allowed descriptions of motion that were mamalytical and consistent with the
principles identified above.

Example 1 The following task was given both in #éten pre-questionnaire and in the post-
guestionnaire:

Imagine throwing a tennis ball against a wall. D#sxn words how the ball moves and
how its motion changes.

Art responded to the pre-questionnaire task:

The ball flies towards the wall losing height thehits the wall losing some energy to the
wall out as sound, bounces off the wall continadieniy but in a different direction.

and to the post-questionnaire task:

As it is flying towards the wall its x velocity dee't change while the y velocity is
decreasing. When the ball hits the wall the x vigjathanges direction (becomes negative)
and some energy is lost to the wall, the y velokégps decreasing at the rate of -9.8. As
the ball hits the ground y velocity changes diatti

Art's responses before and after the teaching @xeet show some similarity in the use of
the idea of ‘flying’ towards the wall and losingezgy to the wall (a concept presumably
drawn from his lessons in Physics as his use ofiXldRad not included this phenomenon).
However, his response to the post-questionnair@réyents velocity as a vector quantity,
separated into horizontal and vertical componeijtsgcognises that the horizontal velocity
does not change until it hits the wall (iii) iddrgs bouncing off a vertical or horizontal
surface as a change of sign of the horizontal aicat velocity respectively (iv) recognises
that the vertical velocity is affected by the camétacceleration of gravity.

C) Development and use of the concept of acceteras more fragile than that of
velocity.

Students quickly developed systematic strategie®mstruct models involving only velocity,
analysing the values needed to produce the desifects. In general, they struggled to solve
problems involving acceleration and were inconsiste the ways in which they talked about

it and applied it. This may have been at leastairt pecause acceleration was addressed later
in the teaching sequence. Example 2 illustrateslifference.

Example 2. During Session 5 students were abled¢achanges in velocity in order to change
the direction of motion of objects. In Session eyt were asked to achieve changes in
direction by applying an acceleration at an inst&at chose first to work on the problem of

drawing a square using changes in velocity in otderhange direction, he then revisited the
same task of drawing a square by using accelerasanforce applied at an instant in order to
achieve the same effect. In each case, Aa staytedibg a trial and improvement approach in
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order to make the first corner but then used syatienmethods to turn subsequent corners.
When using velocity, his progress through the taadl improvement stage was rapid, using
systematic methods to correct errors. The onlyrermade on turning subsequent corners
were errors of sign and by the final corners he wl@nging both horizontal and vertical
components of the velocity without making internaelitrials. When using acceleration, the
initial trial and improvement stage was much longevolving a high number of trials, some
of which did not appear systematic. Having achietreal first turn, his methods appeared
more systematic but much slower than when usingcitgl directly. Towards the end of this
task, he spent several minutes carefully examithiegset of equations, pointing repeatedly to
the velocity equations as if recalculating the bomtal and vertical velocities at each
application of an acceleration.

C) Operationalisation of the concept of acceleyatas change in velocity appears to be
supported by some forms of semiotic resources thareby others.

Students’ ways of talking about velocity and acalen and their use of these in problem

solving varied across the course of the teachimgement and across the various modes of
communication in use. This aspect is still subjediuller analysis but we present example 3
here to illustrate the way in which different mo@é€ommunication may affect the meanings

constructed for acceleration.

Example 3. While working on question 3 of the pggéstionnaire (see below), Ab and Aa
made use of the diagram provided, interacting witwith speech and gestures. They also
made use of a calculator, pencil and paper and Klo®ihen using the diagram, they

struggled with the idea of constant acceleratiomictv seemed to conflict with their

interpretation of the diagram. Ab seems to conaseeleration with velocity:

it's decelerating here [slides from t=50 to t=18( then here it's zero here [ points LH
and RH at t=130 (prolonged)] and starts accelegagain [rapid slide from t=130 to t=150
RH]

The diagram and interaction with the diagram ugjagture to mimic the imagined motion of
the ball provided resources that did not enablestiieents to distinguish clearly between
acceleration and velocity. They did not distinguibletween horizontal and vertical
components and associated upward movement witHesatien, even moving the sliding
finger faster as it moved upwards.

As they started to fill in the table, however, remd interaction with the wording of the
question led them to fill the Ax column with zerassd the Ay column with -0.1 all the way
down. Re-visiting the wording of the question praetpthe students to separate acceleration
in the horizontal and the vertical directions andperate with them as constants. The use of
the verbal and symbolic modes rather than the dragratic enabled them to complete the
acceleration values in the table correctly, appérém contradiction to their earlier ideas.

After an initial attempt to complete the Vy colurby considering the diagram, they decided
to calculate instead. Aa got out his calculator prepared to do some calculations. With the
calculator by his side, he developed the approadntended to take, communicating with his
partner in interaction with both table and diagram:

if you got y acceleration at -0.1 here [points tpak t=0 in the table] to find out at what
point it stops here [points to t=50 on diagramjati times that [points to Ay at t=0 in the
table (-0.1)] by the time taken to reach here [{®in t=50 on diagram] .. you should get
the velocity for the y
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Having decided to calculate, the affordances ofcédeulator itself allowed connections to be
made between, on the one hand, the symbolic modleeafable and, on the other hand, the
diagram. Pointing at the diagram now served to tiflera point in time, rather than a
movement.

This episode illustrates the fragility of the notiof acceleration for these students. It was
only with the support of a range of interacting & resources that they could be successful
in resolving the problem.

3. The diagram below shows the path of a ball tirawo the air and then bouncing off
the ground.

The ball’s initial velocity (at time t=0) is 2 if¢ x-direction and 5 in the y-direction. Its
acceleration is -0.1 in the y-direction (a MoPiXpamximation for gravity).

Complete the table below with the velocity and smegion of the ball at the given times.

=

m=cay

time velocity acceleration
VX Vy AX Ay

t=0 2 5 0 -0.1
t=50

t=100

t=130

t=150

2. Relationship between students’ achievements atloe use of the DDA

According to our social semiotic theoretical franoeky different semiotic systems provide
different meaning potentials. The MoPiX ‘languagekequations and animations emphasise
specific meanings related to motion, as indicateldw, that are not supported so strongly by
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everyday forms of language. The lexico-grammarhi$é hew language enables particular
kinds of statements about velocity and accelerattormajor change in students’ ways of
talking about velocity and acceleration was theio@ion of the MoPiX formalism in their

talk as well as in actually programming. This cintted to their changing ways of

communicating about motion, in particular the highdegree of analysis of components of
motion. Characteristics of the DDA that we seee@#d in the students’ achievements
include:

a) Separate equations and notation for horizomiha@rtical components of position, velocity
and acceleration. This provides students with ansied talking about velocity as a vector,
moving them away from the ‘everyday’ language walytalking about velocity that make it
difficult to distinguish clearly from speed.

b) In order to build an object that moves it muavéd a velocity assigned to it. This makes
velocity an explicit part of the description of nust (as seen, for example, in example 1
above).

c) Unless the velocity is changed, the object walhtinue moving in a straight line. Velocity
may be changed by explicit statement of a new Wgldat a specific time), by applying an
acceleration (either a constant acceleration ocarainstant), or by applying an equation
defining a change in velocity resulting from interan with another object (e.g. changing the
sign of velocity in order to ‘bounce’ off a wallp self-imposed challenge for one pair of
students during session 2 was to make a movingcobfep. Their limited experience with
MoPiX even at that stage enabled them to identié/droblem as constructing an equation to
apply a new velocity at a specific time. Althoudtey did not have sufficient grasp of the
syntax to complete the task during that sessiom,sthuctures provided by the language of
equations enabled them to analyse the situation.

d) The quantification of velocity and accelerataeo allows problem solving strategies that
involve calculation. In some cases this was acld¢kieough examination of sets of equations
within MoPiX (as we may suppose happened with Ah@ end of the episode described in
example 2). One student appeared to use this gyraggularly, examining sets of equations
extensively before running them. However, he wassual and other students tended to use
more trial and improvement before attempting tolys® quantitatively. In other cases,
quantitative analysis seemed to need to be sumpdryeother semiotic means, including
pencil and paper or calculator (as in example 3).

3. Relationship between what was envisaged when plang the PP and the actual
results of the Teaching Experiment

The development of use of velocity and acceleratmmuild animations worked much as
anticipated and students clearly made use of th@iKldormalism to communicate about
velocity and acceleration.

In the original PP we anticipated more attentionuldobe given to interaction between
objects. In practice, the complexity of the equadioneeded to achieve the kinds of
interactions the students were interested in wagteat to be handled easily within the editor
and gave rise to much frustration. In later sessiave thus avoided all but the simplest
interactions.

In designing the PP, we intended to give time ® students to work in groups on more
substantial projects with self-determined goals.cé@mbination of factors prevented this
happening:
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» tasks that were intended to be introductory praedoke more challenging than anticipated
and became a substantial focus of attention fatestis and for us

e continuity between sessions was hard to sustasomae students only attended
intermittently

» students were unused to working in groups and tivagenot enough time to establish
effective patterns of working that would have supga projects

» the extra-curricular organisation of the sessiartstae pressure of examinations and
attendance at interviews for university entrancamhéhat, although students appeared
highly motivated, they were unable to sustain wamkprojects outside the scheduled
sessions.

A.4.8 Synthesis of IoE TE with MaLT

1. Students achievements

The envisaged educational goal of the teachingrexpat was to investigate the meanings
students make in relation to the three dimensigeametry through their semiotic activity or,

in other words, we are exploring students' intéoactvith 3D geometrical shapes within

MaLT and other modes. In particular we are intee b

« The different modes of communication students medeeof when interacting with the
3D geometrical shapes,

* The choices students make between and within senspstems (modes) in order to
communicate their completed design to their peers.

 The ways in which the properties of shapes areesgmted in different semiotic
systems.

Our collected data was constrained in many factorsluding: the time available, the
curriculum constraints and the students' levelafi@vement. This affects our ability to use
the data to address the research questions. Marevstill in the process of analysing the
data. We have started by selecting an episode fnenimplementation stage where students
had already made use of MaLT in previous sessilonthis episode students are trying to
design doors of their project which is a sport eenthe student we video recorded is trying
to design a revolving door using MaLT. The sessi@s conducted in the computer (ICT)
room in the school. The student has a help shegtitle her on how to construct the door.

In addition to that we collected students' paperkvibrough the implementation of MaLT in
the school and the posters they produced as thejeqd and we video recorded their
presentations of these posters to the whole ctasgeh

We designed the educational plan in coordinatioth ihe teacher where she started pre-
experiment activities with the students such asditiag some measurements and looking at
plans and elevations of their school and they afjtealesign a sport centre. Afterwards, the
students had been introduced to different draw{ptens and elevations) to be familiar with

these notions. Later, a hands-on session was Heddevihe students used multilink models to
represent some plans and elevation. At that stdgeork students ‘enjoyed' the tasks and
they engaged in the tasks. However, we did notegtto encourage them to work as groups

72/266



Dell3_Annexes

especially the selected group for data collectBBurt students, in general, used the plans and
elevations terms successfully either in their drgsior in their interaction with each others
and with the teacher/researchers.

Working with MaLT started after that stage. Ourlgsia is still at a very early stage, so most
of our comments here are only preliminary. We needeploy all of the collected data to
answer the question of students' achievement. Hemvewe can point to two main
achievements:

a) The ability to use the terms plans and elevatiemnd to draw them to different types of
objects.

Students were able to talk about different repregiems of buildings, identifying different
representations of the same building and justifyiregr identifications.

They were successful in drawing plans and elevatiohmultilink models from different
points of view; constructing models from plans a&helvations (from different points of view
as well); matching architects’ plans to picturestplgraphs of buildings; and drawing upstairs
and downstairs floor plans of their own designsutih these did not always match other
features of their designs.

b) Designing their posters and communicating thessters with others.

In the last session students worked in groups sigdetheir posters in order to present them
for other groups. The ways in which they desigriegrtposters reflected the multisemiotic

nature of the activities the students went throtinggh experiment. Most of the posters include
writing, images using several forms of represeotatiMaLT procedures, print outs of a

MaLT image showing the door.

2. Relationship between students’ achievements atige use of the DDA
We are not able to answer this question at thigestéd the analysis.

3. Relationship between what was envisaged when plang the PP and the actual
results of the Teaching Experiment

Although the PP was planned in conjunction with tésecher, it was overambitious in terms
of what it was possible to achieve. In particuthe time available was insufficient and the
students had low confidence and, in many cases; puivation, and were unused to
collaborating with one another. Their lack of pms experience with Logo meant that
progress with MaLT was slower than anticipated. &bwer, because of students’ lack of
independence and poor social skills, the qualitthefdata does not provide as much access to
their choices and communication strategies as wé@aily envisaged.

A.4.9 Synthesis of ITD TE with Alnuset
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Students' achievements
la. achievements with respect to the a-priori envéged ed. goals.

The goals considered in the a-priori analysis alated to the development of the
capability to practice a semantic control over bhfge expressions and propositions
solving problems of algebraic nature.

Let us consider some of these didactical goaledisielow:

« Learning to practice the control of what variabdesl algebraic expression indicate in
an indeterminate way within a numeric domain

« Learning to practice the control of the relatiopsivetween two expressions using
quantitative and formal methods for distinguishiagnong equivalent expressions,
opposite expression and reciprocal expressions

« Constructing a meaning for the notion of roots ofypomial and understanding the
link between the roots and its factorisation

« Constructing a meaning for the notions of cond#ibrequality, equation, equivalent
equations, truth value of equation, truth set otquation

The TE has demonstrated that it is possible toeaehihese didactical goals exploiting the
mediation of Alnuset.

In the context of our work the educational goaks @nsidered as achieved when students
show to be able:

o to use the ways in which the expressions and gitpos are represented in Alnuset
to solve the task proposed, showing to control tbham operative and semantic level.

o to justify the contradiction emerged in the activimaking reference to the
representative events mediated by Alnuset

o to use correctly the terminology introduced by tis&cher to indicate specific algebraic
notions both on the protocols and in the dialoguth the other participant in the
teaching learning activity

1b. specification of the evidence supporting the @imed achievements

This is an example that gives evidence of how seaf the characteristics of Alnuset has
mediated the achievement of some envisaged edonahgoal

This is one of the first task assigned to the sitale

Consider the following assertion: The two expressiex and—x* considered in the
rational numbers set always represent a negativalrar. What do you think about
this statement? Justify your answer.

Construct the two expressions on the AL and vgaty answer. Then try to justify
it using what is displayed on the AL during thesrattion. Is there any difference
among the following:

% and (-x} and -(x}? Use the bi-dimensional editor of ALNUSET to repre
these expressions on the AL and verify your answer.
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The educational goal of this task is the develognuérthe control of what an expression
indicates understanding that what it indicatedésermined from the sequence of the
operations that are present in its form.

The majority of students answer thafisca number always positive because the even power
of a negative number is positive. In this answerdhare two errors: the first one is that —x is
considered as a negative number, the second dhatithe power is interpreted as it was{-x)

They represent the expression on the algebraic diregy the variable x and observe that the
point corresponding to on the algebraic line is always located on negativmbers.

Some their comments are reported:

We have verified with Alnuset that what we havetariis false, so the assertion
reported in the text that 2is always negative is true.

With Alnuset we have verified that > i& a negative number, (*)s a positive
number and -(-X)is a negative number coincident wit3 -x

Some student are quite amazed of these results

A pair of students writex? and (-xfare the same thing because making the square
you obtain always a positive numbeand after the verification with Alnuset Ah,
hence they are not the same thing, because in woession the minus sign is
inside the parenthesis while in the other no.

Through the use of Alnuset contradictions emergaénActivity.

Students try to overcome them interpreting difféserthe algebraic expressions and
comparing their interpretation with those of oterdents.

The achievement of the educational goal is thelrefua double level of mediation of
Alnuset, namely the mediation to the student’soacéind the mediation to the communication
among students and teachers

2. section discussing the relation between studeh&chievements and the use of the
DDA in the context of the PP. In this section thessue of 'representation’ should be

addressed, according the different theoretical apmaches that each team adopt

To discuss the relation between students' achievesand the use of the DDA in the
context of the PP let us consider some didacticalsy

Some didactical goals of our PP regard the semaatitrol over expressions with the aim
to recognize when they are equivalent, oppositeeoiprocal and to demonstrate these
their relationships.

The quantitative approach mediated by the algelireallows the student to discover that
two expressions are:

e equivalent when:

0 They make reference to the same point on the hidetlzey belong to the same
post-it of the point when the variable from whit¢tey depend on is dragged
on the line

e oOpposite when:

75/266



Dell3_Annexes

0 Their respective points on the line are always sgtni each others with
respect the point 0, when the variable from whioéytdepend on is dragged
on the line

0 The point on the line corresponding the sum ofttleexpression is always 0,
when the variable from which they depend on is geggon the line

e reciprocal when:

0 The point on the line corresponding the producthef two expression is
always 1, when the variable from which they depemds dragged on the line

Through the algebra of formal operation mediatedheyAM, students can experience that
two expression A and B are:

0 equivalent when it is possible to demonstrate thay have a common form,
namely that A=B

0 opposite when it is possible to demonstrate thaB As- equivalent to O or

when A=-B
0 reciprocal when it is possible to demonstrate td is equivalent to 1 or
A=1/B

Using the AM of Alnuset it is possible to perforirese three demonstrations using rule of
transformation that make reference to the propertie basis of the operation and in
particular the property:

0 A+-A=0 to demonstrate the opposite relationshipMeen expressions
0 A*1/A=1 to demonstrate the reciprocal relationsbgiween expressions

In order to analyze the relationship between tharastteristics of the DDA and the
students’ achievements we look for evidence on llogv operative functions and the
representative events have mediated

o the arising of objective for the tasks at hand baththe quantitative and a
formal level

o the capability to justify the solution performeding the representative event
mediated by Alnuset to refer to algebraic notionseanings and referential
objects involved in the task

o The capability to use correctly the terminologyradiuced by the teachers
during the development of the activity.

3. section addressing the issue of the relationship tveeen what envisaged when
planning the PPs and the actual results of the TE:

A clear and complete analysis of this relationgtap not yet been elaborated.

On the basis of a first analysis of the data we sfate that the students’ achievement
reflects what we have envisaged in terms of didatgoals when planning our PP.

As far as the role of mediation attributed to the nvironment of Alnuset in the design
of the PP, the results of our observation confitias role. The TE has evidenced that:
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» The Algebraic Line is really useful to develop ttepability to practice a semantic
control over variables, expressions and propostiammely the control of their
relationships with their referential objects fromwantitative point of view

* The Algebraic Manipulator is really useful to deyelthe capability to operate with
expressions and proposition maintaining a semantitrol over the actions performed
on them

* These two environment can be fruitful used tograée the quantitative approach and
a formal approach in the didactical practices ajefira

* In the AM there was an aspect of its functionihgttcould cause didactical obstacles
and that we have modified (see successive section).

As far as the design of the sequence of tasks &sbigned to the students is concenrned,
the development of the TE has convinced us to watksome minor modification on the
cards for the students containing the text oftés#&s(i.e. change in some requests) and to
change in some cases the time dedicated to thieoss of some task.

Finally we observe that the development of the Tds lallowed us to refining our
theoretical assumption to justify and to put intmiext the learning phenomena emerging
with the mediation of Alnuset. At the moment thakaboration is in progress.

Some of the actual findings of the TE were not ensaged a priori

Through the TE we want to evaluated not only the&lents’ achievements but also the
educational effectiveness of the artefact to hgittliaspects of its functioning that create
obstacles on the didactical level with the aim tmdify it.

In the following we present an episode that ocouthie TE that has obliged us to modify
an important aspect of the AM functioning.

This is a task proposed to the students in ourr@xeatation.
Represent these two expression on the algebragc lin
(X"2+x-2)/(x+2); x-1

Use the drag function and the tracking functionvemify the relationship between these
two expression

Write what you ought to do to formally highlighethrelationship

Use the algebraic line and the symbolic manipulatdr Alnuset to highlight their
relationship

The experimentation has shown that the algebraie is very useful to explore and
discover the relationship of equivalence with liestin between two expressions.

It is important to note that the two expression&enaference to the same point on the line
and are contained onto the same post-it for anyevaf x except that for x=-2. When the

variable x is dragged on the point-2 the first eggron disappears from the post-it and
from the line. This representative event is souodedemands, interpretations and

justification

Moreover, to formally demonstrate their equivalernds necessary to find the roots of the
polynomial x"2+x-2 on the algebraic line by mearisaospecific function and then to

77/266



Dell3_Annexes

transform (x"2+x-2)/(x+2) into x-1, first factorimy x"2+x-2on the basis of its roots
previously determined and then simplifying the egsion.

The experimentation has shown a limit in the fuortig of the software that can create
obstacles in the management of the didactical testeiaThis extract of dialogue between
the teacher and a student witnesses this limit.

Student: excuse me , if the two expressions arevalgnt why x-1 exists on the algebraic
line when x=-2. Also x-1 is ought to disappear?

The student refers to the following transformatstie realized:

24 —2
—
(x+2) (x=1)
x+2
(x=1)-(x+2)

Student: if | simplify this expression the res@ltd-1. Hence, they are equivalent , so also
in this expression ought to be a restriction.

Teacher comment : | have to admit that | was ifiadifty to answer.

This episode together with other ones have brotlghteam to modify the functioning of
the symbolic manipulator.

Before the experimentation, inserting the expres$i®2+x-2)/(x+2 into the symbolic
manipulator environment the interpretation of thestriction was under the responsibility
of the user.

Now inserting the expressidr"2+x-2)/(x+2 into the symbolic manipulator environment
the computer automatically pose the condition#3-2and the algebraic transformation can
be realized in the following way:
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l"EJ’ Y2 i x42#0

(x+2)- .tf a+2 =0
1.+2

I+2

(x+2) if x+2+0

{ r=1)-(x+2) if x+2=%0

x+2

x=1)1 if x+2=0
{x=1) if x+2 =10
Ix=1 if »+2=%0
Ix—1 if x+-2

Finally, we observe that the two expressions xxtleif x#-2,whether represented on the
algebraic line have different behaviours as shawmfthe following images that highlight
the usefulness in the context of the problem assiga the students.

x=1
[(-1 4 x+-2] -
Pix-2
x+2 X
- . * * -3 2 1
3 -2 1 .
i—1
* - * -
Ftx-2 x
x+2
| (-1 if x+-2]
x—1

A.4.10 Synthesis of ITD TE with Aplusix
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81. Educational goals and students' achievements

The educational goal envisaged in the design ofRRiwas for students to understand the
structure of numerical expressions and in particida

« Learn how to represent a numerical expressiontgsea

« Learn how to “build” a tree given a numerical exggien or an expression described
in natural language;

- Learn how to “read” an expression represented togea

« Learn that there is only one linear expressioraftree, while there may be different
tree representations of an expression represemiatear form.

At the basis of our PP design was the hypothesisttie tree representations mediated by
Aplusix may be useful for reaching these educatigoals.

8la. Achievements with respect to the ed. goalisagyed a-priori

Analysis of the TE and comparison of initial anaali test results have revealed some
development in students’ procedural competenciggrding numerical expressions with
respect to the initial test results. At the endlsd experiment some students were able to
manage the “systemic” structure of expressions; ttwaild identify the main operation of an
expression, they could understand the priorityarhe operations with respect to others, and
could sometimes identify equivalent expressions.

With respect to the educational aim the followiegults were observed in the final test
analysis:

+ The majority of students were able to build tre@resentations for numerical
expressions. Note that at the beginning of the ex@at students were unfamiliar
with tree representations of linear expressions.

« Most students learned how to “read” an expressepmesented by a tree, at least for
simple expressions. Nevertheless, some difficulteascerning the use of parentheses
for expression translation are still evident indgmts’ behaviour: some students are
unable to control parentheses even if they are @bt calculus correctly (See test
results)

« The language used by students to describe expnsssielearer and more appropriate
with respect to the initial test. In the initialste students translate the expression
respecting the “stenographic” way of the expressibimand, while in the final test
some students are able to use the ideographic enatulalgebraic language. For
example, in the final test, Giulia described thpression 2*(3-1)+4/2 by writing “two
times the difference between 3 and 1 is addedeatiotient between 4 and 2”. In the
initial test she described the expression (5-1)iivg “I subtract 5-1 and | divide the
result by 4”.

+ Some students learned to identify equivalent exgiwvas from a structural point of
view by comparing tree representations and lineprasentation of an expression.

81b. Specification of the evidence supportingctheaned achievements

In general, student achievement is revealed byyaisabf student protocols and comparison
of initial and final test results. In the followinvge report the analysis of test results.
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Test results
Student pair work

Two tasks (Task 1 and Task 2) were proposed imithal test and in the final test concerning
the relationship between linear expressions andesgpns in natural language. In the final
test a further task (Task 3) was proposed concgmnge representation of expressions. Our
analysis is based on comparison of students’ efialin the corresponding tasks in the two
tests.

For each task (Task 1, Task 2, Task 3) we present:
« A description of the task
« Atable containing students’ results in solving tagk in the initial test
+ Atable containing students results in solvingtdek in the final test.

Task 1

Students are divided into pairs. One in each gaargiven two linear expressions like
(2*3)+(5*3) to write in natural language and isiihte read the text to their partner, who
translates the statements into linear expressidritie end, each pair compares the two linear
expressions (the translated expressions and tle@ gixpressions) to see if they coincide. The
task is then repeated with roles reversed.

Initial test
Answers Pair of students Observations
Correct answers 4 Stenographic translation ***
Incorrect answers 3 Parentheses were not present in the
(more than 1 eXerciséranslated expressions, fraction symbpls
out of 4) were not positioned in the correct place
Invalid answer 1 Teacher helped students to sbleedst

***This translation is performed by stenographiatmg, disregarding the structure of the
expression. For example, instead of translatingitpeession (2*3)+(5*3) as “the addition of
2 times 3 and 5 times 3", students wrote somettikeg'you have to open the brackets, then
you write 2 times 3, you close the brackets andaaddher bracket with 5 times 3.

Final test

In the final test the expression that studentstbdrhnslate into natural language were more
1+36-1
oF——2)

difficult that those proposed in the initial tekir(example 2*(3+5)-4*(14-10) 2-3-1)
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Answers Pairs of students Observations
Correct answers 3
Incorrect answers 3 Errors mainly concern the use of

parentheses and the priority of

1 exercise out of 4 .
( operations***

1

(3 exercises out of 4)

Not valuable answer 1

**Some mistakes concern the translation of pares#s. To translate the expression
2*(3+5)-4*(14-10) at least two students wrote “yean do 2 times 3 plus 5, then you can
subtract 4 times the difference between 14 and30'the partner translated this as (2*3+5)-
(4*14-10).

In some cases the fraction is not well expressedekample to translate the

. 1+35-1 . :
expreSS|on4((Tl) one student wrote “l add 1 and 3 times the diffeeebetween 5 and 1.
Then | trace a line under the whole expressionlamite 4 minus the difference between 3
and 1”. The partner translated this as

1+ 3(5—1)4_ (3-1).

Comparison of the two tables shows no meaningfpravement in the students’ answers: in
the final test there are still many inconsistentiesveen the given linear expression and the
translated expression. Nevertheless, we need &dmrthat the expressions given in the final
test are more difficult than those in the initiedt Moreover, we have observed an
improvement in the language used by students hslate expressions into natural language.

The translation does not follow the linear writioigthe expression but seems to contain, at
least partially, structural elements of the expgmssdicating the main operation of the
expression.

Task 2

Students are divided into pairs. One in each gagiven two linear expression like 2*(3-1) to
write in natural language and solve. The text éntread to the partner, who translates the
statement into a linear expression and solves ithé end, the pair compares the two results
to see if they coincide. The task is then repeai#itthe roles reversed.

Initial test

Answers Pairs of students Observations

Correct answers 2 Stenographic translation

82/266



Dell3 Annexes

Correct answer in 3 In general students write (3-1)*2 instead
calculus but not in of 2*(3-1)
expression translation
Incorrect answers 2 Parentheses were not present in the
(more than 1 exerCiSénratntSrlartle? texdpresrflor;ls, subtraction was
out of 4) ot translated correctly
Invalid answer 1 Teacher helped students solvéetite

Final test
Answers Pairs of students Observations
Correct answers 6
Incorrect answers 1
Invalid answer 1 Teacher helped students solvéetite

Comparison of the two tables shows improvementhénstudents’ answers between the initial
and the final tests. We have observed that evesonfie students omit parentheses when
translating an expression, they nonetheless cadctii@ result of the linear expression as if
the parentheses were present. This interestindt rescurred in many cases and calls for

further investigation.

Task 3

This task was proposed only in the final test.

One student in each pair is given 3 linear expo@ssio represent in tree form. These are
shown to the partners, who are to translate théonlimear expressions.

The table shows the number of correct and incoamestvers for each expression.

Construction Tree representation

Translation in linear expression

Expression Correct | No Incorrect answer Correct answer | No Incorrect
answer | answer answer| answer
(2*3+1)+(1/2*3) |6 1 3 1 3
inversion of twq mistakes in
members: position
(1+2*3)+(3*1/2) parentheses
5*(8+2) +1 5 2 5 (the expressiof2
5 6 tree shape incorregts* (3+ 2) :5+ 1
members changeg: 6
(B+2)*5 1 is considered
5 + 6 correct)
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(D

2%(3-1) + 4/2 5 1 1 3 2 2
inversion of twag inversion  of
members two members
2*(3+5)-4*(14-10) | 5 2 4 1 2
tree shape incorrec tree shap
incorrect
1+3(5-1 2 5 1 1 5
4-(3-1) tree corresponds o linear
the expression expression
does not
* —_
@+ 6-1 correspond to
4-(3-) tree,
particularly
for
parenthesis***
2*5—-(8-3)/5 6 1 incorrect treeb 1
shape
Total 69,4% | 2,1% | 28,5% 52,3% 19,2% 28,5%

***in this case the answer is considered correcewthe linear expression corresponds to the
tree representation, not to the initial linear egsion

The table clearly shows that at the end of the ex@at the majority of students are able to
build a tree representation from a linear expressioanslating a tree representation into a
linear expression appears to be more difficult. MbBiculties lie in inserting parentheses for

translating tree representation correctly. To f@esa numerical expression into a tree
representation students need to know the syntadtoacture of the tree and follow the

computational rules. On the contrary, procedurdlssikre not sufficient to convert a tree

representation into a numerical expression, whialls con students to interpret the tree
structure.

82. Relation between students' achievements anasthef the DDA in the context of the PP.

Aplusix allowed students to validate their answé&€smparison of paper and pencil solutions
with those mediated by Aplusix led to the emergesfaeontradictions.

In a-priori analysis we assumed that we wouldhaté types of tree representation provided
by the system, namely Mixed Tree and ControlledeTrepresentation. However, our
activities were not centred on the different ways$ree can be built and so during the
experiment we decided to use the Mixed tree reptaen because this gave students more
freedom. This aspect was important to us: studehtaild reflect about the structure of
numerical expressions, so it was important thay thete expressions in leaves and not only
numbers.

83. Relationship between what was envisaged wlamiplg the PPs and the actual results of
the TE
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In general students' achievements are consistehtwhiat we envisaged a priori. We think
that an important reason was that the time schexhdesducational goals were well balanced.
We had set 8 hours as a reasonable time to leamntdwduild a tree representation from a
given linear expression and, vice-versa, to relgkar expression from a tree representation.

Moreover, Aplusix was a useful tool in reaching oeducational goals. The main

characteristic of Aplusix is the capability to \die students’ answers. Students could work
alone and validate their answers using Aplusix velven they were unsure about their
answers.

Nevertheless, even if students are able to exphessuperficial structure of the expression,
they do not quite manage to fully comprehend thstesyic structure of a numerical
expression. Mistakes concerning the use of pareaethand the priority of some operations
over others still emerge in students’ protocols anithe final test.

As highlighted by the TE analysis and through asialpf the test results, we have observed
that the competencies involved in converting teggesentations into linear expressions differ
significantly from those involved in converting iadar expression into a tree representation.
In particular, procedural competencies proved iingeht for performing the first task.
Structural aspects of numerical expressions nebé tnanaged when transforming a tree into
a linear expression.

Thus, with hindsight we think that the order ofkproposed in our PP should be changed.
We now see that students ought to have the opptyttm build tree representations of
numerical expressions before being called on tddboumerical expressions from tree
representations, as was the case in the experiment.

Moreover, the task of building different tree reg@etations of a given numerical expression
(see the figure below) should be proposed at tiginbang of the experiment, rather than at
the end.

i i i

+ + +
A\ 2 + 2+2 4
2 ? 4 /\

T
* ?
3 ?

As a matter of fact this task is cognitively ricliban the others because it obliges students to
consider the structure of the expression. Hower@tusix provides students with strong
support for solving this task and, contrary to extpgons, few difficulties emerged in solving

it.

Thus, in a future TE other similar tasks might heerted. For example, a tree could be
proposed along with some incomplete numerical esgpo@s, and students could be asked to
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complete these where possible so that the expressiequivalent to the tree representation.
(See figure below).

T:::: T::::
342+ {7+44) (3+{5x?+4)) ) 3+?+13X1

A.4.11 Synthesis of MeTAH TE with Aplusix

1. Educational goals and students' achievements
Educational goals of our teaching experiment wieesfollowing:
The students will be able to (curricular goals):

« identify the form of an algebraic expression given either of the following
representation systems: tree, natural languagehajeranguage;

« convert an algebraic expression given in one rgoteson system into another one;

« solve problems involving algebraic expressions mjiggher in natural language or in
symbolic language (usual representation).

Pre-test

Students were first administered a pre-test witfeva traditional numerical and algebraic
exercises such as calculate, factor, develop anglify, but also tasks requiring to convert
algebraic expressions given in usual register tindonatural language register and vice versa.
The aim of these preliminary activities was onedhe hand, to make a diagnosis of students’
difficulties in the mastery of algebraic treatméasks within the usual register, and on the
other hand, to let them come to realize the liroftsheir usual way of “wording” algebraic
expressions (two x plus y instead of sum of thelped of 2 by x and of y). The results of the
pre-test confirmed our hypothesis that even Grddlestidents keep having difficulties in
algebra, despite of the fact that in France, thetrobalgebra is taught in junior high school,
l.e., between Grades 6 and 9. Most of these diffesican be related to the structure of
expressions.
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Examples of students’ errors

In the class C2, the most errors appear in exeras®Ilving powers and « minus » sign:
3(-5)2 - -3x52; 3(-5)2— £32x52;-52+ 72, 25 + 49

In the class C1, the same kind of exercises yiskl many errors:

3(-5)2 - 3+£25; (-3x)%- £32x; (3x)?2—> 3x2

But we could observe other kind of errors as wadtited to the priority of operations:
2+5*9 . 7*9; 2+3x - 5x

Typically, this kind of error can be explained e tfact that the pupil does not distinguish
between procedural and structural aspects of theesgion and performs the operations from
left to right.

In the second part, communication games betwees phapupils, there were surprisingly not
too many errors. The majority of errors was dugtmring parentheses, e.g., the expression
a -(x+2) is read “a minus x plus 2”. The pupilssemded the activities in spite of using their
usual wording, ambiguous in most cases, thanksrabegies that consisted in reading each
. . (3x+2)(3x—1 :
particular written symbol, e.g., the express:grz.( ()(ixz) ) was read “open a parenthesis,
a—(x

three x plus 2, close the parenthesis, open thengeesis, three x minus 1, close the
parenthesis, all this above a minus open the pagsis, x plus 2, close the parenthesis”.

Learning

In the initial PP, the learning sequence compriégqehases and was planned to be enacted
through six 1-hour sessions:

(ES1.1) Introduction to the tree register;

(ES1.2) Conversion between natural language (RNt)teee registers (RT):
RNL - RT with Aplusix in controlled mode
RNL - RT with Aplusix in free mode
RT - RNL in paper and pencil

(ES1.3) Conversion between usual (RU) and treestersi (RT):
RU - RT with Aplusix in controlled mode
RU - RT with Aplusix in free mode
RT - RU with Aplusix in free mode

(ES1.4) Treatment in tree register:
Calculate with Aplusix in controlled mode
Develop and simplify with Aplusix in controlledade

In the class C1, for the institutional reasons,ghdagogical plan was radically shortened: all
tasks that should have been done in free mode weteproposed, the paper-and-pencil
conversion activity was given as a homework andwhele unit with treatment tasks in tree
register was suppressed. Thus, the whole planwgalemented within three sessions.

In conversion tasks done with Aplusix, there weeey\few errors observed, as we can see in
the tables below.
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Pair number  Number of correct Number of incorrect Number of non treated
answers answers exercises
1 7 1 4
2 10 0 2
3 12 0 0
4 0 6
5 5 1 6
6 10 0 2
7 10 0 2
8 12 0 0
9 11 0 1
10 10 0 2
11 9 1 2
12 5 2 5

Table 1. C1 class: results to the RNl RT conversion task (12 exercises).

Pair number  Number of correct Number of incorrect Number of non treated
answers answers exercises
1 8 0 0
2 3 0 5
3 6 2 (mixed repr.)
4 5 3 (mixed repr.)
5 8 0
6 8 0
7 7 1 (mixed repr.) 0

Table 2. C1 class: results to the RU> RT conversion task (8 exercises).

As regards the strategies used by the pupils tol lauiree, trial and error strategies were the
most frequent benefiting from the feedback provigtethe controlled mode.

Contrary to the results obtained with Aplusix, R€ -~ RNL conversion task done in paper
and pencil environment revealed many pupils’ diffies with describing a tree representing
a given algebraic expression. Several erroneoategies appeared:

- left-to-right reading, e.g. the tree in Fig.1lrmad “x sum of

minus 1”

+

/\

X -1

Figure 1.

88/266



Dell3 Annexes

VRN
- starting with the simpler branch, independenttgpnf the X 2
operator, e.g. the tree in Fig. 2 is read “diffeebetween 2 and ',-f”!\\
product of 3 by x” ;’ A\
X
Figure 2.
/'\\.\
/ T
+ 2
~N
7N
// \\
- juxtaposing branches, e.g. the tree in Fig.3e&dr“square of : }‘\
two, sum of two, product of x and the square rddi’o VRN
aqrt 3
Figure 3.

On the one hand, we notice that the students hegeirad correct mathematical language.
However, the strategies described above witnesstdbe lack of understanding the structure
of algebraic expressions.

In the C2 class, only one group worked on convertagks between the different registers in
Aplusix. We note this group G1 and G2 the groupchitias not benefited from this work.

Afterwards, the entire class was assigned a honmewaposing conversions from the tree
register into natural language (the same as Ck)lake analysis of the homework shows a
significant difference between these two groupse Thajority of responses in natural

language from students in the group G1 are expleaseording to the structure of the

algebraic expressions (e.g., the sum of x and 1ewhe majority of responses in group G2
are expressed according to the structure of tHeegsster (e.g., x plus 1).

Structural register

Oral register

G1 (15 students)

10

5

G2 (15 students)

3

12

Table 3. C2 class: results to the RT». RNL conversion task .

2. Students' achievements and the use of the DDA tne context of the PP

The results presented above show clearly that Apltesks posed much less, if any,
difficulty, since the students worked only in thentrolled mode and thus benefited from the
feedback provided by the system that allowed thesutceed in solving the tasks proceeding
by trial and error rather than analysing the stirecof the algebraic expressions. However, as
we can see, the success in solving conversion tagkghe system in controlled mode does
not guarantee that the knowledge aimed at wasingéeé solving process.
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3. Relationship between what was envisaged when plang the PPs and the actual
results of the TE

In C1 class, the students' achievements are naistent with what we envisaged a priori. In
comparison with the achievements of C2class stgdeht benefited from an extended work
on the tree register with Aplusix, we suppose tiha& main reason for the failure of the

teaching experiment in C1 class is that is has ectoo ambitious after having been

radically shortened. Indeed, in only 2 hours, tluelents were supposed to get familiar with a
brand new register for representing algebraic esgioas, with the tree module in Aplusix,

with the mathematical language, learn how to scolweversion tasks between three different
registers...

A.4.12 Synthesis of MeTAH TE with Alnuset

1. Educational goals and students' achievements

Let us remind that the main educational goals ef pedagogical scenario was that the
students construct:

1. the meaning of function as a relationship betweepeddent and independent
variables;

2. the meaning of the notions of equation and inequatias statements that are true
for some values of a variable;

3. the meaning of equivalence between expressiontatesrents that are true for all
values of the variable;

4. the meaning of a solution of an equation as a vafuihe variable for which the
equation is true.

The scenario was implemented in one Grade 10 clasgrivate high school. Initially, two 1-
hour sessions were planned, but the second seeseidd be extended to 2 hours. Both
sessions took place in a computer lab, studentkimgom pairs. During the first session, the
students were split in two groups of 20 and 14 etitel respectively, the second session took
place with the whole class.

The following report concerns only the first ediumaal goal related to the notion of
functior?. This notion was addressed in the first sessionsetaim was twofold:

1. familiarisation with Alnuset;
2. studying two functions prescribed by the Frenchiculum: x - x2 and x— 1/x.

Regarding these two functions, the students west¢ disked to observe the relationship of
dependence between x and x2 by noticing that, enotee hand, when x moves on the
algebraic line, x2 (or 1/x) moves accordingly and, the other hand, x2 (or 1/x) cannot by
dragged with the mouse. Then, their attention waw/d to the way x2 (or 1/xX) moves when x
moves on the line. The aim of this task was to tigwvan instrumental technique allowing to
determine variations of a function. This techniggibased on observation of the movement of

% The analysis of the rest of the experiment isrogpess.
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f(x) when x is dragged along the algebraic lineewk and f(x) move in the same direction,
the function f is increasing, when they move in @gfe directions, f is decreasing.

In the sequel, the main results are reported. Tiadysis is based on the data we collected,
namely students’ written productions, discussioha tew pairs of students who were audio
recorded, and observers’ notes.

As far as the first educational goal is concernbe@, dependence of x2 on x was easily
perceived by the students due to the dynamic reptason of x and x2 on the algebraic line.
Follow some of the students’ answers to the questi@vhat happens to x2 when you drag x”
and “Can you drag x2 with the muse?”:

“x2 moves depending on m(French x2 bouge en fonction de x)”

“we cannot drag x2 with the mouse because x2 dependx, therefore we have
to touch x to make x?2 move”.

However, some students were not satisfied with saobkervation and they tried to
gualitatively characterize the relation of depermtebetween x and x2:

“Xx2 is proportional to x”
“X2 is going farther”
“when x is on the negatives, x2 is always positvsgquare is always positive”.

This behaviour manifests the difficulty for the dgmts to consider the general notion of
function, they are looking for a specific exammach as linear function, affine function or
other.

2. Students' achievements and the use of the DDA tne context of the PP

The results described above show that the dynaepcesentation of expressions on the
algebraic line of Alnuset can contribute to peroevthe dynamic functional relationship

between two variables, which is necessary (busnfiicient) to grasp the notion of function.

The experimentation shows also that the feedbaoksing from the tool are not easily

interpreted in terms of mathematical properties obfects that are manipulated. This
emphasizes the importance of the role of a tedaohmanaging students’ instrumental genesis
intertwined with the targeted mathematical knowkdg

3. Relationship between what was envisaged when plang the PPs and the actual
results of the TE

Students' achievements as regards the notion efifumas a dynamic relationship between
two variables are consistent with what we envisagegriori. Indeed, we observed the
expected behaviour in most of the students and theiten arguments also show that the
functional relationship was perceived.

However, as regards the study of the functions,raack specifically their variations, only 2
pairs of students out of 17 succeeded in this thidst of the students failed to interpret
mathematically their observations and these remdaatea level of a description what they
saw on the screen:

“when x is positive, x> moves to the right, whénnegative, it moves to the left”
“x2 goes farther and farther”
“X2 never goes under zero”
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“x2 goes until zero, then goes to the right”

Several hypotheses can explain these results:

e The question asked to the students was very vage.students did not know what
they were expected to observe. Thus, their anses@rseem legitimate. However, the
following question, which asked directly to deduaiations of the functions from
their observations, indicated more clearly whatlkih observations were expected.

* The notion of variation of a function was not urgleod by the students. Many
students asked for explanations as regards thismot

* The instrumental technique for exploring variatiools a function is significantly
different from the techniques students were tau@iMo techniques are used to study
variations of a function in a Grade 10: one is dase the “reading” of variations from
the curve that is a graphical representation of finection (i.e., the function is
increasing on an interval | if the curve is “goiag’ on I, the function is decreasing on
| if the curve is “going down” on 1); the otherlissed on comparing f(a) and f(b) given
two abscissas a and b from | such that a<b: f eseasing on | if f(a)<f(b), f is
decreasing on | if f(a)>f(b). The representationacfunction on the algebraic line in
Alnuset consists of a unigue pair of x and f(x),jehhrepresents any pre-image and its
image. This representation does not allow a dioechparison of two images by a
function: one has to imagine that the movement gererates another pair (x, f(x)),
interpret the movement of x to the right in termhéngreasing the value of x, observe in
which direction f(x) moves and interpret the movemaf f(x) in the same direction in
terms of an increase and the movement in the of@dsection in terms of a decrease.
At this moment, it would have been appropriate itik Ithe representation of the
function on the algebraic line with its graphicapresentation by means of Cartesian
Plane component of Alnuset, which would perhapg tie¢ students observe the link
between a horizontal displacement of f(x) and iispldcement on the curve
representing the function. In the experiment, Giateplane was introduced later, after
having worked on functional equations and inequatiof the type f(x)=k, , f(x)>k,
f(x)=g(x).... This choice, although consistent witlhirohypothesis that in order to
conceptualise the notion of function, it has to dissociated from its graphical
representation, turns out as not being well judged.

A.4.13 Synthesis of Unisi TE with Aplusix

1. Students' achievements
la. Achievements with respect to the a-priori ermged educational goals

The PP is based on the use of the Aplusix DDA asddnoposed an introduction to structural
aspects of algebraic thinking through the manipaatof numerical expressions. Our
educational choices has been motivated by theespadbgical assumption of considering
algebraic calculation not as a generalization wheretical computation but as manipulations
based on the equivalence. As a consequence we ainpedmoting a structural approach also
in arithmetic. The possibility of identifying a gtture in a numerical expression has been
envisaged as supported by the innovative represamtgiven by the software, the tree
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representation (TR), which has been used togethbrtiae standard representation (SR), and
the natural language (NL). The PP has been implerdén two ¢' grade classes (age 14), in
a period of about 3 months (around 18 hours eads}l

The general educational goals of the PP are:

1. Anticipating the introduction to the algebraic edtion, as a manipulation based on
the equivalence.

2. Introducing to the $tructure sensé* of an expression.

Within such global aims, we pointed out more specéducational goals that focus on
numerical expressions in the perspective of inteottyalgebraic calculation. They are:

1'. acquiring the general notion of equivalenceMeen expressions;
2'. acquiring the structure sense for numericatesgons.

In particular, the role played by the propertiestlté operations to derive the equivalence
between expressions is considered a key pointendeiicate passage from arithmetical to
algebraic computations.

On the one hand, exploiting the potentialitieshef TR provides students with the possibility
of revising notions already encountered in the joey school level (reinforcement of
syntactical skills); on the other hand, the innaweatepresentation combined with SR and NL
supports students in the passage from the prodedppmoach to the structural approach.
From a cognitive viewpoint, the recourse to a naepkresentation (TR), which has different
utilization’s schemes by those usually adopted (SRQuld help to break automatisms linked
to the computation of numerical expressions analallstudents to focus on the procedures
they are activating. The subsequent objectificatfBadford, 2003) of these procedures
constitutes the basis on which the mathematicalnmgaof algebraic computation can be
developed (cognitive goals). In the meantime, alhgwstudents to become conscious of their
own procedures also contributes to pursue metatbegigoals. In fact, such recourse should
also allow students to gain control competencesy tshould become able to activate an
instrument (the TR) that endows them of a resaluscheme, whenever an expression or a
sub-expression results difficult to be treatedegtrepresentation is expected to function as a
scaffolding).

The PP was based on the following hypotheses thitthe use of the DDA with the
Educational Goals:

1. the tree representation provided by Aplusix is hisle for supporting the structural
sense of an expression. In particular, accordingutotheoretical framework, TR may
be exploited by the teacher as a tool of semiogdiation for making students acquire
a structural sense of expressions (ed. goal 2 and 2

2. the presence in Aplusix of different kinds of reg@station systems is effective for the
envisaged educational goals. The potential ofrireats in tree representation outlines
a crucial aspect of algebra: the sense of structede goal 2). The activities of
conversions between different registers, and intiqudar between standard
representation and natural language, have thetgmaake the students conscious of a
substantial difference between arithmetic and algédd. goal 1).

* Forstructure sensef an algebraic expression we adopt the definitibHoch and Dreyfus (2006):

“A student is said to display structure sense fghtschool algebra if s/he can:
- Recognise a familiar structure in its simplestfo
- Deal with a compound term as a single entity, tmdugh an appropriate substitution recognise a
familiar structure in a more complex form.
- Choose appropriate manipulations to make besbfusestructure.”
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As a result of our teaching experiments, we cartisatymost students have learnt:

- the notion of equivalence between expressionsdeal. 1'); students are able to state
the equivalence or not equivalence of two expressio

- the distinction between a structural and a procddimterpretation of numerical
expressions; students are able to recognize nuahegkpressions having the same
structure (ed. goal 2).

To verify and document the achievement of the etilugal goals from a comprehensive

standpoint, we set up a pre-test and final tesicde¥n the pre-test students were required to
calculate numerical expressions given in the stahdgpresentation, hence their “structural
sense” is implicitly tested. Syntactical strategiesay provide evidence of procedural versus
structural competences in the interpretation oeagpression. In the final test, students were
explicitly required to provide procedural and stuwral readings of expressions, and to
recognize those expressions having the same steu@d. goal 2). The final test had the

objective to verify whether students have gainethmetences in reflecting on structural

aspects of a numerical expression whatever repiagan is used. In fact competences are
tested both in TR, where, according to our hypsithéhe structure is more evident, and in
SR, where the structure remains hidden. The foligwuestion is a example drawn from the
post-test.

Amang the following expressians, given in SR and in TR, identify those that have the same structure:

d 54416

e

h.  6+5%6-5 /\H

c. 454

L ]

/ £ 6:349
‘\ /\ g. (3+4)(3-4)
& 3 8 3

Figure 1

Note that the solution of this task requires tosogain a pure abstract view, that means
emptying the expressions of numbers and considerhgtheir structure.

1b. Evidence supporting the claimed achievements

From the results of the final test we can affirrattthe majority of students have reached the
educational goals.
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In the following, a protocol where a student, wioorectly solves the task mentioned above
(see Fig. 1), shows a structural approach in Higiso.

The student state the structural equivalence betwaeb) and e) and expresses such
equivalence stating the correspondence betweemssipns given in TR and in SR .

As Fig. 2 shows students’ capacities of recogigiza structure even in an string without
operands, in spite of the fact that SR is much édfestive than TR. We may conjecture that
working with trees has functioned as mediator.

«r-d-¢ /S .:(+)]'*

74

e b-c L oo™

Figure 2

Moreover, the role played by trees in putting imddence the structure of a numerical
expression make it possible for students to resnMR when they needed ‘to see’ the
structure of an expression. This fact is more ewid®n some protocols where students show
to prefer to resort to TR in order to compute sa@xpressions given in natural language and
expressed in a structural way. We can hypothdabkiaethe TR has become an internalized
tool. According to our hypotheses the resort tedreould be related to the congruence
(Duval) between TR and the structural reading thahis case is reinvested in reverse order:
from the reading to the tree.

2. Relationship between students' achievements afite use of the DDA

To describe the role of the DDA with respect to tutlined educational goals, besides the
written tests we have monitored the students’ pctdo all along the implementation of the
PP, by the collection of log files of Aplusix, semds' worksheets and written reports, audio
and video-recordings, and field notes by teachedsresearchers.

By analyzing students' ongoing production with mie¢ic lens, we have been able to identify
key elements that provide evidence of the role pfudix components in students’ learning
processes, and in the teaching strategy. They bese framed and analysed by means of the
Theory of Semiotic Mediation.

We have observed the emergence of some artefac;samnd have managed to identify the
semiotic chains that link the emerged artefact-signthe mathematical meanings. In
particular, here after we give an example regardimg notion of equivalence between
expressions, starting from the Aplusix feature egdback. It is taken from the discussion at
the end of the Didactical Cycle 1, when the clasdiscussing about the signs that Aplusix
shows during computations:

11.Amalia: Well, there are three signs...well, those teotical lines are when the
passage is right and concluded

[...]
30. Teacher: [...] What does it mean "to be right"?

® An "artefact-sign" is a sign that is directly fteld to the artefact use in solving the task.
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31. Martina: That you didn’t make any mistake ia tomputations

32. Amalia: That you have not mistaken anything gad can go to the following
passage

33. Martina: The computations, the sign...

[..]

54. Teacher: [...] And how can we that do not use ¢bmputer, understand that
things are right without seeing the signs? Whythey right?

55. Ambra: Because if the computation follows a logittakad, it is right

56.Teacher: Because if the computation follows a lalgtbread, it is right. What
does it mean to follow a logical thread?

57.Martina: To do certain operations

[...]

61.Teacher: [...] Why are passages right? What doessdmto have the passages
right? Where does it lead the logical thread? [...]

62.Amalia: Because basically the last passage must yiv the result of the first
one

63. Teacher: The last passage must give you the rebtitie first one: what does it
mean?

64. Amalia: And yes because basically if you solve fire passage the result must
be...equal to the second

65. Teacher: Let's help her to tell it well

[..]

68.Ambra: Yes because finally the result is the sifigation of the first, each
passage has the same result

69. Teacher: and so?

70.Amalia: Basically, if we have...l don't know...6/
and we reduce to the minimal terms it comes
doesn't it? (The teacher writes on the blackbo
6/3 and 2) |

71.Amalia: so | tell that 2 is the result of the fir:
passage

[...]

80.Teacher: [...] How can we say that? [...] How c
we say that the result of 6/3 is 2? In mathematifi !
when we speak, how can we say that the resul
6/3 is 2?

81.Cora: That the result of 6 divided 3 gives 2

82.Teacher: Yes, but...what do we say of these two {pmrto 6/3 and 2 with the
two hands, Fig. 3) here?

83.Valentina: That they are equivalent each dther

84.Teacher: That?

85.Valentina: Yes, that they are equivalent one anpthey are equivalent

86. Teacher: And what does if mean that they are etpnva

87.Amalia: That they are equal...

®"Sj equivalgono"”
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88. Students: That they have the same value

The teacher starts the discussion by focusing theninterpretation of the feedback signs of
Aplusix. As emerged in the written sheets, at tbgitning of the discussion students' assign
the meaning of "right passage"” to Aplusix symhoAgicording to our theoretical framework,
This is an artefact-sign, taking its meaning frdra artefact world it is expected to develop
towards a mathematical sing referring to the notbequivalence. During the discussion we
can observe the semiotic chain (a sequence of tisigms) through which the first artefact-
sign evolves through the guide of the teacher.:

right / no errors (from line 11 to line 61)

!
(connecting) passages with the same result (froend2 to line 80)

!
they are equivalent each oth@ines 83 and 85)

!
they are equivalefi{from line 85)

The semiotic chain come into existence under thestemt stimulus of the teacher who asks
the students either to make explicit the meanirigh@ signs involved ("what does it mean”,
lines 30, 56, 63, 86) or to elaborate on their egpions ("Let's help her to tell it well”, line
65; "How can we say that?", lines 80, 82). Noté ihahis elaboration different signs, be they
either belonging to Aplusix, as || or to oral laage, are related in a semiotic game generating
a complex web of meanings.

By repeating and re-formulating students' contrdng on the one hand, and making explicit
reference to mathematics language on the other, hHhadeacher fosters the weaving of a
texture of meanings in which the meaning of eq@neé comes to be sided and overlapped to
that of right passage. This double interpretatibthe Aplusix’s feedback signs is the core of
the semiotic potential of this specific featurelug DDA in solving the given tasks.

3. What envisaged when planning the PP and the a@lresults of the TE

Students' achievements are consistent with whagrwiesaged a priori: most students show to
have reached the educational goals and with tisiget the DDA has played a certain role,
that can be described with the tools provided leyTtheory of semiotic mediation.

X In particular, it is possible to observe the ingization of the tree
/ representation in some students’ productions. @ensithe
/ \ following task belonging to in the delayed test elam paper and

= + pencil.
/\ /\ Two numerical expressions are given in natural uagg; the
i g X verbal expression reflects a structural readingtffier first and a
/ /\ procedural reading for the second. For instandes firoduct of

Y

""Sj equivalgono”
8"Sonoe  alent"
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the difference between 25 and 21 and the sum opribduct between the product of 2 and 3
with the division between 15 and 3”. Students aileed to compute. In the majority of the
cases not only student resort to TR and convervehieal expression into a Tree (see Fig. 4),
but also they accomplish the calculation redutireglevels of the tree, as they were used to
do in Aplusix. In other words, beyond showing thecamplishment of an instrumental
genesis, it seems possible to claim that the “sed-ischeme of use has been internalized.

In fact, the sub-tree scheme, developed withinattiefact world, is reinvested in paper and
pencil, without a direct use of the artefact.

A.4.14 Synthesis of Unisi TE with Casyopée

81. Educational goals and students' achievements

The main goals envisaged when designing this PegieajdPlan were to foster the evolution
of students’ personal meanings towards:

1. the mathematical meaning of function as co-vanmeéind thus consolidate (or enrich)
the meanings of function they have already appabgui;

2. the mathematical meanings related to the proce$seacterizing the algebraic
modelling of geometrical situation.

More specifically,
as for the notion of function, students should otidate or enrich:

- the meaning of variables both geometrical and nigaler
« the meaning of domain of a variable,

- the meaning of function as co-variation over tireeefy when different kinds of
variables are involved),

- competencies related to the passage between diffexgresentations of function (at
least, algebraic and graphical ones)

as for the modelling process, students should learn
« recognize geometrical variables,
- associate numbers (numerical variables) to geooa¢trariables,
« associate geometrical variables to numbers (nualeraziables),
- pass from not-measurable geometrical objects fpeigts) to measurable geometrical
objects,
- parameterise (optimize the number of variables),
- express the relation between numerical variablesigh formulas.
In that respect, some remarks are needed:

Remark 1: we remind that according to the desigresthgogical plan students were supposed
to students were supposed to have received sommalfaeaching on functions, variables...

98/266



Dell3 Annexes

thus as for the notions of “function”, “variablehé related notions, the designed PP was
expected to lead students to enrich the meanireysateady appropriated.

Remark 2: the teacher was supposed to have soneetisegn managing the class activity and
in particular orchestrating collective discussiass framed within the theory of semiotic
mediation.

Remark 3: we listed above many different specifiticational goals in which the main
educational goals are articulated. Though all thaspects could be singularly pursued
through the planned PP, it is not reasonable tokthd be able of pursuing all of them
together. Actually, the choice of the specific emtianal goals to focus on, rests on the
teacher. That option certainly depends also on thevactivities progress.

8la. Achievements with respect to the a-priori gmyed ed. goals.

Obviously there is no direct access to the mearshgdents appropriate. We need some kind
of “observables”. For us, consistently with the a#fopted, the observables are #igns
which students produce and use when accomplishagdsigned tasks.

Thus, the achievement of the envisaged educatguwell is attested through the analysis of
students’ verbal productions, in particular of teports students were asked to produce at the
end of each session.

Students can be said to have achieved the envismlymétional goals if:

a. they use specific terms (function; independent, degmdent, geometrical,
numerical... variable; graph; measure; domain; variaion; co-variation; ecc.) in
“appropriate ways” (i.e. consistently with their (possible) mathematical
meanings, the DDA functionalities and the specifiactivities at stake)

b. they relate mathematical meanings and processesttte software functionalities;

c. they express the main phases characterizing algebcamodelling of geometrical
problems.

81b. Specification of the evidence supportingctheaned achievements

Evidence of students’ achievement emerges fromathaysis of students’ reports, their
written solutions to the tasks with the DDA, and thanscripts of the class discussions.

On the one hand, that analysis allows to identkgressions (constructed by students) in
which specific terms (se®la) are used to report on the tasks accomplishedigihrthe DDA.
That witnesses that already formed personal mearang related to or re-elaborate in the
light of the actual use of the DDA (including thaesific kind of tasks accomplished through
it), thus testifying a progressive enrichment aiideints’ personal meanings towards the
formation of the desired mathematical meanings.

On the other hand, one can identify the usarnbéfact-signs that is signs referring to the
context of the use of the artefact, very oftenmréfg to one of its parts and/or to the action
accomplished with it. These signs sprout from tbivey with the artefact, their meanings
are personal and commonly implicit, strictly rethte the experience of the subject. But at the
same time, those signs have potentialities to evtiwards mathematical signs.

Two “movements” can be attested: the use of alréawbyvn mathematical terms to describe
the activities with the DDA, and the use of artéfsigns in a way consistent with their
mathematical potentialities. That confirms the depment of a texture of meanings and signs
which bridges together the artefact-world and tlahmmatics-world.
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Hereafter there is an excerpt from Valeria®® Beport (homework, after the"2class
discussion, 8 session)

What do you mean by the terms “function”, “independ variable” and “dependent
variable™?

[...] The independent variable is the one which igdified first, as a consequence of that the
other one [the dependent variable] is modified. [...]

Which elements of the software can be put in retethip with those terms? Why?

The independent variable corresponds to the mobilat, because it is the element which ¢an
be arbitrarily modified, whereas all the figures ][.are dependent variables, because their
area and perimeter are modified according to haambbile point is shifted.

The above excerpt can be analysed at least atiffeoetit levels.

On the one hand, we can consider Valeria’'s ansgeparately. They are both “consistent” in
themselves (though not complete): the former idimpaEnt to the mathematical meanings at
stake, and the latter is pertinent to the DDA fiordlities and the tasks accomplished
through it. Moreover mathematical signs (“indeperideariable”, “dependent variable™) and
artefact signs (“mobile point”, “figure”, “area”, perimeter”, “shift”, “modify”) are
consistently used.

On the other hand, if we compare the two answerscave notice an impressive semiotic
correspondence between them. Such correspondereads¢he establishment of a consistent
relationship between the signs “independent vagiatphathematical sign) and “mobile point”
(artefact sign), and “dependent variable” (matheérahtsign) and “figure”, “area” and
“perimeter” (artefact signs), and therefore betwdenassociated meanings.

Finally, from both the answers the meaning of fiorctas co-variation emerges too (“as a

consequence”, “according to”),.

It is not possible to carry out a so fine-grainedhstic analysis, for every students’ written
productions. And certainly, there are differencesudeen the students’ achievements.

Notwithstanding, we can claim that the envisagedcational goals are at least partly
achieved.

As for the notion of function, variables and so stydents use specific terms and relate
mathematical meanings to the DDA functionalitiesajppropriate ways. Though different
stages are evident.

As for modelling, the idea of modelling is stillaged to the actual solution of specific kind of
problems. Modelling in itself has not explicitlyrfoulated yet.

82. Relation between students' achievements anasthef the DDA in the context of the PP.
The Pedagogical Plan is designed consistently théfheory of Semiotic Mediation

According to this theory, the use of artefactsdocomplishing a task leads the individual to

the construction of signsaitefact-signg and personal meanings which are related to the
actual use of the artefact. On the other hand, enagical meanings may be related to the
artefact and its use, and mathematical signs cpresx the relationship between artefact and
knowledge.

The evolution of students’ personal meanings towahng desired mathematical meanings is
fostered by iteration oflidactical cycles encompassing the following semiotic activities:
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students’ activities with the artefacts and paioduction of signs, students’ individual
production of signs, class collective productiorsigins.

The accomplishment of those activities may leadlestts to generate artefact signs and
personal meanings, related to the actual use @irtafact. Under the guidance of an expert
(i.e. the teacher), those signs and meanings malveetowards mathematical signs and
meanings.

Different signs can be identified in the evolutiprocess generating what can be called a
semiotic chainthat is a chain of signification “in which thetexal reference is suppressed
and yet held there by its place in a graduallytstgfsignifying chain.” (Walkerdine, 1990,
p.121).

The PP and the use of Casyopée were designed augigrd

The following excerpt is drawn from the transcrigdtthe class discussion held in th& 5
session. It shows an example of how artefacts sigagproduced in relation to the use of the
artefact, and how they evolve during the discussion

5. Luc: “ you have to choose a mobile point, first [...]”

8. T: “[...] do you see anything similar between the fwvoblems?”

9. Sam:“one has always to take a free point which yarythis case, the areas
considered [...]"

10.T: “Then we have a figure which is...”
11. Students: “Mobile.”

12.T: “Mobile, dynamical. Let us pass to the second phAsdrea, which is the next
phase? [...]"

13.And: “[...] we need to study that figure and observe whatshift of the variable
causes.”

14.T: “ok, then? Anybody did that, isn't it?”
15.Sil: “[...] by shifting the mobile point one observed[d#s sum of the areas] varied

We can notice:

l. The collective construction ofsemiotic chainin which a connection is established
between artefact signs (“mobile point”) and mathicaasigns (“variable”). The elements of
this semiotic chain are: “movable point”, “free ptj “variable”, and “movable point”. It is
worth noticing the two directions: from the artedfagn (“mobile point”) to the mathematical
sign (“variable”) and viceversa. That semiotic iohahows: (a) students’ recognition that
geometrical objects can be considered (can beetieatan act as) as variables (b) the
enrichment of students’ meanings of variable téude meanings related to “movement”.

II. Elements of a semiotic chain in which the megrof function as a relation of co-
variation of two variables emerges. The elementshisf semiotic chain are: “a free point
which vary [...] the areas” -> “the shift of the vabie causes” -> “by shifting the movable
point, one observed as [the sum of the areas]d/arie more elements can be found in the
continuation of the discussion.

With that respect let us take another excerpt filoensame discussion:
\ 74.T: “[...] what can one do after that? the third stephait...”
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75. Stud: “the calculation as a function of the variable”

In the last statement (item 75) three artefactssign“calculation”, “function” and “variable”

— are related, organized in a consistemay, and condensed to generate a new sign (“the
calculation as a function of the variable”) witheat potentialities of evolving towards
mathematical signs.

82a. How the teacher used the DDA

We analyzed the discussion above focusing on tireosie processes mobilized by students
and tried to analyze how they were related to sttgliese of the DDA.

The same data can be analysed to investigate dlcbeages use of the DDA: for instance, to
analyze whether and how the context of use of tBé I evoked to foster the evolution of
meanings.

For instance the first excerpt shows how the teraeteked the different problems addressed
through the DDA, shifted students’ attention tovgafigures as dependent variables, stressed
the dynamical character of the constructed figufémse actions fueled students’ discussion
which lead to the joint construction of the alredulyhlighted semiotic chains .

That is an example of what we mean by saying tmatiéacher uses the artifact as a tool of
semiotic mediation.

The following excerpt shows an episode in which téecher did not succeed to exploit the
potentialities of Chi's intervention, who counterédhariable” with “variable point”. The
teacher did not foster a discussion on that, orcttimérary through his intervention he quickly
put the question aside.

202. Lor: a mobile point on the side [...]

203. Chi: then, when we had to calculate the area... wellmvede we put CD as
X, we set a variable

206. Chi: we put CD as variable, and not by chance CDaat fwe used a fixed
point, C, and a variable point on the segment, D

207. T: well, the underpinning idea is to link numbersi gn..] having observed a
link between the position of the point D and [...¢ tarea of the rectangle [...] a linkis
established between a geometrical world and arbedgeworld

That witnesses the difficulty of mobilizing straieg)to foster the evolution of students’ signs.
In fact the evolution of students’ signs dependsrtemporary stimuli asking for a number
of decision on the spot.

83. Relationship between what envisaged when pigrthie PPs and the actual results of the
TE:

Keeping in mind the initial remarks, we can claimattthere is a global consistency between
what a-priori envisaged and the actual resulthetéaching intervention.

° Consistent: (a) from the point of view of the DBunctioning; (b) calculation, function and varialslee also
mathematical terms, their use is also appropriate i mathematical viewpoint; (c) the statementlisvant to
the discussion which is taking place.
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Certainly, it clearly emerges that the teacherisegtise is crucial as envisaged. By “teacher’s
expertise” we refer to the teacher’'s possible stjigs in managing the class activities and
especially in orchestrating the discussions asdrhmithin the theory of semiotic mediation.
In fact, as previously discussed, there are epsadevhich teacher does not succeed to
fruitfully exploit the unfolded semiotic potentiahe evolution of signs and meanings may
take directions which cannot be envisaged becdusspends on extemporary stimuli asking
for a number of decisions on the spot. Moreoveenewhen the emerging meanings can be
foreseen, it could be impossible to foresee how thidl be expressed. Thus one can only
plan a plot concerning a general possible path hvhitust be adapted to the actual
development of the discussion.
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A.5 Teaching Experiment Analysis
A.5.1 Analysis of Didirem TE with Casyopée

Validation of DDA and PP

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
HOW CAN YOU ATTEST THAT?

We clearly think that our goals can be reachedydaity proving that they have been reached
and to provide detailed and objective evidencéisf achievement needs some precaution.

Our document posted on WP4’forum May 26th mentidesrly students’ achievement first
with relation to the goal of understanding the salvequivalent expressions of a function
goals. But we also express dissimilar achievemeiits respect to different tasks, reflecting
specific cognitive difficulties that Casyopée does miraculously solve.

“This report does not mean an underachievement reietion to the goal of understanding
the several equivalent expressions of a functidms Bhows that, although these students
learnt algebra before and were relatively high exadris, their algebraic knowledge was still
weak both with regard to manipulation and to un@eding. Actually this insufficient
knowledge was challenged by the tasks and cledrgy tprogressed with regard to
“completing the square” forms as well as to theaggion (uniqueness). This progress is less
visible with regard to factorisation.”p.3

Our report also opens on new questions, clearlynmgahat more data analysis is needed.

“ Teachers’ dialogs with students can be descréamettrong mediations’ and question the ‘a-
didacticity’ of the situation. Up to what point dduCasyopée’s feedback make students give
up with the global point of view and reflect on fr®perties of the factored form? Up to what
point was this mediation effective? » p.3

After that we provide also evidence of achievemeith regard to the goals related to the
meaning of a variable and especially the importaotehoosing a relevant variable for
modelling a functional dependency. This achievenaifiérs from one student to the other.
For some students, Casyopée clearly played a molsderstanding this meaning, while for
others, there is no evidence. We certainly belteaé not all students have the same cognitive
style and that it can influence how they take ativgm of the software. Here also, further
analysis would be interesting.

We note also that with respect to the goals redatiovthe ability to experiment and anticipate
in a dynamic geometric situation, to model a geoimsituation and to interpret an algebraic
result in the geometric context, in depth analysisstudents’ teamwork show a global
achievement, but also diversity among teams.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

We stress the internal assessment that we choodaino about students’ achievement and
about the role of Casyopée and of the pedagogiaal ps a difference with other teams we
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expressed our goals in terms of learning rathen tim terms of students’ activity or
behaviour, or in terms of classroom functioning] &men it is less easy to provide evidence of
achievement.

Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-
CRQ)

* How does the use of Casyopée, especially its extengith the representations of
geometric functions, affect the students’ undeditagof functions?
This general question splits into several ones:

e Q1 : How does the geometrical computation followgda free exploration of the
situation in the dynamical geometry’s window of @@see affect the students’
understanding of the idea of functional depende@mggometrical situations?

* Q2 : How does the computation of dependence impitedein Casyopée (several
types of feedbacks linked to variables’ choiced¢dfthe students’ competency to
choose adequate variables in specific geometritahteons? How do the distinct
representations of parameters and variables athecstudents’ understanding of the
two notions?

* Q3 : How do the algebraic possibilities provided ®gsyopée (e.g. computations in
the algebraic window) affect the students’ underditag of different representations
of the same geometric phenomena?

* Q4 : How to built appropriate situations for expilng the potential of Casyopée in
that respect and what has to be the role of treh&an the management of these?

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

Our epistemological sensibilityabout functions (Duval, Douady,...) help us to sphie
analysed situation into several domains of work

- a geometrical frame

- a functional frame which split itself into sesakregisters of representations
- a graphical register
- an algebraical register

The DDA has been built in respect of this approachlt is composed of three main
windows: a geometrical one, a graphical one andlgebrical one. The hypothesis is that the
DDA'’s use permits students to move easily from foame to another.

The task organisedduring the session 6 has been built to manage suslement between
the frames and registers. That is why to answelRie&rqgs, we choose in this document to
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focus on the last session of our TE (session 6)tar@halyse students’activity during this
session. It is a way to understand if the educatigoals have been reached

- EG1 : the meaning of a variable and of a functibare variable (linked to Q1)

- EG2 : distinction between variables and paramsedad the meaning of one variable
function (Q1 and Q2)

- EG3 : the understanding that a same function rhaye several algebraic
representations (Q3)

- EG4 : the abilities to experiment and anticipat@ dynamic geometric situation, to
model a geometric situation and to interpret arladgic result in the geometric context

(Q1, Q2 and Q3)

In the document “synthesis of the TE”, we gave sam®vers about the general achievements
with respect to theses goals by analysing studsetigity during the sessions 1,2, 3, 4 and 5.
In the session 6 analysis, we have identified ftaam’s paths during two emblematic
episodes linked to our Re-Crq

- E1 : choice of the variable by the students aodstruction of the function
(associated to EG1 and EG2 and more linked to @1Q#)

- E2 : research of the maximum of the functionthe graphical or the symbolic
window and geometrical interpretation of this maxim(associated to EG3 and EG4 and
mainly linked to Q3)

The answer to our last Re-CRQ (Q4) can not be dottas level of analysis. It is too early.

We have identified the path of the students duliiigand E2 looking for the change of
worked windows (with the mouse on the screen aedatidio tape). Audio tapes permit to
mark the helps of the teacher (or the observerjhase paths (coded in dotted lines).
Moreover, written productions of the four teamsnpérto better understand if the EG have
been reached.
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Green: team 1 : Red: team 2
Black: team 3 : Blue: team 4

Geometrical frame
Covariation
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Numerical register

This schema shows several general results:

. The designed tasks, the scenario and the DDA aflogveat diversity of paths
among these three poles, according to teams’cho®eshe interplay between
these settings and registers associated to windowages may leads to
conceptual development.

. The teachers’role is as important as the adiddqtigi@ntial of the situation in the
a posteriori analysis: his interventions have toahalysed. Due tmstitutional
constraints, there is a teacher’s guidance from geometricain&—> graphical
register-> algebraic register

Activity of students can’t be understood withouhsmlering the whole systemic environment
(students, teacher, artefact, institution, cultemaicerns...)

About E1: choice of the variable by the students ahconstruction of the function. The
choice of an adequate variable and the construdioa function occur in the geometrical
frame (geometrical window of Casyopée: creatiom gleometrical computation, choice of a
variable and creation of the associated function).

In general, observations show that students hawaacific problems to create a geometrical
computation which correspond to the numerical gtyathey want to study. Nevertheless,
sometime they require some teachers’ help whensthgahe variable and it still exists some
specific problems which appear during this phase.

For example, the green team 1 began to choice iablarbefore experimenting and before

any construction of a geometrical computation (authany help). We can interpret this as an
instrumentation effect of the previous uses of ©pég during lessons 4 and 5. Students
remember that there is to create a variable cooreipg to a free point but they do not create
this variable in relation to the geometrical problthey have to solve.
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Green :team 1

Geometrical frame
Covariation

()

As another example, the red team still makes camigsetween variable and function.
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At this moment, the observer ask the students “Whae you done to get this window?”

“Here”

“And it corresponds to what order ?”
“Create avariable, | guess !”
“l is written create a functioh

There is confusion between variable and functiothia team. Nevertheless, the distinction
between variable and parameters seems to be upagrsten especially when one student
recognize b — b...it is with regards to the parameters. A specific point we are sensible
about is the correspondence between gesture vatmtuse and the instrumentation process.
For example it seems to be clear that the varigblgas been chosen in this team because of
the displacement the student gave to the pointhE student move by moving the point P,
then they think to chose y as a variable.

As a first answers to Q2, we find

e Students’ competency to choose adequate varizble
0 This ability seems to be kept with sometime, somipdof the teacher even if

some students choose variable as an answer ofdhetidal contract, before
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creating the geometrical computation and withoatifg) the necessity of
choosing a variable.

o0 We have also observed how the choice of a varedoebe associated to a
gesture on Casyopée. But our task in session 6ifgeartoo large possibility
of variables. Sometime, variables were refusediyents only because of
some horrible Casyopée algebraic expressions and students quickly
changed of variable. It wasn’t an expected feedback

0 It appears that the construction of a geometrioaiputation is something easy
for students but teacher s’ help is sometime uselfign students have to find a
variable.

» Distinction between variables and parameters

0 Seem to be good because of the different typesapipulations associated to
each of the objects; in general there is no coafubetween the manipulations
and the meaning of theses manipulations in teraonéble and parameters

o In fact, generally students don’t use the possybib change parameters to
guestion generality of the geometrical situationef® still exists a gap as we
also say in the following answers.

About E2 : research of the maximum of the functionin the graphical or the symbolic
window and geometrical interpretation of this maxinum

It seems that many students did not feel the needse all the symbolic possibilities of
Casyopée to find the maximum of the function thayenhcreated.

For instance, the green team find the maximum bghyshg the numerical covariation given
by Casyopee (point 4 of the following scheme). Tikab say, the move their free point M,
see the numerical values of its variations on tireen and pilot this numerical variation in
order to reach the maximum numerical (decimal) @a@iven by Casyopée for the geometrical
computation.

Green :team 1

Geometrical frame
Covariation
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This observation can be interpreted as a instruafisation and an instrumentation interlinked
process because Casyopée gives the numerical \aidetis gift can comfort students that it
is not necessary to make a precise study of vansitf the functions.

But the task which has been chosen in this sessioan also be questioned because the
function to study is a second degree function whasetions are not surprising. The awaited
value of the maximum when values of parametersirdegers is a decimal value which is
exactly given by Casyopée. So students can haveiglon that the study of variation in the
symbolic window is not usuful.

This observation has also been done with the ez t
Justine : “Donc I'aire maximale, c’est un truc,-122,45 — 12,5
Lucile : Oui, jespére environ 12,5 mais avec legpaetre de 5
(...)
Lucile : Il faut une variable mais une variableqiel style ?
(...)
Justine : Peut-on faire un rectangle d’aire maxinfu®n va voir I'aire maximale.
Lucile : Oui mais comment on le trouve ? il n'y asple tableau de valeurs ?

(--)

As a second answer to question Q1 , we can say that

» Students’understanding of functional dependetxcihe dependency is well
understood as a geometrical dependency betweenegiecahpunctual values but the
link with the global objet « function » in the grap or algebraic register (curve and
algebraic formula) is not done without any helpha teacher. It seems that there still
exists a gap and we can ask ourself about thetaffdélbe technology (in general) on
such a gap.

As regard Q3, we can say that

» Students’understanding of the differents repregents of the same phenometait
is not so evident for students that a verificatdbisymbolic results can be done in the
geometrical frame, the teacher has to help thematice links. Algebraic and graphical
manipulations seem to be disconnected from the ge&aral computation. In general,
students don’t move from one system to anothehemselves.

For instance this have been observed in the gesen path
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Green :team 1
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" Graphic register

3. SPECIFY:
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPOFRJUR
ANSWER TO THERE-CRQ.

|F POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

Said before (change of window on Casyopee assdciatehange of frame and registers of
representation used by students, audio tape torstadel what is the help of the teacher in
these changes and what are the students procesgts) production of students to go further
than an “internal” assessment as explained in toemient “synthesis of the TE”).

After the paris meeting we began to make bimodaestriptions (gesture / speech) and to
find semiotic chains but it still in progress.

‘ 5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HQW |

In Paris meeting we had analysed one of the tedamrpaking it in correspondance with the
concerns we are sensible about

— al: math objects and interactions in the DDA;
a3: actions on representations;
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ab: interactions between representations within
the DDA and within institutional and cultural sysie;

— bl, b2 and b6 : epistemological, semiotic, culturatitutional concerns in
relation with the educational goals;

— cl: tasks and organization;
c3: semiotic issues;

c4: instrumental genesis;
c6: institutional and cultural concerns in thedalities of uses.

* al, bl and b2 : sensibility at each step becaugeedfRQ, the DDA Casyopée and
the chosen domain of « functions » with severalesys of representations. Our
analysis have been done with a split of the mathierssiuation according to setting
and register of representations coming from epistegical and semiotic knowledge
about functions.

* a3 and a5 : sensitivity when students have to nfrave one system to another, with
the help of feedbacks inside the designed « milidbo these feedbacks sufficients to
preserve awaited autonomy ? That is the questionawe tried to answers as soon as
the teachers had to help students and we havetdri@atd how to manage the situation
to permit more autonomy to students ?

* b6 and c6: sensitivity when students reactionsiat@waited, the a priori analysis of
the activity is linked to cultural and institutidr@ncerns. Sensitivity to explain the
type of helps given by the teacher, especiallyxaan the global path the teacher
give to students, from the geometrical window t® ginaphical window of Casyopée
and then to the algebraic window.

e ¢l and c3: tasks and organisations are questiomhed student’s activity is not
awaited and/or a teacher’s help is needed or givasks and activity are changed by
teacher’s interventions and we try to analyse wingthematical activity is still in
charge of students.

» c4: sensitivity to understand what DDA knowledgs baen learned in link to
mathematical knowledge, to explain students petqmaths through the three poles.
For instance the way students can chose the varaglording to the point they
choose to move on the figure.

A.5.2 Analysis of Didirem TE with Cruislet

Validation of DDA and PP

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
How CAN YOU ATTEST THAT?

Educational Goals
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Use Cruislet’s potential for students working on Bdalistic problems enriching the meaning
they give to vectors through the use of represemtatnon standard school level and the
meaning they give to curves such as circles, spioalhelix through the local generation of
these.

These goals were only partially achieved becaustha two experiments, time was short (3
and 2 sessions). Students actually encounteregrtidems. Some were able to solve them
completely while others found the software diffictd use and the tasks very demanding.
Time was too short to really intrumentalize Cruisl®assing to a paper pencil 2D
representation to solve a problem of 3D displacentaordinating Cartesian coordinates and
polar representations of vectors ve as well as iwgrén LOGO programs were real obstacles
for some.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

Educational Hypothesis
1. The framework TPEs makes possible
the use of Cruislet in the institutional context
the actualization of the original potential it ef for working in 3D geometry [...].

2. This requires careful introduction to this comemplsoftware through the choice and
succession of appropriate tasks, a careful shadghgesponsibilities between the students and
the teacher, and a careful orchestration of thstfpphase of the instrumental genesis by the
teacher.

We tried to organize the introduction as foreseeithe Educational Hypothesis, but there
were obstacles in using Cruislet in the institusilocontext: the French curriculum leaves little
opportunities for not content oriented activiti#fie TPEs were foreseen as an opportunity,
but it was actually difficult to persuade studetidschoose a project with Cruislet while
keeping the TPE’s spirit of free choice and opemadim. Thus expectations of Hypothesis 1
were not fulfilled. With regard to hypothesis 2rtagly time has been underestimated: most
students were not comfortable enough with Cruesetio carry out a project.

Common Research Questions

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-

CRQ)

CRQ for the first experiment (T1grade):
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How can the Cruislet representation of 3D displaeata be a basis for developing project
teamwork?

How do students appropriate and coordinate thepeagentations?
CRQ for the second experiment'(@rade):

Can we design tasks that a priori allow studentthvai very limited background in terms of
vectors make sense of the complex semiotic sydterecbby Cruislet in such a workshop
context, and use it for solving challenging and riowial tasks involving 3D coordinates,
vectors, displacements and curves, far beyondcuhecular expectations at that grade?

What specific strategies, use and coordinationewhistic representations emerge from the
interaction with Cruislet when trying to solve thaasks?

RemarkThe CRQ for the second experimikies into account:
- the impossibility of finding suitable institutionaionditions for developing
project teamwork
- the very limited background relatively to vectofstlee students in the second
experiment

2. ANSWER YOURCRQ.
WITHOUT RENOUNCING TO YOUR OWNIHEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OPIDACTICAL FUNCTIONALITY AND TO THE
SHAREDMINIMAL THEORETICAL FRAMEWORK.

Regarding the first experiment

* The difficulties met with the first experimentatiatiow only partial answers to
the CRQ (no project teamwork).

* Analysis shows that, in spite of the interest shimyithe students for working
with the software, instrumentalization of the diéfiet representations and the
coordination between these required by the pilotihgvatars took more time
than anticipated:

— piloting avatars using directions
— coordinating map and avatar use
— coordinating direct and programmed piloting
* Analysis of the first experiment also attracts atiention:

— on the mathematical requirements of the tasks [@@gto students in the
first phase of instrumentalization (the risk of nidtye overload was
certainly under-estimated in the design of thegask

— on the influence of institutional norms and thaffuence on teachers’
decisions even if this specific context of TPE signhess constrained

— on the limited opportunity that students have faking sense of the
semiotic affordances of Cruislet by the way of daditic adaptive
processes, in spite of very interesting opportasiti
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Regarding the second experiment
* Two sessions suggesting:

— that some main Cruislet features are quickly acbkst grade 9
students

— the influence on these positive outcomes of thagés introduced in the
scenario in terms of tasks and of the tight intéoadbetween the group
and collective work along the session

* But also, the same difficulties met like at 11thdg with the design of a flight
under constraints requiring the use of some trigoetoy and Pythagoras
theorem

* The impossibility to getting a precise idea of whas been really learnt

REFERENCE TO THE THREE POLES OF THE NOTION GFDACTICAL FUNCTIONALITY
a) Characteristics of the DDA

Cruislet’s attractiveness and affordances for nrmelpresentation have a counterpart: the
complexity is very high. There are three ways ofigating: with the mouse, by piloting
avatars first by hand, then by LOGO programmingeAs$tudents learnt to navigate with the
mouse, they moved to piloting avatars, but thery tbeuld not navigate with the mouse
anymore and they were often lost on the chart. Thathy they had often to remove and
recreate avatars. Then the avatar panel is verplexmvith several entry boxes some moving
the avatar in different ways, and other relateth®sview (camera properties). It seems that
many students do not really master this panel. Bxgpto LOGO is done via the same
boxes: only a check box controls two very differeahaviours of the DDA, piloting an avatar
or writing commands, that after execution, will guge the avatar’'s move. The LOGO panel
often confused students because they have no erperbdf programming,. They for instance
had difficulties to insert exported commands atrigat place as well as to edit consistently
the program.

b) Educational goals

Cruislet vectors did not seem to us a major featliheis our Mathematical goals were in
relationship with 3D coordinates and trigonomeffiilese notions are not easy for students
and problems with the interface were often mixethwmathematical difficulties, for instance
understanding the difference between setpos amir $&td to do with distinguishing points
and translations. Difficulties were also a consegeeof insufficient ability to represent
mentally the third dimension and of lack of metliodsolving problems in 3D. For instance a
student positioned an avatar low above Sparta aartted to go back to Athena, simply by
choosing this town in the list. He repeatedly gm tmessage “Avatar cannot go to this
position” because there is a mountain very clos&parta. He understood that he had to
increase the altitude, which he did by trial angeup to 4000 meters, without thinking to go
up above Sparta sufficiently high before takingdirection of Athens.

More generally students did not try alone to repmnés problem like going from Athens to
Sparta in the 2D vertical plane passing by these towns. After teachers induced them
towards this representation they had difficulty &ctivate their trigopnometric knowledge
(using atan to find vertical angles).

c) Modalities of use

The tasks we prepared in the pedagogical plan seposteriori well adapted for the goals.
Nevertheless most students could not achieve thene @and one can be doubtful about what
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they actually learnt. A minority of students werermm active and would deserve further
analysis.

Less ambitious tasks (free exploration, trips witha@onstraints...) could have helped
students’ appropriation of Cruislet, and studermslad have achieved them alone, but they
would not have put actual mathematical knowledggtate, which is not really acceptable in
the French institutional context. More simple taskeuld also have been possible by
overlooking the geographical background, for insgamy making an avatar fly along a
horizontal geometrical figure. More ore less coogsly, we did not dwell on such tasks,
because we thought that they do not exploit thest&tls potentialities.

Certainly, a more careful preparation taking intcaunt the instrumental needs of the tasks
we prepared would have brought better results.olild have required at least doubling the
number of sessions. This again points towards iffieudt ecology of this piece of software in
the French institutional context.

3. SPECIFY:
- THE KIND OF DATA YOU ANALYSED;

* The first experiment:
— Video for the 9 (3x3) sessions observed

— screen captures for 12 students during the indalidugroup work sessions
observed

— audio-recording for 5-6 groups for the same session

— successive versions of scenarios, comments bydegatudents’ documents
* The second experiment:

— videos for the 2 sessions observed

— screen capture for 4 (2x2) groups of students

— students’ documents

- THE SPECIFIC ELEMENTS OF OBSERVATION

e Successive changes introduced in the design afebsions by the teachers
* Analysis of videos and teacher mediations
* Analysis of screen captures on specific tasks:
— the Athens-Sparta trip in sessions 2 and 3 (expl)
— the horizontal triangular flight and its verticalagtation in session 3 (exp1l)
— the landing near Mount Olymp (exp2)
— the Athens-Corinth flight (exp2)
— the adaptation of the Logo program for an acrolféght (exp2)

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORIUR
ANSWER TO THECRQ.
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|F POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

Answers to the CRQ are evidenced for instance:

— by the distance observed between collective achiemés and personal
or group achievements

— by the limited use of some representational pdgs#si (3D controller)
— by the limitations observed to a-didactic functiomi
Theoretical frames
* Instrumental approach (especially instrumentalkizaissues)

» TDS (characteristics of the milieu and of its pairesulting from Cruislet
semiotic affordances, notions of didactic contrati-didactic interaction/
didactic interaction)

» ATD (institutional constraints, norms) inluencireathers’ decisions before and
during the sessions

* The ergonomic-didactic approach of teacher mediatand teacher role and
how teacher mediations modify the nature of theestis’ work anticipated a
priori

* Actual realizations that limit the potential foradysis of constructionist
perspectives that we anticipated to be especialiyul here

* The evident need of an enlarged vision of semigficesentations and
mediations (if compared to our usual perspectivieims of semiotic registers)
including extra-mathematical representations amdisee to gestures

5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOQW |

Usual concerns for us:
1. Semiotic
2. Instrumental
3. Task design
4. Institutional
But a different view and use of these as compaiigutive Casyopée experiment
Less importance given to epistemological concerns

A.5.3 Analysis of ETL TE with Cruislet

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
How CAN YOU ATTEST THAT?
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The educational goals specified in the PP, concemmanly the concept of function as well as
the notion of vector as the displacement in botbggaphical and spherical coordinate
systems. Specifically, the educational goals inetld

 The exploration of the concept of function as c@tan using the geographical
coordinates as a system of reference

- The development of the notions of dependency betwe@planes’ positions.

« The study of the existence of a rate of changeelative displacements on the 3d
space

« The exploration of the notion of the vector as thgplacement in Cartesian and in
polar coordinate system

« The study the notions of geographical coordinatesha variables of the vector of
displacement in Cartesian and/or in polar cooréiisgstem

The criteria we used to specify whether these goale achieved rely upon the data analysis.
To be more specific, in our analysis we searchedrfeaningful episodes were students get
involved with the concepts of function and vectdmrough visual, numeric and
symbolic representations. Thus, to articulate tbleievement of educational goals, we use
episodes where students construct meanings while:

» Using and associating the available representat{@isuial, numeric or symbolic).
» Discussing within the groups to accomplish thevétats.

» Expressing their thoughts graphically, e.g. malgraphs or figures.

» Creating their own activities, based on the “Guagdunction” game.

As a conclusion we may say that our educationdlsgoare achieved as far as the concept of
function is concerned, as we could see in the amaljRegarding the concept of vector, we
should mention that our initial aim was not fordguats to study this concept in depth, but
rather to use it as a vehicle to displace the amgd through the use of the corresponding
systems of reference. Thus, vector became an oljébt which students engaged in
navigational activities and through this activitlyey developed mathematical meanings.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

The hypothesis specified in the TE portrait focusadsector’s properties and the ways these
can be utilized by students for developing a mattaral language. Specifically, as reported
in the TE portrait:

“While students used the geographical and sphericabrdinates develop a more
mathematical language based on vectors’ properfié®y refer to the angles and the length
of the vector, to the latitude and longitude. Speally students distinguish the two systems of
reference and make selections about them whilegatimg in 3d spacg.

Vector’'s properties and in particular the way atoecs defined in the context of the Cruislet
DDA, acted as a vehicle with which students coms$éi meanings about geographical and
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spherical coordinates. The criteria specified teeebeing questioned in SRQ1 and partially

in SRQ2.

Common Research Question

2. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-
CRQ)

How students using spherical and geographical systef reference in Cruislet
construct meanings about the concept of function?

Note 1: During the analysis process we noticed that clusters emerged and the
episodes used for answering this question can bd t@ answering the SRQ1 and
SRQ?2 specified in the TE portrait. Thus, the ansvedrthe following questions are not
included in our analysis, as we think that it wol&la redundancy.

SRQ1: What kind of meanings do students consttumtiethe relationships between the
displacements of avatars while navigating in Catigeographical space?

SRQ2: What kind of meanings do student construsteming the concept of function
while making relative displacements in a Cartesiaordinate system?

Note 2: All of the answers given to CRQ and SR@saathe conjunction of the results
of both TEs.

3. ANSWER YOURSRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

While students were interacting with the Cruislevieonment according to the PP,
several meanings emerged regarding the conceptraftibn. We categorise these
meanings in clusters that rely upon the conceptiaétion. In particular, there are four
major categories:

1. Domain of numbersStudents navigating an airplane in the 3d mapree€e realized
that the domain of the geographical coordinatesisally a closed group. The 3d map
of Greece is a geographical coordinate system spé#tific borders. The investigation
of the range of the geographical borders as theadowf the function became the
subject of study and exploration through the usehef DDA functionalities. . In
particular, students exploited the two differentsteyns of reference and,
experimenting with the values of the geographicairdinates, they define the range
of the latitude — longitude values. This specifioge of values has been considered as
the domain of the functions according to which dieplacements of the airplanes are
relative. Although students didn't refer to theues as the domain of the function, we
interpret their involvement in finding them, as athematical activity regarding the
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domain of the function.

Students experimented by giving several valuekdéageographical coordinates of the
airplane’s position defining at the same time #r@ge of coordinates’ values. In the
following episode students are trying to find dug teason for not placing the airplane
to a given position.

S1: Why?? Mrs it doesn’t accept any value. (thexegalues in procedure flyl

and the airplane couldn’t go).

R: Remember what values has the lat long cootdata

Lat equal 58 isn’t correct? (she also spolcethe next team)

S1: Mrs, it doesn’t accept 32 20 100 either.

S2: Greece hasn't value 20 (student from anothemtspeak ironically to him)

S1: Why? The 58 you used was correct?
An interesting issue related to the domain of tirefion, is that the provided
representations, i.e. the result of the airpladesplacement displayed on the screen,
helped students realize that the domain of numtfeitse two airplanes displaced in
relative positions, are strongly dependent. Failaimse when the first moved to a
given position, the second one couldn’t go anywlbertethe domain of values was
restricted by the first position. In the followiegisode students realized that the 2
airplane didn’t follow them when they fly at a Idweight. The episode is interesting as
it indicates the way students realize the domaigeaigraphical coordinate values that
the first airplane can take in relation to the othee.
S1: There are some times that it (meaning therainplane) can’t follow us.
R:  Where? When?
S1: When I'm getting into the sea.
In the language of DF, we could say that the charitics of the DDA, such as the
visualization of the results of the objects’ dig@ments on the map, acted as a
mediator in students’ engagement with the domaiumdtion. We have to mention
that although the modalities of use of the DDA #melcommunication within the
groups didn’t reveal that students realized or meed anything regarding the
concept of function, but rather that they have &selion finding ways to move the
airplanes. In other words, students didn’t concéivevalues of the coordinates as the
domain of the function, although they used it iis thay. The interpretation of
students’ actions relies upon our educational goetailted to conceive this as a
mathematical activity that was related to the notbfunction and particularly, its
domain.

2. Function as covariation During the implementation of the envisaged PPdestis
engaged with the notion of function, through theiperimentation with the dependent
relationship between two airplanes’ positions, Wwhwas defined by a black — box
Logo procedure. Trying to find out the hidden fuomef students’ actions and
meanings created suggested they were able to cabedthanges in the direction and
the amount of change of the dependent variableridedm with an imagined change of
the independent variable. Our results indicate #tatlents developed covariational
reasoning abilities, resulting in viewing the funotas covariation.

Initially most of the students expressed the catem of the airplanes’ positions
using verbal descriptions, such as behind, freift, €tc. as they were visualizing the
result of the airplanes’ displacements. In theofelhg episode students express the
dependent relationship while looking at the redidplayed on the screen.
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S1: So, he always wants to
be close to us on our left.

R: Yes.

S1: And he is beneath,
further down to us. Beneath.
S2: And behind.

Students experimented by giving several valuegtmgaphical coordinates in Logo
and formed conjectures about the correlation batveéplanes’ positions. Through
their interaction with the available representadighey successfully found the
dependent relation of the function in each coordingesulting in their coming into
contact with the concept of function as a localedefency. In fact, one of the teams
conceived the relationship among each coordinagefasction, as it is obvious in
their notes on the activity sheet.

S 0@l
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Translation

Our Lat is x, his Latis x — 0.1
Our Long is y and his isy — 0.05

t Our Height isw and his is» — 2500m. les
0
hidden functional relationship between the airptaiheight coordinates. In particular,
they didn’t encounter difficulties in decoding tatlie and longitude relationship in
contrast to their attempts to find the height dejeercy. Although all three functions
regarding coordinates were linear, students coedditve functional relationship
between height mainly as proportional, in conttagatitude and longitude that were
comprehended as linear, from the beginning. Ifdhewing episode, students
endeavor to apply the rate of change of the fundibiodecode the height relationship.
As they were thinking the height coordinates hadogortional relationship, they
suggested to carry out a division to find it.

S2: When we go up 1000, he goes up 1000.
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R: Do you mean that if we go from 7000 to 8000 desdrom... let’'s say 2500

to 3500.

S2: He is at... 3000. No. Give me a moment. At 8800ds at 5500. At 7000

he was at 4500. At 5000 he is as 2500. And then....

S1: We could do the division to see the rate.
An interesting example was the cases of the vanaif the height of the airplane
every time they pushed the button ‘go’ in spherairdinates, when they wanted to
make a vertical displacement. In particular, byirde§ the vector of a vertical upward
displacement, students observed that height wasnlyeslement that changed in the
position of the displacement. Through a numbedehtical displacements students
identified and expressed verbally, symbolically gnajphically the interdependency
between direction functionality and the heightlef aiirplane. Students’ reasoning:
“the more times we push the button GO the higheaitidane gos”, suggests that
students developed a covariational reasoningtykilnilar to the second level
proposed by Carlson et al (2001) of how the vaeslalre changing with respect to
each other. Moreover, the retrospective symbope tyeveloped by students (h2=
h1+1000) indicates that they realized that the o&tehange of the height is constant.
In the following figures we can see the result diged on the screen (figure 1) as well
as students’ writings on the activity sheet (figﬂe

Students’ actions:

1. Define spherical
coordinates (theta = 0
fi=90 R = 1000).

2. Push the Go button
in direction resulting to
displace the plane
vertically.

3. See the airplane on
the map.

4. See the changes in
the heiaht coordina.

Figure 1
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Figure 2
In the language of DF, we could say that the DDArahteristics became a vehicle to
engage students with concepts related to the con€épnction and their expression
in a mathematical way. The result of airplanespldisements on the screen, gave
them the chance to realize the dependent relatibrisual terms’ and then express it
in mathematical terms. We believe that the resuksmainly based on the way these
characteristics were used in the context of tha@®®ity (modalities of use in the
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language of DF). In particular, the activity waséd on the idea of ‘Guess my
function’ game and the dependent relationship l{buLogo programming language),
was hidden at first. Due to this choice, studeotsi$ed primarily on the observation
of the relative displacements and not on the Lagteainderneath itAt the same

time perceiving the activity as a game has asaltrthe engagement of students with
the activity.

3. Inverse functionAlmost all of the teams failed to find out thaethse of the inverse
function was needed to end the game, meaning pdades the first airplane in a way
so that the second airplane would land at a specitfy (Thessaloniki). The way the
covariation of airplanes’ position was represermtadthe map facilitated students in
developing the notion of covariation in airplanpssition. In the following figure, we
can see the result displayed on the screen whetergt inserted Thessaloniki’s
coordinates to displace the airplanes. The disteteeen the airplanes and the use
of the 2d map, helped them realize that the inviensetion was needed.

8 i = %]

Students’ actions:

1. Insert
Thessaloniki’'s

coordinates in thq
Logo procedure.

2. See the result o
the screen (both 3q
and 2d map).

| m—

3. Realise the
distance between the
position the wish to
displace and currel
After interacting with the available representasipas mentioned above, students
considered the inverse function as the reverseepsoin a way that the old outputs
could became new inputs. Particularly, as studeadisfound the hidden function, they
made conjectures concerning the values they hawgtn. In the following episode,
students communicate their thoughts about the hey nust find the coordinates’
values and particularly the long coordinate. This@ge is interesting as it depicts
students’ vacillation between using the functiotdiag the value 0.7) and using the
inverse function (abstracting the value 0.7), tmpate the long coordinate.

S1: We though contrarily and we added the oneltisas in order to go there.

R:  We want to go to 22. (talking about long cboate)

S1: Oh, 22. Inthat case 22,7. (adding the vélre

S2: 21,3. (abstracting the value 0,7)

R: 22,7 or22,3?

S2: 22,7(students agree)
Their wrong guesses caused misdirection of theéaaiep The immediate feedback
provided by the DDA encouraged students to thinthefconcept of inverse function
as a process that may be reversed (Carlson, 1996 following episode (captured
from another team), students manage to end the bgrakering the coordinates and
using the right values. It's interesting to seeordy how they used the DDA
representations, but also their enthusiasm whitngrnthe game.

S1: Let's give 38.5.
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R: Be careful. We want the airplane to go at3at

S1:38.521.7 10000 (Press insert to run the pracedut the plane displace to

another position than they wish to go)

S2: |@#%¢ (Gets upset)

S2: Oh, it went at 38 21, but we want it at 39 PRdy give 39,5 22,7 and press

insert)

S2: Here itis!! We did it!! Here it is Miss, vadd it! YES! Well done to our

team! Well done to our team!!!
Although students utilized the provided represeonstto find the inverse function,
they confronted difficulties in expressing theirdings in a symbolic way in particular
when the got involved with the Logo code, while ogiag the activity. To be more
specific, the coordinates of the first airplane wgmesented as (:a :b :c) and of the
second one as(:a-0.1 :b-0.05 :c-2500) and the tondhat defined the end of game
related a b ¢ values with Thessaloniki’'s coordisat¥hen students tried to change the
code, they were thinking that a b ¢ were the comigis of the second airplane that
they were referring to. In the following episodedsnts realize that they should use
the inverse function while writing a specific commdan the logo code.

S1: Here, a refers to a of the active avatar. (meg the first airplane)

R: Nice.

S1: Thus a b and c. Thus, given that gayrosr{tmee that students gave to

the 29 airplane) move according to a plus this, in tHe¢bmmand will be a....

as he goes plus to our position. In the if commfamtias minus.

In the language of the DF we could say that theessmtations of the DDA supported
students in their experimentation and helped theeowvercome the difficulties initially
occurred. The visualization of the result on theesn, not only did it help them to
‘end the game’ in the first phase, but to interfer® the logo code and to create
something of their own, in the second phase. Wec@on these two phases as
different modalities of use of the DDA, as in thestf phase students perceive and
utilize the DDA as a tool to carry out the actiyityhile in the second phase they
perceive it as a tool to create the activity. Tonsup we believe that the DDA’s
functionalities (both representations such as mapmdinates and the Logo language)
acted as a vehicle in different ways of utilizihg tDDA.

We have to mention that although the modalitiesusé of the DDA and the
communication within the groups didn’t reveal tiséiidents realized or mentioned
anything regarding the inverse of function, buheatthat they focused on finding
ways to move the airplanes. In other words, stigdditin’t conceive their activity ‘as
finding the inverse function’, although they usédas such. The interpretation of
students’ actions relies upon our educational goasulted to confront this as a
mathematical activity that was related to the notbthe inverse function.

4. ldentity function Through their interaction with the DDA and whdarrying out the
activities of the PP, students came in contact withamic functional relationships
and the way an image of two variables changes samebusly. During this particular
phase of the PP (in thé“2eaching experiment), the teacher asked the stsiden
reformulate the hidden function in a way that tlepehdent variable has the same
values as the independent. Analyzing the resultduafents’ answers in this additional
activity proposed by the teacher, we noticed thay tould easily identify and express
the concept of identity function either verballynsoolically or graphically. It's
interesting to mention that although students vadie to identify the function and
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externalize their thoughts in several ways, theyndimention the phrase ‘identity
function’, as they were not able to ‘recall the maniHowever this fact didn’t prevent
them from communicating their understandings abibutThe following episode
illustrates how students describe the identity fiamc

S1: We just give coordinates and goes where ithge.

R: So, which is the function?

S1: I don’t know... if we name x the function we fatm the position and y

that on (referring to the logo procedure) then x=y.
The following figures show how two of the teamswdithe graphs in their activity
sheets (figures 1 and 2). Figure 1 depicts the stagents describe graphically the
identity function. From the graph we can see thadents used numbers that could be
values of geographical coordinates to draw thelgrapsimilar graph is shown in
figure 2, where students from another team predeiwédegin their graphs from the
origin of the axis and use numbers 1, 2, 3, 4 sy, as they didn’t ‘like decimal
numbers that geographical coordinates have’, asrttentioned. In both figure we
espy that students divide both x and y axis in ese@ments, meaning that they
conceive the rate of changes in airplanes’ postemconstant. As a result, we assume
that students seem to have realized that changedependent variable cause
congruent changes in the dependent variable.

-!',:r Il (T — A E] - f=r -
F—— -'--—-oT H——————1
% | 0 ) N A | D

Figure 1 Figure 2

In the language of DF, we could say that DDA repnéations such as the symbolic
representation of geographical coordinates in L@ya the map representation
supported the construction of meanings around tmeeapt of identity function. We
think that students engagement with symbols likeaand ¢ helped them to realize that
coordinates could be represented by a symbol amddpendent relationship between
coordinates can be represented in several waygspandingly.
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4. SPECIFY.
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

1. Audio and screen recordings were analyzed verbatimrelation to students’
interaction with the environment. We have focusadtipularly on the process by
which implicit mathematical knowledge is constructiuring shared student activity.
As a result, in our analysis we use students’ \erfaascriptions as well as their
interaction with the provided representations @igptl on the computer screen.

2. Students’ activity sheets and notes. This woulg hed see the way students express
their ideas in a symbolic way.

5. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORIUR
ANSWER TO YOURSRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

Cruislet was conceived as a digital medium for reatatical driven navigations in 3d large

scale spaces. It is based on the idea of multipked representations (i.e., any action carried
on a specific representation provides immediatengbaand feedback in all representations,
Kaput, 1992). Students interacting with Cruilsevissnment could define the displacement
of the avatar by employing either a Cartesiandagtheight coordinate system or a vector-
differential (fi, theta, r) coordinate system. Stats exploiting the provided representations
through the use of the DDA functionalities consted mathematical meanings concerning
the concept of function. In particular, during thealysis of the students' constructions
concerning the concept of functions we focusedhenpibtential role that Logo programming,

mathematical and geographical concepts, relatindgepresentations played.

The tasks which were involved in the PP providedisnts with the opportunity to explore
and generate mathematical meanings, in partichaconcept of function, irrespective of the
ways in which they might be structured (or fragneeitin the mathematics curricula
according to the theoretical construct of toeceptual field§Vergaud, 1990). Our approach
to learning promotes also investigation through dbeign of activities that offer a research
framework to investigate purposeful ways that allokildren to appreciate the utility of
mathematical ideas (Ainley & Pratt, 2002). In thentext, the analysis focused on the way
that students investigated the mathematical concgptinction within a geographical 3D
microworld where the foreground issue was the nmdteal nature of 3d navigation.

‘ 6. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOW

a) Characteristics of the DDA(S)
a.1l concerns about the ways mathematical objedtshair interaction are represented

a.3 concerns about the ways representations cactee on
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a.5 concerns about interactions between diffelpriesentation systems

a.5.1 within the DDA

These concerns guided us in identifying how stusleinteracted with the available
representations and the connection between theocontruct mathematical meanings.

b) Educational goals
b.1 epistemological concerns

b.2 semiotic concerns

Guided us in identifying issues regarding the cphad function and the way these are
expressed by students in several ways (verbalpphacally, etc.). Particularly, the clusters
which emerged from our analysis are based upoardiit concepts related to function.

Specific Research Question_1

1. REPORT YOURSRQ.

What kind of choices do students make between gj@heand geographical coordinate
systems while navigating in geographical space?

2. ANSWER YOURSRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

Students’ interaction with Cruislet environment aggd them with concepts related to the
two systems of reference used to navigate in 3desgpeographical and spherical coordinates,
as well as with the relationship between them.hils particular question, we endeavor to
explore students’ choices while using the two systef reference and the ways these are
manipulated in order to navigate in geographicaksp Our analysis is based upon students’
interaction with the available representations @il preference on one system vis-a-vis the
other, while carrying out the PP activities. Torhere specific, our analysis revealed three
main categories that are shown in the followindeab

Category Geographical Spherical
coordinates coordinates
When?
Choice according to the Displacing at a specific Navigating in space
way of navigating. geographical point
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How?
Choice according to the Select a destination 3D controller
representation/ functionality representation

functionality.

What?
Choose among Lat, Long discriminated Theta, Fi
coordinates. from Height discriminated from

R

Although the case for students was to choose amoaglinate systems, there were several
times that they didn’t choose one of them, buterathey tried to create links between the
systems of reference, to navigate the airplanes™™m could add a fourth category on our
analysis concerning ways of combining geograplaaal spherical coordinates.

1. When? Choice according to the way of navigating.

Regarding the way of navigation, students prefetm@dise geographical coordinates to
specify a specific position, e.g. a city on the mapcontrast to spherical coordinates used by
students to make displacements in space, indeptndeinthe destination place, such as
figural formations in the air. This was observediimost all teams, despite the fact that some
of them had a strong preference to one system feferce and used it to displace the
airplane. In the following episode the teacher asies class if the 3D controller (the 3D
representation of spherical coordinates) is battany case. Most of the students support this
statement in a debate about systems of referenddelthick of the conversation a student
declares that this depends on the situation. Tlsoeée is interesting as it depicts students’
way of thinking when they had to choose among ttaélable systems of reference.

R: Is Controller better in any case?

S1: Unless we want to go somewhere specific, &tamte, at an airport. We won'’t use 3d

controller.
R: Why don’t we use the 3D controller to go to apart?

S1: Because we have to go to the specific airpiovie go with3D controller, we'll go where
it lands and we’ll crash.

R: Nice. And how do we go to the airport?
S1: We insert its coordinates and it goes. (Meaigeggraphical coordinates)

A similar situation occurred while another team wagng to displace the airplane in a
specific position. In this case students believeat it's difficult to manipulate the airplane
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with spherical coordinates and that it's ‘fasteruse geographical coordinates instead.
S1: The airplane goes faster with position.

S2: Why? We didn’t go with the other so as to know.
S1: Yes, but imagine. If we control it with thera,won’t be able.

The episode is interesting for another reason dls a&S1 uses the word ‘control’ to clarify
his view of spherical coordinates. This statemsenhdicative of students’ approach, as they
viewed spherical coordinates as a way to ‘contitod airplane, in contrast to geographical
coordinates that displace the airplane in spepifices. From our point of view, we interpret
this way of viewing systems of reference as an egwoic and an absolute frame of reference,
as spherical coordinates has to do with the foramer geographical with the later one. As a
student pointed outThe other (meaning geographical coordinates) driyes to an area. |
don’t believe is as much reliable as direction, duese (with direction) you can do changes on
your own. Insert values, change meters you wantigplace or change the degrees.
Anything.”. A more detailed approach can be seen in thewallp activity sheet, where
students support their preference in sphericaldinates.

To  tlota et L elNou 1elb S le

radd  eorto Joh b T WU b (?a
Voo H@Um@m et §ba (wfjfé’q&gﬁ

~

Translation

Theta and Fi is easier, because we displace trectojherever direction we want and
whatever meters we want.

As a result of students’ approach of systems dfresfce, they used spherical coordinates
when they created figural formations in the aithaligh this was not included in PP
activities. An interesting example is that of antethat decided to draw letters in the air using
the 3D controller representation. The followinguiig shows this construction.
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The second category concerns the representatianfaiseach system of reference. Regarding
geographical coordinates, students preferred tahes&Select a destination’ functionality and
find the coordinates of the place they wanted $pldice the airplane. This is not surprising as
this functionality allows them not to search fodestination’s coordinates, but to have it at
once. The interesting thing in their actions ig th@y used this particular functionality, even
when the place they chose to go wasn’t includetthénlist of predefined cities that ‘Select a
destination’ had. In this case, they preferre@itk a city near the place they wanted to go,
displace the airplane there and finally use coatddis to get the airplane where they wanted.
The following table shows the way a team workedriter to go to the airport of Chania.

1% step

2% step

& step

A step

camsuamaf

Rrss = @ am. o

camEIn

Use ‘Select a destination

to go to Chania.

'Displace the airplane t
Chania and see the res
both in 3D and 2D maps
The airport is on the right

0D See where they want t

Llgo

by increasing

.camera’s distance.

oMake

severa
displacements to get th
airplane to the airport. Us
2d map to identify thei

position.

© o

Despite the fact that students have been famiédnzith Cartesian coordinates in school and
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several times draw a parallel between Cartesiangaographical coordinates, most of the
teams used spherical coordinates to navigate inespad in particular they used the 3D

controller representation. Although they were ramustomed to this system of reference, they
successfully manipulated the 3D controller in orttedisplace the airplane. In fact, most of

the teams favored this particular representatioreiation to others, (such as the editing of
spherical coordinates), as they mentioned sevenaist The following dialogue depicts the

way students support their choice in using 3D ailetr, when the researcher asked them to
explain this preference.

S1: 3D controller is easier.

R: Yes? Why?

S1: Because we choose here and then press ‘Gat goeés.
S2: Yes, you have to know where it turns.

R: Why? Instead of using3D controller, why don’tygo there and edit the values?
Why this is easier to do?

S1: Because, here we go (moving the arrow of 3D0raber). It's more fun and you

also play with the arrow. Otherwise, | have to thiwhere it should go..Do you

understand? Am | clear?

R: Therefore we work mostly with r, fi, theta whea have the controller. When we

don’t, we don’t work with them.
S1: No. We must think and...

R: Is it difficult, difficult to think? At least & you understand what fi, theta, r are
doing?

S1: Hm, we have understood something.
S2: Yes. Yes. We have understood.

After this dialogue, students explain to the resear their thoughts of spherical coordinates
and they seem to have been accustomed to them, Weumay consider that their choice
don’t rely upon their understanding of coordinatas, on a preference on this representation.
We consider this episode as illustrative as it dintks two aspects regarding students’
thinking of the 3D controller. The first one is tithey were thinking of it asun’ as they
were able toplay with the arrowand the second one is that they believe that whep use

it they ‘don’t have to think'.

3. What? Choice among coordinates.

In this session of analysis, we report studentgiagds regarding the three coordinates each
system composed of and how they were manipulateddier to displace the airplane.
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An interesting issue is that students confronteiulde and longitude in a different way as
they manipulated height in order to specify a posiin space. In particular, most of the times
they edited lat and long coordinates up until tinplane was displaced to a specific point of
the map and afterwards they were editing the thodrdinate, the height. In fact, at their
experimentation, many students forgot to edit heaghthey were concentrated in trying to
find latitude and longitude of a place. We coulgl #aat may be this is explained by the fact
that they were not familiar with the environmentahought that the environment ‘reminds’
previous positions or coordinates. But this is tiw case as such confusion occurred only
with height and not with other coordinates, eveorié of them remained stable. A possible
interpretation about this confusion is that studeme accustomed to 2d representations where
they manipulate only two magnitudes and this isrdeson why they usually preferred to fly
at a fixed height. On the other hand if we acchptview of Dalgarno et al. (2002) that we
understand 3D models through multiple 2D represiems, maybe students had focused
subconsciously on a simplified 2D way of visualgsthe displacements of the airplanes. We
have to mention that although students ignoredhteigveral times, it was height coordinate
that was firstly understood.

Our findings in relation to spherical coordinatese compatible with these on geographical,
in the sense that students discriminated ThetaFamdordinates from R and additionally to

the fact that they were accostumed better to the dae. This was not surprising as the
measure of these coordinates are different andestsdidentified easily what each one
represented. Comparing the manipulation of thebersgal to geographical coordinates, we
found that in this case, students also focusedhanging 2 of the three coordinates (theta, fi)
in order to find the right direction. Only aftervdarwere they editing R, that is the extent of
airplane’s displacement. In fact, changes in R mmtumostly when students had already
made a dispacement and from the result displayetheénscreen, they could estimate its
magnitude easier. We could say that the utilizat@inR independently of the other

coordinates, may rely upon the fact tha they udedc@ntroller representation most of the
times that doesn’'t have the R coordinate built in.

4. Create links between geographical and sphericaldoates

Students didn’t always choose one system of reéerém navigate in space, but several times
combined both to make a displacement. In this wasy tcreated links either between
distributed coordinates (e.g. height of geographacd fi of spherical) or between all three of
coordinates for the two systems of reference.

i. Links between distributed coordinates.

In their attempt to place the plane at a speciégim, students used primiraly the height
coordinate. However, there were some teams that wsing spherical coordinates to carry
out almost all displacements. Based on studentenscbn a team like that, students were
trying to find a way to raise the airplane’s heigbta specific value, while utilizing the
spherical coordinates. In fact one of them gaveidba to use the fi coordinate and raise the
airplane by asking the other one€fhe height is fi? and afterwards he edited the fi
coordinate’s value in order to raise the plane.sTdtatement is interesting as the student
endeavor to create meaning around the fi anglerépaesents airplane’s perpendicular angle,
in relation to the height that the plane will bagsd.

Another episode where students create a link betweerdinates is that of longitude and
theta coordinates. In the following episode thalshis of a team argue about the system of
refernece that displace the airplane ‘right — left’

135/266



Dell3 Annexes

S2: It goes right and left. (referring to longit)d
E: Right and left.

S2: Yes.

S1: No. Theta is right and left.

S2: These are the degrees.

S1: Yes, the degrees it turns to the left or right
S2: I'm saying to displace at the same time.

The episode is interesting as it depicts the waglesits verbally express the way they realize
the displacement while using longitude or thetal@wd spherical coordinates. In both cases
they use the expression ‘right — left’ giving thisplacement a sense of direction. However,
S2 supports that longitude doesn’t have to do wuitly turning like theta, but with displacing
as well. The way he externalizes his thought demates that he is aware of the
interdependent relationship between longitude hetht

ii. Links between all three coordinates

The manipulation of 3D controller acted as vehigith which students realised the notion of
vector as the displacement and associated airplaigsiacement with the variation in
geographical coordinates. In this way, studentsloegd vectors’ properties as they
constructed links between geographical coordingtthe variables of the vector of
displacement) and the spherical coordinates. Infdthewing episode we can see how the
controller is used to identify the dependent relaship between coordinates’ values. In
particular, the student is using the arrow to prtheeway values of geographical coordinates
change relatively to the arrow movement.

R: You‘re saying that coordinates change. (meag@ggraphical coordinates)
S1: Yes
R: Increase or decrease? What happens?

S1: It depends on where the arrow's direction imoying the arrow of the 3D
controller)
Another example of controller’'s utilization to ctedinks between different coordinates, is

shown in the following sequence of students’ intBom with the environment, where they
utilize both spherical and geographical coordin&especify a position in space.

Cruislet environment Representation Students’ actions
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The sequence of students’ actions indicates tlegt éimdeavour to associate the displacement
in 3d space through the use of both systems ofamée. Initially they use the 3d controller
representation (spherical coordinates) and inwlag they specify a point on the map as the
geographical coordinates change simultaneouslyir Beeond action includes the setting of
one of the geographical coordinates as they waptace the airplane at a specific height on
the map. In this case students utilised both Gruiinctionalities and the representations
provided, as they attempted to combine the twcesystof reference to displace the airplane.

An interesting dialogue that demonstrates the fiskeo3D controller representation as
a way of combining coordinates is the following one

R: Why it's better? (meaning the controller)
S: Because it combines both.
R: Which?

S: Because it has, west, north and east and adlethee can do position. And because

of the arrow, we can do theta and fi. In other d=r.
R: You confused me.

S: We can do position because of the North, Sa#st, East. And with the arrow, we

can also do inclination.

In this dialogue S endeavor to support his staténtlest the 3D controller is the best
representation to use. In his attempt to prove thésis trying to correlate issues regarding
both systems of reference, such as geographicattains that are represented on the sphere
of the controller, with the arrow that defines theection of the intended displacement.

As a conclusion, we could say that in the languafj®F, students’ choices among the
different coordinates’ systems were based upon rtlvelalities of use of the available
representations built in the DDA.

| 3. SPECIFY: |

137/266



Dell3 Annexes

- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

1. Audio and screen recordings were analyzed verbatinrelation to students’
interaction with the environment. We have focusadigularly on the process by
which implicit mathematical knowledge is constractiiring shared student activity.
As a result, in our analysis we use students’ \eaascriptions as well as their
interaction with the provided representations @igptl on the computer screen.

2. Students’ activity sheets and notes. This woulg husl see the way students express
their ideas in a symbolic way.

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORJUR
ANSWER TO YOURSRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

Meaningful formalism,constructionism,half-baked microworlds as well athe idea of
instrumentation and instrumentalization are theomécal constructs were used in the
analysis process. Cruislet microworld is desigreegrovide students fanstrumentalization
through constructionist activity in the contexthaif-baked microworld¢Kynigos, 1992 and

in press). In particular we use the idea of halbaked games. These are games that
incorporate an interesting game idea, but theyirmzemplete by design in order to poke
students to finish or change their rules. Thus esttgl explored the Guess my flight game
play, changed it and thus adopted both roles ofepland designer of the game. From this
point of view the work and play with Cruislet isde@l on the idea of instrumentation and
instrumentalization (Guin &Trouche, 1999) sincepthsement rules questioned and re-
defined by the students resulting in a varietyreéfacts. In our analysis we focused on those
incidents during the teaching experiment whereeattglseemed to be engaged in the process
of instrumentation and instrumentalization by eipig the rules of the Guess my flight
game and then by setting their own rules resuttimghe development of new games.

On the other hand, the key point here is that stisdeuilt their models in Cruislet that can act
as a support for developing new meanings by ingastig their hypothesis and
argumentation in social contexts. Displacing asagard articulating rules of and relationships
between the displacements can thus provide annactitation context which can be a new
resource for activity and construction of meaningst, so dependent on the medium for its
expression. Noss and Hoyles (1996) introduced ttiem of situated abstractioio describe
how learners construct mathematical ideas by dmawan the linguistic and conceptual
resources available for expressing them in a paaticcomputational setting which, in turn,
shapes the ways the ideas are expressed. In olysianave focused on students' actions
within the provided representational contexts (®@iswgraphical, Logo programming) and
systems (geographical and spherical coordinatemsygt Students reflecting on these actions
expressed their ideas, construct and developedematical meanings. We focused on those
episodes that students seemed to realise the frohe aifferent representational systems on
3d navigation process and built relationships betwiem.

5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOQW
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a) Characteristics of the DDA(S)
a.1 concerns about the ways mathematical objedtshair interaction are represented
a.3 concerns about the ways representations cactée on
a.5 concerns about interactions between diffepriesentation systems

a.5.1 within the DDA

These concerns guided us in identifying how stusleinteracted with the available
representations and the connection between theropristruct mathematical meanings. In
particular, we focused on the ways representattongd be utilised differently, according to
students’ interaction between different represémat systems.

b) Educational goals
b.1 epistemological concerns

b.2 semiotic concerns

Guided us in identifying issues regarding the cpixeof geographical and spherical
coordinates.

c) Modalities of use

c.2 concerns about the functions to be given to DA and their possible
changes

Guided us in identifying the DDA modes of use hydents according to the PP.

Specific Research Question_2

1. REPORT YOURSRQ.

What kind of mathematical meanings do studentsetate with geographical concepts while
navigating in geographical space of Cruislet enviment?

Note: Although this SRQ wasn'’t included in the TBrtpait, from our analysis became
obvious that the way students correlate mathematiwh geographical concepts constitutes a
major part of their interaction with the environmen
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2. ANSWER YOURSRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

In the Cruislet environment, mathematical concepi® integrated with geospatial

representations and information, providing oppdties for processes of mathematisation of
geographical space. As a result, the utilizationthef available representations supported
students’ construction of mathematical meaningst thee strongly dependent upon

geographical concepts. In the following paragraples use some illustrative examples of
mathematical meanings that students correlatedgetiyraphy.

1. Concept of limit

Students navigating the airplane in 3d space dpeelan interesting intuitive approach of the
concept of limit. Specifically, while approachingecific point on the map, they used the
spherical coordinate system of reference by graguaducing the measure R of the vector of
displacement (see vectors’ length in figure beldiie following figure depicts students’
interaction with the environment while trying topmpach the east limit of Greece.
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An interesting excerpt is exemplified below, wharstudent explain their strategy in finding
the limit.
S2: We went eastwards until it says that we cam'tngre. But we could see that we
could go a little bit more. We just reduced metars way that it could go till the

end.
Students’ strategy seemed to be closely relat#iueio idea of the concept of limit as the
phrase o a little bit moré suggest. Except the excerpt above, there wererakather
relative statements captured from other teams asi¢happroach something as near as
possiblé, “I had to reduce the step” that support our findings. Thus, we could sagtttine
environment provided opportunities to studentspjeraach the concept of limit. We should
mention that the mathematical concept of limit updeing students’ strategy rely upon our
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interpretation of students’ actions as they digméntion anything concerning mathematics
and especially limits.

2. Vectors

While interacting with Cruislet environment, stutiedefined the vector of displacement and
through this activity they got involved with the trom of vector . As a result, several
meanings emerged concerning vectors and its prepehh this session we present meanings
regarding vectors in relation to geographical cpte

I.  Vectors’ magnitude

Vectors’ magnitude is represented by R in sphedoatdinates, so it had to be defined when
this system of reference was utilised. During tledperimentation students realized that R
was remaining constant for a displacement betweenspecific cities and additionally that
was independent of the direction of the displacambn the following episode students
displace the airplane between two cities in thgerapt to find their distance.

Dialogue Interaction with DDA / Comments

S1 | This must be their distance. | Shows the vector created by airplang’s
displacement from Arta to Amfissa.

S2 | Yes. But how can we find it?

S1 | TheRm. Meaning R in spherical coordinates.

S2 | No, it's not R m.Oh, you‘reDisplace the airplane from Amfissa to Arta gnd
right! Wait. they watch R values in direction.

S1 | You see? It's the same.

The interesting issue is that although they disgdathe airplane towards one direction, they
wanted to verify that the distance was remainingstant for the inverse displacement as
well. If fact S1 used this as an evidence to pafsls? that R represents the distance between
the two cities. Our interpretation of S1's way biinking is that perhaps he used his intuitions
or pre-existed knowledge to apply a property ofteext magnitude in this particular situation.

ii. Addition of vectors

An interesting episode was that of a team that usé&dtions to identify the resulting
displacement if this is defined by multiple dis@awents. This was occurred while students
were trying to construct the rules of a game fer akher team. To be more specific, students’
idea included the relative displacement of threplames, based on planes’ coordinates. Here
we focus only on the correlation of two planes’ pthgsement (named red and blue by
students), as they were moving relatively to tteetgle and particularly their dependence can
be represented as Thgta= Thetaie +180. One of the procoditions of the game was also
that the first (white) must go to a particular qite. Thessaloniki) to end the first phase of the
game. Initially students sketched their idea ineortb explain it to the teacher, as shown in
Figure 1. In the following excerpts, the studendglain their drawing:

S2: As we go up, the other, the spy, will go down @iy, towards Crete]...]
Let's say, if we go 10 step upwards, he goes d@istelp downwards
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S1: Blue is converselyjommensurate. That is to say, we go 10 meterspbs 0

meters above. When we get to Thessaloniki, hgetilo Rethymno.

From their dialogue we can assume that they wendkitly about multiple displacements, as
specified by the length of each displacement {icemeters). We see that S1 seems to think
of the result of these displacements as he mentienéinal destination of each airplane. The
interesting thing is that he argues that when itis¢ Will be at a specific city, the other will be
at a specific city as well, independently of thentner of displacements, implying that he used
his intuition to add the vectors of displacememts find the final destination of thé%plane.
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As the researcher was not sure if S1 used vecaoidition, she asked him to draw another
figure and picture planes’ position when the disptaents would not be at the same line and
asked him if the second airplane would be placethensame city as in the first case. The
student answeredf‘we go to Thessaloniki, he'll be at Cretand draw the schema shown in
figure 2. From his drawing in figure 2 we can seat talthough he hasn’'t added the vectors
graphically he is thinking that the only thing tmaatters is the starting and the ending point.
So whatever the direction of vectors would be,gbeond plane would be placed in a specific
city, taking into account that there is a dependelationship between the two airplane. We
find this episode interesting, due to the way stisleuse their intuitions to express
mathematical meanings without using vector’'s terthaf is to say without mathematical
formalism.

3. Geometry

According to the PP students were asked to corisérigame for their schoolmates. In this
section we'll use the activity that was includecaigame created by a team. Motivated by the
goal of constructing something on their own, stugened to make it as complex as possible
for the other team to solve, so they thought ofstutting a flight trip that had to do with
mathematics. Initially they defined the route oé tliight so as to form a triangle, whose
vertexes would be three major cities of Greece. ba of the game was to construct the
triangle whose vertexes would be the midpointshef first triangle’s sides. The following
figure shows students drawing from the activityethe

It was strange that students thought of an activiy that, as they were not expected to
include mathematical concepts in their game. Tinesasked them where the idea came from
and S1 answeredWe had recently written a test in geometry anddl itligreat, and | was
thinking to use it heré

4. Coordinates

Several times, students associated the two syst#m®ference with the geographical
information. For instance, they correlated coortisavalues with geographical borders of
Greece, such as latitude and longitude in geogecapboordinates.
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S: Here, in position we can’t put whatever valuereif we want to. Lat and long are

specific.
: Why they are specific.
: Because we are in Greece and we can’t go alliad the world. Just Greece.
: Nice. And in height?

R
S
R
S: Yes. It depends.
R: It depends on what?
S

Hmm, on mountains, on each mountain’s elevatidle can't go through

mountains.

We found it really interesting that students thduggographical space as a 3D space, as they
added restrictions to the third coordinate, theglhtei

Students also correlated spherical coordinates thighborders of Greece as shown in the
following episode.

S: Inr, fi and theta we have restrictions also.

R: Do we have restriction in r, fi, theta? Tell me.

S: Because we can’t go outside the map of Greece.
...... (conversation about what r, fi, theta repré®

R: Nice. And why do we have restrictions there?al& the relation between

Greece and r, fi, theta?
S: We only have the map of Greece, we can’t gofoGteece.
R: What values can we use, let’s say on theta?

S: Hmm... theta and fi can take any value we wantust the other, r can’t be very

large, because it's how far it will go and we cagét out of the map of Greece.
R: So, is the restriction only for r?

S: Yes.

3. SPECIFY.
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION
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3. Audio and screen recordings were analyzed verbatinrelation to students’
interaction with the environment. We have focusadigularly on the process by
which implicit mathematical knowledge is constractiiring shared student activity.
As a result, in our analysis we use students’ \eaascriptions as well as their
interaction with the provided representations @igptl on the computer screen.

4. Students’ activity sheets and notes. This woulg sl see the way students express
their ideas in a symbolic way.

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORIUR
ANSWER TO YOURSRQ.

|F POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

In designing Cruislet we wanted to integrate prograng, mathematical and geographical
concepts, relations and representations. New repi@sons enabled by digital media can
place spatial visualization concepts in a centoéé for both controlling and measuring the
behaviours of objects and entities in virtual 3dieznments. We have chosen the notion of
vector as a mean to represent the link betweem@d®d representations, since vectors can be
considered as basic components underpinning thay sifi geometry and motion in space
facilitating the study of 3d spatial thinking. Inruislet, a vector-differential geometrical
system co-exists with a Cartesian-geographicalima@ inter-dependent way. Our analysis is
mainly focused on the utilization of the differenépresentations within open-ended
exploratory tasks and the mathematical meaningsstu@ents constructed throughout this
process.

‘ 5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HQW

a) Characteristics of the DDA(S)

a.l concerns about the ways mathematical objects their interaction are
represented

a.3 concerns about the ways representations cactee on
a.5 concerns about interactions between diffelpriesentation systems

a.5.1 within the DDA

These concerns guided us in identifying how stusleinteracted with the available

representations and the connection between thegretie links between mathematical and
geospatial concepts. To be more specific, our amalg mainly focused on the utilization of

the different representations within open-endedlagpory tasks and the mathematical
meanings that students constructed throughouptbisess.

b) Educational goals

b.1 epistemological concerns
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b.2 semiotic concerns

Guided us in identifying issues regarding both reatatical and geographical
concepts.

c) Modalities of use

c.2 concerns about the functions to be given to DA and their possible
changes

Guided us in identifying the DDA modes of use hydsints according to the PP. To be more
specific, our analysis is mainly focused on thehmatatical meanings that students construct
throughout both processes of instrumentation (cawtythe activities / playing the game) and

instrumentalization of the DDA (creating their ogame / activity for others).

A.5.4 Analysis of ETL TE with MaLT

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
HOW CAN YOU ATTEST THAT?

The main educational goal underlying the designoof pedagogical plan with MaLT
concerned the development of studentathematical meanings for the concept of angBbin
space when provided with challenges tonstruct, transform and animate 3D
geometrical objects often encountered in everyday physical angle situations — such
as doors, revolving doors, staircases.

Focusing primarily on students interactions with #vailable tools, our team aimed to study
how students use the available representationsaidiMo construct meanings for the concept
of angle:

- as a geometrichape i.e. formed between two geometrical objects whielm be
segments (in 2D geometrical figures) or 2D georoetrfigures (in the 3D space -
dihedral angles);

- as adynamic amountindicating a change of directions both as a turd as the result
of a turn which can also be represented by a Variab

- as ameasurgepresented by a number.

The above main educational goal have been artemllis the following specific educational
goals in the MaLT PP:
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« exploring the notion of angle as turn and measutieimthe 3D space (e.g. the notion
of angle as a change of direction and planes irs@@ize, the notion of angle between
two different planes, the notion of angle betweea different 3D figures)

+ identifying the mathematical structure of 3D geometrical figures (e.g.
distinguish the different 2D planes of the construction and relate it to the
type/number of angles)

« identifying the geometrical properties of 3D objects (logical arguments to
justify conclusions, relationships among angle, side lengths, perimeter areas,
and volume, develop intuitions and conjectures about the geometrical
properties and relations of parallelepipeds)

« understanding the relation between 2D and 3D representations when using
the former to construct simulations of real 3D objects (e.g. identify the role of

the ‘repeat’ command concerning 2D shapes in the construction of a 3D

geometrical figure - between rectangle and revolving doors)

« developing fluency with the mathematical expressions to describe a 3D
geometrical construction with variables

+ identifying the role of variables in the construction/manipulation of 3D
geometrical figures in different sizes

Remark Though all those aspects of the concept of angl@D space could be singularly
pursued through the planned PP, it is not reasertalihink to be able of pursuing all of them
together. Actually, the choice of the specific eatianal goals to focus on, rests on factors
like the didactic choices made by the teacher, rdsearch focus of the researcher, the
emergent perspectives during the implementatiorthn classroom, the progress of the
activities and the available time. For examplethie implementation of the pedagogical plan
in our study it emerged that dynamic manipulatisaved a fruitful domain to study the
construction and evolution of meanings developethieystudents. Thus, we chose to exploit
the respective student’s activity to study in dethe role of dynamic manipulation of
geometrical objects in student’s conceptualisatibangle in 3D space. This choice had the
effect that the role of symbolic notation in stugdemonstruction of meanings was placed in
the background of the study (this is the reasom&wranswering the specific research question
referring to the role of symbolic notation in stat construction of meanings).

Our work in designing MaLT, the respective PP am&l iesearch in our experiment is based
on the following assumptions.

Assumption 1 There is a dialectic relationship between action and meaning through
the mediation of the software. Computational tools provide a system through which
mathematics can be expressed. Thus they orient students toward a mathematical
perspective which can be traced when students use them to develop an explicit
appreciation of relations (i.e. the relational invariants) and their semantics (i.e. the
meanings). To achieve this tools have to illuminate structures and relationships
facilitating students active engagement with particular tasks in order to make
connections, develop and test hypothesis, formulate situated abstractions (explicit in
the action and observable by the researcher) and communicate with their peers. All

this multiplicity of roles that tools play suggests a detailed analysis of student’s

thinking-in-change in order to capture the subtle shifts in meaning generation and
how these might have been mediated by the use of the available tools.
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Assumption 2: The rich set of meanings around angle developed outside school
shape students’ responses in the mathematics lesson. Appropriating a mathematical

perspective towards angle is not a question of replacing this set of (‘informal’)

meanings with another (‘formal’), but rather of finding ways to interrelate and connect

them in meaningful ways with the relevant mathematical notions introduced in school.
Because the intrinsic geometry of move in 3D space is closely related to real world
experiences -such as walking or observe something flying- this kind of activities were
considered to be especially efficacious in developing students' conceptualizations of
angle acquired through their bodily experiences out of school. MaLT allows students
to link geometrical, graphical and algebraic aspects of these experiences and
connect with the notion of angle in 3D space.

Thus the achievement of the educational goals envisaged as well as the consistency
between them and the hypotheses underpinning the Pedagogical Plan could be

attested through the analysis of students’ interactions with the available

representations and the documentation of the changes in their meanings for angle in
3D space and how these might have been mediated by the use of the available tools.

Criteria for evaluating the achievement of our edattional goal(s): The envisaged
educational goal(s) would have been achieved iodih data analysis- we are able:

(a) to relate children’s construction of meanings dr the notion of angle in 3D space
explicitly to their physical angle experiences;

(b) to account specifically for their difficulties in coordinating different aspects of the
notion of angle as well as to throw light on the plas by which students might come to
integrate their various angle concepts in 3D space;

(c) to highlight the ways by which students conceptlise angle as a spatial visualisation
concept representing turn and measure through the anstruction and dynamic
manipulation of 2D geometrical objects.

Evidence of students’ achievement emerges fronaniad¢ysis of video-recorded observational
data, researchers’ observational notes and theisafpupil’s work on and off computer. We
particularly emphasised on analysing the screemucapoftware files which were used to
record student’s voice in their groups and at #maestime to capture all their actions on the
screen.

It could be said that the main educational goalisaged a-priori have been achieved. In
particular, the analysis of our data brought in tbeeground the following clusters of
meanings constructed by pupils around the condegigle.

- Cluster 1: Angle as a slope while navigatingttirle in 3D space
- Cluster 2: Conceptualizing a dihedral angle insgiace
- Cluster 3: Angle as a dynamic entity for movingdifferent planes

According to the analysis provided in the documeotsicerning ReCRQ and MaLT
Summary we can conclude that:

Cluster 1 is attested through criteria (a) and (b).
Cluster 2 is attested through criteria (b) and (c).

149/266



Dell3 Annexes

Cluster 3 is attested through criteria (a) and (c).

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

The hypothesis specified in our TE Portrait were the following:

Hypothesis 1: The construction of mathematical meanings as a result of students’
interaction with the provided tools. This hypothesis suggests that interaction with
multiple representations of geometrical objects can be a fruitful domain to challenge
student’s intuitions and ideas concerning spatial thinking come into play. The design

of MaLT suggests that 3D geometry is a field where mathematical formalism and
graphical representation of objects and relations can be dynamically joined in
interesting ways and that joint symbolic and visual control may have important
potential for mathematical meaning-making processes.

Hypothesis 2: The construction of meanings for 3D geometrical notions (e.g. the

notion of angle) as strongly related to the connection between children s experience
and mathematical structure of 3D objects. This hypothesis is based on the notion that
children’s conceptions of space emerge from action rather than from passive

‘copying’ of sensory data. The ETL team aims at connecting geometrical ideas with

real tangible 3D objects that an individual experiences in everyday circumstances
providing tools as a means of manipulating them and investigating their properties.
An implication is that programmable geometrical constructions designed to help
children abstract the notion of turtle movement in the 3D space provide a useful
environment for developing their conceptualizations of 3D geometrical objects. MaLT,
for example, as a Logo environment will allow learners to use their body movements
to kinaesthetically pace out a geometrical construction using at the same time a

mathematical language embedded in turtle’s moves (consisting of its position and

heading). ETL team emphasizes that students interacting with visual mathematical
representations would be able to construct and deconstruct geometrical objects and
develop mathematical meanings for 3D geometrical notions from that kind of process
as they work collaboratively.

The possible confirmation of the above hypothesspiring the design of the PP and linking
the use of the DDA with students’ achievement issgiwned through the Re-CRQ.

In synthesis, answering the question whether theiteraction with multiple
representations of geometrical objects could be a fruitful domain to challenge the

development of studéstmathematical meanings for the concept of angi&Dirspace (while
constructing, transforming and animating objects related to everyday physical angle
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situations) required to investigate the following issues related to the previously
described criteria.

(a) to relate children’s construction of meanings dr the notion of angle in 3D space
explicitly to their physical angle experiences;

With that respect, the relation that someone astad between a representing and a
corresponding represented is primarily a processedning-making. In other words it refers

to a process of making sense of how a representidga represented are related and if and
how there is a link between a real object, its cotafonal representation and the traditional

means of representing mathematical objects inldssmom. We have had indications by the
analysis that students in our study formed gragiuaiir own ‘understandings’ of the essence
and the functionalities of the tool and developetesnes of use which were often quite

different to those intended by the designer ofatw@putational environment and the PP.

As an indicative example we mention the episodeescdbed in the Summary of our

experiment. The description of the task at theoohiictory phase (the simulation of the take-
off of an aircraft) had decisive implication on theys by which students conceptualised
angle as a slope while navigating the turtle in §iace. In addition, the ‘world’ frame of

reference which is inextricably linked to the bagyntonic metaphor prevalent in 2D turtle
geometry contradicted with the ‘vehicle’ frame @&farence which is by design used in
turtle’s navigation in the simulated 3D geometrispace of MaLT.

(b) to account specifically for students difficultes in coordinating different aspects of the
notion of angle as well as to throw light on the plas by which students might come to
integrate their various angle concepts in 3D space;

With that respect, the analysis indicated studafiffsculties in coordinating different aspects
of the notion of angle so as to integrate theiriote angle concepts in 3D space. As
indicative examples we mention the episodes 2 amtesXribed in the Summary of our
experiment. Most of the students have identifideedral angles defined by two consecutive
windows (rectangles) but when attempting to desctiflem in mathematical terms seemed to
prefer to use the terminology familiar to them fr@D geometry lessons. However, due to
specific features of the visual representation lgects in the 3D scene of MaLT (i.e. the
existence of vanishing points to indicate the degttihe representation) pupils were confused
when attempted to identify the measure of a coottdudihedral angle in two vertical planes.
Apart from the essential familiarisation with thewnkinds of turtle turns (uppitch/downpitch,
leftroll/rightroll) this finding could possibly benterpreted in the light of the fact that pupils
who were accustomed to work with 2D representatairgeometrical figures might have had
difficulties in understanding the conventions usedepresent a 3D object on the computer
screen. However, pupils seemed to overcome suchnosstandings through the dynamic
manipulation of geometrical constructions whichypded them with multiple perspectives of
the same 3D geometrical object, i.e. a revolvingramnsisted of four dihedral angles.

(c) to highlight the ways by which students concepalise angle as a spatial visualisation
concept representing turn and measure through the anmstruction and dynamic
manipulation of 2D geometrical objects.

With that respect, the analysis indicated the amrable potential of dynamic manipulation
as a frame for highlighting the ways by which stutdemight conceptualise angle as a spatial
visualisation concept while constructing and malaipng 2D geometrical objects. As an
indicative example we mention the finding reportedhe Summary of our experiment that
confirmed students’ active engagement with thevagtio construct the door simulation after
constructing rectangles in different planes of 3bespace. The use of the two new kinds of
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turtle turns (rightroll/leftroll, uppitch/downpit¢hcoupled with pupil’s experience in using
variables and handling variation with 1d Variatidool facilitated further the extension of
their experimentation around the different possioof already designed 2D geometrical
figures in 3D space. This kind of activity appeared provide a fruitful domain that
challenged student’s intuitions and ideas abouleaag a spatial quantity come into play since
the use of these specific turns signalled a dyngassage from one plane to another.

Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-
CRQ)

How do student use the available representatioMainTl to construct meanings
for the concept of angle in 3d space?

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

We have selected the version of Logo in MaLT as ometext to explore students’ ideas
around the concept of angle in 3D space based omngu and directionality. After a
familiarisation phase with the basic Logo commafikisroductory phase), students were
engaged in building rectangles using parametricgmares in at least two different planes of
the Turtle Scene (Phase 1) and experimenting véttalle procedures designed to create 3D
simulations like doors, revolving doors and staesa(Phase 2).

In analysing the data we were thus motivated (aglete children’s construction of meanings
for the notion of angle in 3D space explicitly teeir physical angle experiences and (b) to
offer a framework in which to account specificafigr their difficulties in coordinating
different aspects of the notion of angle as wellt@ghrow light on the paths by which
students might come to integrate their various @eghcepts in 3D space. More specifically,
the main focus of the study concerned the ways biglwstudents conceptualise angle as a
spatial visualisation concept representing turn amghsure through the construction and
dynamic manipulation of 2D geometrical objects,. @aggle as a change of direction and
simultaneously as a change of moving in differelaings in 3D space, angle as a shape
defined between two different planes (dihedral engl

The analysis of our data brought in the foregrothrdfollowing three clusters of meanings
constructed by pupils around the concept of angle.

Cluster 1: Angle as a slope while navigating thetléuin 3D space

The move of turtle in MaLT is interrelated with tleenception of angle integrating two
schemes based on turning: (a) angle as a turnaitiagcboth the act of body turning and the
result of it, which inevitably involves directioni® (dynamic scheme) and (b) angle as a turn
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represented by a number (measure scheme) (Clerieats 1996). During the introductory
phase, students were asked to navigate the torthei3D geometrical space of MaLT in such
a way so as to simulate the take-off of an airctaftthis particular task pupils focused on
moving the turtle around and simultaneously apgetweconnect this activity with everyday
experiences and physical angle contexts. Fromelgenbing pupils experimented with all the
three sets of Logo turning commands and it seernatithey had made links between the
concept of angle as a turn with particular measure that of angle as a slope. A more
detailed analysis of pupil’s interactions revedleat students oscillated between two different
frames of reference: (a) world frame: defined it of directions ‘up’ and ‘down’ and (b) a
vehicle frame: typically associated with the oragidn of a moving entity, here the turtle.
Though at the initial position of the turtle theshicle’ frame of reference coincides with the
‘world’ frame of reference the use of roll turnsghi result to contradict one another. Thus
we can argue that although 3D simulated space aseclto real life and every-day
experiences, the body-syntonic metaphor appedre tess strong in 3D turtle geometry than
in 2D. For instance, we can easily simulate 2Dlgéuntotion with our body but we cannot
simulate 3D turtle’s motion. Thus, it seems thhae tbody-syntonic frame, which is
inextricably linked with the ‘world' frame in redD space, should be shrunk in favour of the
‘vehicle frame’ underlying the turtle move in thensilated 3D space.

In the language of DF, the navigation of the tuljethe students in 3D space provided the
context in which to analyse the role of concerngcad ergonomy, characteristics of the
implementation of mathematical objects and the iptessactions on these objects to
characteristics of the possible interaction betwsardents and mathematical knowledge
around the concept of angle.

Cluster 2: Recognizing (or conceptualizing) a diteé@dngle in 3D space

A second cluster of meanings concerned the conalsdtion of a dihedral angle in 3D
space. This kind of activity appeared in Phase 1 experimentation when the
teacher/researcher asked pupils to construct rgleising parametric procedures in at least
two different planes of the Turtle Scene simulating construction of windows in a virtual
room. The need to design figures in different ptaoné the 3D space challenged pupils to
move the focus of their attention from directedntubetween lines and planes to directed
turns between two similar geometrical figures. Mokthe students have identified dihedral
angles defined by two consecutive windows (recesjgbut when attempting to describe
them in mathematical terms seemed to prefer tahesterminology familiar to them from 2D
geometry lessons. However, due to specific featofése visual representation of objects in
the 3D scene of MaLT (i.e. the existence of vamghpoints to indicate the depth of the
representation) pupils were confused when attemjptédentify the measure of a constructed
dihedral angle in two vertical planes. Apart frohe tessential familiarisation with the new
kinds of turtle turns (uppitch/downpitch, leftreightroll) this interpretation could possibly be
interpreted in the light of the fact that pupils avlvere accustomed to work with 2D
representations of geometrical figures might haeel Hifficulties in understanding the
conventions used to represent a 3D object on theguater screen. However, pupils seemed to
overcome such misunderstandings through the dynamémipulation of geometrical
constructions which provided them with multiple gpctives of the same 3D geometrical
object, i.e. a revolving door consisted of fouratiral angles. The more the students appeared
accustomed to the conventions used in the 3D stedilspace the more they were able to
coordinate the visual characteristics of the dibkdngles with their measure related to the
turtle’s turns from one plane to another.

In the language of DF, student’s difficulties tatdiguish the geometrical characteristics of
dihedral angles as visualised in the Turtle Sceamgghbn the foreground the importance of
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specific tool characteristics and particularly tressible conflict between the ways by which
the mathematical knowledge of a specific domaimislemented in a DDA and the forms of
didactic interaction provided by the DDA. The prerol created by a specific representation
of MaLT (way of visual perspective) seemed to hiagen resolved for the students due to the
joint use of visual, symbolic and dynamic manipioiatrepresentational registers. These tools
provided the means that enabled to recognise thteematical features of dihedral angles
though experimentation, observation of differentspectives and dynamic manipulation. So
we can conclude that both the implementation of khewledge of the domain and the
didactic interaction can be approached throughendfit perspectives, which are neither
independent nor mutually exclusive.

Cluster 3: Angle as a dynamic entity for movingliiierent planes

A third cluster of meanings in our data analysisaans the concept of angle as a dynamic
entity for moving in different planes. Initiallywislents have focused on changing planes as a
result of changing the turtle’s position. The udetlze two new kinds of turtle turns
(rightroll/leftroll, uppitch/downpitch) coupled witpupil’s experience in using variables and
handling variation with 1d Variation Tool facilied further the extension of their
experimentation around the different positions loéady designed 2d geometrical figures in
3D space. This kind of activity appeared to proadeuitful domain that challenged student’s
intuitions and ideas about angle as a spatial gyazdme into play since the use of these
specific turns signalled a dynamic passage frommaee to another. For instance, most of
the groups of pupils found engaging the activity ctanstruct the door simulation after
constructing rectangles in different planes of3bespace.

In the language of DF, student’s active engagent@ntonstruct or to experiment with
simulations of concrete objects that involve ‘cootus’ turning in the space seems to be
related with the strong links between tool chanasties and educational goals with the given
tasks. In this case we challenged pupils to expartrwith these type of simulations having
an epistemological consideration in mind: to preval basis for pupils intuitions come into
play through the use of the rotation commands. éksa they have incorporated the use of
these commands in their activities pupils were dablecoordinate the interplay between
aspects of angle as dynamic entity for moving ffedent planes by simulating 3D objecks
these cases, the mathematisation of pupils’ regsonsghile experimenting with such
simulations was inextricably related to the kinesith nature of the computer feedback
translated in the context of the given activiti@s. far as the DF is concerned this point is
useful in considering mathematics as a domain awkedge and as a field of practice
emerging in the context of specific educationallgaaerrelated with specific activities.

3. SPECIFY.
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

MaLT was exploited as a ‘tool to think with’ and as field of experimentation and
exploration rather than as a means of calculatorgect answers. The classroom activities
described in the MaLT pedagogical plan have beenepeed as innovative for the actors
involved since they consisted of small group projork based on the use of exploratory
software and open-ended tasks allowing multiple leations and personal forms of
reasoning. In order to describe pupils’ learnirgjeittories as they happen in real time the
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ETL team adopted a participant observation metlagolin a classroom-based design
research context. The main corpus of data includie@o-recorded observational data,
researchers’ observational notes as well as thitengand archiving of the corpus of pupil’s
work on and off computer. In order to capture shisleinteractions with the computer
environment we used a specially designed screetureggnftware (HyperCamz2) allowing us
to record student’s voice and at the same timeamtuce all their actions on the screen.
HyperCam2 records sound through a microphone systamcreates specific files that are
automatically saved to AVI (Audio-Video interleayadovie files.

The elements of observation thus can be dividddungroups:

(a) pupil's interaction with the available tools

(b) pupil's communication within their groups

(c) teacher's interventions

(d) pupil's non-verbal modes of interaction (e gstgres, facial expressions)

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORTURO
ANSWER TO THERE-CRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

The main theoretical frames and constructs adoptedthe present study include
constructionismsocial constructivism, situated abstracti@onceptual fieldandinstrumental
genesis Based on these theoretical origins we draw onidlea of teaching and learning
mathematics with the use of technology with leasres central sense-making agents while
interacting with specially designed exploratory @aational tools and representations
viewed as integral to mathematical activity rattlean an external aid to internal cognitive
processes. The constructionist/social-construdtifresmework expects students to interact
with and manipulate the representations providedthwy tool, making sense of their
behaviours through this interaction with the congp@nvironment and with the social context
of the classroom. The constructionist theoretieaispective of the MaLT pedagogical plan
was based on the assumption that programmable gecaheonstructions designed to help
children abstract the notion of turtle movementhi@ 3D space provide a useful environment
for developing their conceptualizations of geonuadrobjects, like angles.

The wording of the reformulation of the CRQ by deam specified the priority of the
student’'s engagement in experimenting with thelalbbs tools by introducing a distinction
between the term ‘representations’ (which existthasn CRQ) with the phrase “student’s use
of representations”. The theory of constructionisamd specifically the theoretical construct
of situated abstractioninfluenced our decision to replace the phraserrigig to the relation
between the representations and the user (“be rputlationship”) with the phrase “to
construct meanings”. This theoretical perspectnaicates that the relation which someone
establishes betweenrepresentingand a correspondingpresented-in the terms of Minimal
Theoretical Framework- is conceived as a processaking sense how they are related and if
and how they realize a link between a mathematbgct, its technological representation
and its relation to the traditional means of repngation in the classroom. The temneanings
suggests that within the activities students weegpected to experiment with different
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strategies and, more importantly, attach persoredmmgs to the results of their activities
shaped by the artefact in ways that lead themverde from curriculum mathematics.

For the analysis we transcribed verbatim the awdewrdings of three groups of students
throughout the teaching sequence (using the HypeP(ddes coupled with occasional video

recordings taken from a camera) and we also sdeitmificant learning incidents from the

work of all groups in the classroom. In analyzimg tata we firstly looked for instances
where meanings related to the visualisation andemmalisation of the notion of angle in the
simulated 3d geometrical space were expressed dgttidents. Our objective was to gain
insight into:

(a) the nature of the mathematical meanings coctsiiby pupils around the conceptual filed
of angle

(b) the ways in which meaning generation interagtgd the use of the available tools.

The unit of analysis was the episode, defined asxract of actions and interactions
developed in a continuous period of time aroundagiqular issue. In most cases word
episodes were meaningless if they were not relamtatlie sequences of actions that students
carried out while working on the computer or momportantly if they were not related to the
gestures they used and their body movement. Iretb@ses we based our analysis on the joint
study of the transcribed interaction between thera@articipating in a specific episode with
the available video recordings. The episodes walerted:

(a) to have particular and characteristic bearingh® pupil’s interaction with the available
tools accompanied with the constructed mathematieanings;

(b) to represent clearly the kind of activity thads going on.
We used these as the main means of presentingistussing the data.

The construct of situated abstraction was centrttis process. An important corollary of this
is that we maintain a predilection for studying thatentials of alternative representations
which afford the learner the opportunity to moveosthly between different meanings
derived from language and actions and simultangaoasbuild new meanings. For instance
let us walk you through a specific episode condluitlethe summary of the ETL experiment.
In episode 2 we initially based our analysis towag/s by which pupils' intuitions of moving
in 3D space were coordinated (or not) with to theilable visual representations in MaLT.
This way we were able to define student's diffiesliin describing the mathematical features
of the dihedral angles that they had constructed.

However, in the next phases of the analysis we waerested to see if and how pupils
seemed to overcome these difficulties and espgdi@altapture the role of tools and task in
this process, i.e. we were interested to studywlgs in which the students interacted with
the available representations and the ways in wthielmeanings they constructed structured
and were structured by them. So, in the next pattie analysis we were able to account for
the role of the joint use of visual, symbolic angnamic manipulation representational
registers in providing the basis for the pupilsgto beyond the simple visual recognition of
angular relationships in 3D space to their expogssind further elaboration. In this process
the instrumental issue was taken into consideratiaonjuction with constructionist activity
giving rise to a dialectic by which learner andetatt are mutually shaped in action. This
emerging dialectic between learners and instrunmsggmed to offer a framework in which to
account specifically for meaning-making processexerning angular relationships in the 3d
space.
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5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HQW

With respect to the characteristics of the DDA analysis was guided by the following top
research concerns:

0 concerns about the ways mathematical objects andittieraction are represented
0 concerns about interactions between different sg&tion systems within the DDA

With respect to the educational goals our analysis guided by the following top research
concerns:

o Epistemological concerns
o Semiotic concerns

With respect to modalities of use our analysis \gagled by the following top research
concerns:

o concerns about the functions to be given to the DDA
0 concerns about the relationship between knowleefggred to the DDA functioning
and knowledge referred to the educational goals

Throughout the analysis of our data we tried toehall the above concerns in mind and to
carry out a multi-level analysis. Although the ¢trs of analysis were defined in relation to
the different aspects of the notion of angle aral eékiolutive character of relative meaning
generation, the analysis of each cluster synthgsitéhe above concerns.

For instance, in cluster 1 it is evident that tlemstruction of meanings in relation to the
concept of angle as a slope is closely relatetidariodalities of use: to the functions given to
the DDA in relation to the knowledge referred tcee thducational goals and tasks (the
simulation of the take-off an aircraft). In clust&grthe way students conceptualised dihedral
angles is interweaved with the characteristicsh DDA and the way mathematical objects
are represented as well as to the way differentesgmtational systems are interconnected
within the DDA (e.g. visual representation combinedh symbolic code and dynamic
manipulation of geometrical objects). As studemtsrgore and more capable of handling and
synthesizing different aspects of the notion angleluster 3, it is more eloquent how the
educational goals of ETL's PP and the activitiesried out are interacting with the
characteristics of the DDA and the modalities &f sBaping students’ learning trajectories. In
this part of the analysis we took also into accotlnat ways by which semiotic concerns
provided by the DDA were interrelated in studembtgerimentation with epistemological
concerns underlying the nature of meanings foreangl3D space constructed by the pupils
and the relation of this kind of meanings with tféicial knowledge concerning angle in 3D
space (i.e. students seemed to conceptualise angiaovative ways embedded in different
physical angle situations without reference to falrmiefinitions as usually happens in the
respective curricular activities).

Specific Research Questions
This section is meant to collect your answers tor Y @RQ, contained in the TE Portrait.
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As one can notice, we are proposing the (moress) lsame frame to articulate both the
answers to the ReCRQ and those to the SRQs.

For each possible SRQ fill the following.

1. REPORT YOURSRQ.

How do students use the dynamic manipulation taolailable in MalLT to construct
meanings for the concept of angle in 3D space?

2. ANSWER YOURSRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

We have selected the version of Logo in MaLT as ometext to explore students’ ideas
around the concept of angle in 3D space based omnguand directionality. After a
familiarisation phase with the basic Logo commafidsroductory phase), students were
engaged in building rectangles using parametricqmares in at least two different planes of
the Turtle Scene (Phase 1) and experimenting véttalle procedures designed to create 3D
simulations like doors, revolving doors and staesa (Phase 2).Throughout the
implementation of ETL's pedagogic plan 13-year-plegpils were engaged in exploring the
mathematical nature of angles while controlling ameasuring the behaviours of geometrical
objects in the simulated 3D space of MaLT. The maofvurtle in MaLT is interrelated with
the conception of angle integrating two schemesdbas turning:

(a) angle as a turn indicating both the act of bindiging and the result of it, which inevitably
involves directionality (dynamic scheme) and

(b) angle as a turn represented by a number (measbeme) (Clements et al., 1996).

In particular we were interested in the way math&ahideas are constructed gradually by
the students while drawing upon the functionaligsesl phenomenological cues available in
MaLT. One of the key functionalities in MaLT is dymic manipulation. Geometrical
constructions can be expressed with the use oabas and dynamically manipulated by
specially designed computational tools called vana tools. Students were able to
dynamically manipulate conventional 2D and 3D repregations of geometrical figures by
using these specially designed variation tools @end parametric procedures descriptors of
evolving geometrical objects in relation to theueabf a variable or of a set of variables. An
as result students had the chance to observe tiaviber of the varying parts in relation to
each other and to the invariant ones and to acquisense of generality and abstraction
underlying some static instances of the matheniatinactures.

Drawing upon the preliminary analysis of our resultseems that the dynamic manipulation
metaphor available in MaLT offered a framework ihigh to explore angle as a dynamic
amount in various cases where angle was considered:

0 As a decisive element of turtle’s position and wi@ion in 3D space
0 As a constitutive element of geometrical figures
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o As a means of specifying the position of geometfigares in space and in relation to
each other.
In particular the analysis of our data broughtha foreground the following two clusters of
meanings constructed by pupils around the condegmgle strongly influenced by the use of
dynamic manipulation tools available.

Cluster 1: Angle as a dynamic amount for the cartsion of 2D figures

In the following episode students are trying to stamct a rectangle while dynamically
manipulating the four variables of a procedure thas given to them and creates a crooked
line. Students decided to use the 1d Variation Twdheir experimentation so as to change
the values of the respective variables and thus henmediately the graphical outcome
visualised on the screen. Thus, it seems thatrdmggthg modalities of the software facilitated
experimentation and provided a link between mathieadavariation and its geometrical
representation.

Episode 1

E So, can you find a way fo close this figure?
What can we do to try to make this line a
rectangle?

to orth ra thoieid
vepeat 2 [fd(:a) rtfic) fdith) rti:d)]

§2  We can make it go forward and then this
way changing the values here (he means
in the Logo Editor Componnet)that says
orth (3 5 60 80). We must think how. As |
don’t know, | will make some ftrials.

ST But you don't have to make so many trial.
It is boring. We can make these ftrials with
that that you can minimize and maximise.
He means the 1d variation tool

s2 ~ We can make it smaller or bigger, don’t
we?e We will work in this window and we
will change it continually. You are right in
fact we can make trials and see the
values moving on the screen!

MT1 That'srightg
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Handling the variation of the variable values farns the notion of angle came in the
foreground both as a constitutive element of tigtlposition and orientation and as a
constitutive element of 2D geometrical figures. dAnally, students seemed to approach
angle not only as a turn with a fixed measure,disib as a turn with a dynamic amount, in
other words as turn with a measure that can byrmigaly handled and changed sequentially
using the functionalities of 1d Variation Tool. Tharious instances of the figure available
offered students the chance to check their intosti@and conjectures and facilitated the
formulation of conclusions concerning the relatlups between the angles of a rectangle.

Cluster 2: Angle as a dynamic entity for movinglifferent planes

A second very interesting cluster in our analysisoerns the concept of angle an a dynamic
entity for moving in different planes. The use dfettwo new kinds of turtle turns
(rightroll/leftroll, uppitch/downpitch) coupled witpupil’'s experience in using variables and
handling variation with 1d Variation Tool facilied further the extension of their
experimentation around the different positions lodady designed 2D geometrical figures in
3D space. This kind of activity appeared to prowadeuitful domain that challenged student’s
intuitions and ideas about angle as a spatial gyazdme into play since the use of these
specific turns signalled a dynamic passage frommaee to another. For instance, most of
the groups of pupils found engaging the activity ctanstruct the door simulation after
constructing rectangles in different planes of3bespace.

In many cases where they were developing procedtmdgnts decided to use not a fixed turn
measure but a variable. In the following episodelshts decide to use a variable so as to
progressively move the door that they have creistélde horizontal plane to the vertical one.
It seems that the use of the variable gave a meabstic effect in their construction in
addition to the chance of easily experimenting wighmeasure.

Episode 2
S Lets do up
S2 a
ST No, 90;
S2  Nola
S1 Up [she moves her hand like moving a door]

S2  Up...the whooole. So, what | need?
S1 a.

S2  So, we will slowly create a door. She shows with her hand a
progressive  movement of
the rectangle between the
horizontal and the vertical
plane.

ST up(:a) and now...

160/266



Dell3 Annexes

S2  Now stop. We did up to create the angle, then
forward, then right so now we need rt(:d) and then

forward.

todoorabcd

up(:q)

repeat 4 [fd(:b) rt(:c)

fd(:b)]

to door :a choccocd

wplia!
ARzepeat 4 Za0n! ot gl

end
doorlfo0 4 90 2;

\h\l ‘\h\il

=)

)

end
door(90 4 90 2)

Students progressively got more and more capableantlling different aspects of angle
simultaneously. For instance in the following episstudents are experimenting using the 1d
variation tool with the variables of the procedigéde’ (which was given ready-made to
them) so as to create a sliding door moving arouhdeems that students create meanings in

relation to angle as:

0 a constitutive element of a figure which is defirsedl stay fixed (variable c)
0 as a means to move from the horizontal planééovertical one in relation to the
viewing axis of the user which is again defined atay fixed (variable d)

0 as a means of constantly changing levels arountdsx(@ariable e)

Episode 3

$2 Ooh! What is thislliWait!

We should move it here first, it's the angle of the rectangle
(points at it and moves the variable c) so as to become like this
(means the door) and then probably here so that it furns like this

rthiia b :e) 1r(90)]

en
||s11de 5 2 50 70 45)

(points and moves the variable e). Let's see...

They run the code
foslide :a:b:c:d:e
up(:d)

Ir(:e)

repeat 4 [orth(:a b
:c) Ir(90)]

end

slide (6 2 60 70 45)
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S1  Yes, it definitely turns around with this as it has Ir. They activate the
one-dimensional
variation tool.

S2  Yes, but we don't only want it to turn, we also want it to move
even further down.

M1 I should change here (He shows the final value of the variable d.
He puts a final value d=90).

M2  Yes, 90 is fine.

M1 Now with this (pointing the variable e) it furns around normally
(points at the angles between the levels).

M2  Finelll Perfect [Moves with 1d variation tool the variable e].

In the course of their experimentation and whilargfing dynamically the values of the
variables of the procedure ‘slide’, students wdrke d0 recognise the four consecutive
right dihedral angles created between the fourargges around X axis. However it
should be stressed that the simulation of the motib rectangles (that represented a
sliding door) around X axis as a result of the ok&d Variation Tool, gave students the
chance to see the dihedral angles created froraréift perspectives. Viewing dihedral
angles from different perspectives minimized theistwting’ effects of 3D
representations’ conventions used in MaLT scenehtad mislead students in other static
3D constructions in previous phases of the experiat®n. Dynamic manipulation
prompted students to focus more on the measunertté’s turn in Logo code in order to
decide about the kind of dihedral angle represented

Finally, we quote another episode which highlights way students approached different
aspects of the concept of angle while experimentity a procedure that was given to
them and had as a result the simulation of theiogeand closing of the pages of a book.
In this experimentation, through the use of 1d &tawn Tool, angle was approach as a
turn with a dynamic measure:
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o while changing sequentially the planes around > @kbckwise or counterclockwise
through the dynamic manipulation of the variabléhbt defines turtle’s position in 3D
space

o while changing sequentially the measure of thediidleangle created between the two
rectangles that represent the two pages of a book.

Episode 4

It's like that.

Now we have to see how they move

She activates the 1d variation
tool and moves firstly the slider
of variable b and then the

o cest slider of variable c.
repeat 2 [fd(5) rt(90) fd(3} rt(90}]
end
. i Mo pagesn b :c
} ) to rectA
| | rectd
\ } Le(ic) repeat 2 [fd(5) rt(920) fd(3) rt(20)]
I rectd
1 1 I end
| — pegesills 50)
T fo pagesA b ic
|| Mapdperpol Siadikaoia PAGESA =
e il s v up(90)
.- L B 180 ; [ | Qﬁ i 700 1.0 @ rr(.b)
L ¢ |zl 0 o w0 | | ‘
’ & = rectA
Ir(:c)
rectA
end

pagesA(35 50)

What do you observe? Tell me.

Mu, It should open because in the procedure there is
Irandirr

Tell me what happens when you move the I1d
Variation tool?;

When you change this, the turtle furns, thus this angle He means the angle between

163/266



Dell3 Annexes

does not change af all. the two planes.

Yes

While here the one side furns and the turn changes He changes with the slider the

and thus the whole angle changes. value of variable ¢

So when you change this what does it happens? She means the slider f variable
b.

With b the turtle’s turn changes, it turns and makes a
whole r ound as if it carries both pages

Yes.

Now with c...it turns and only the one side closes He means the one plane of the
dihedral angle.

It seems that the use of variation tools facildatet only dihedral angles’ recognition but

also its approach as an angle with a dynamic meahat can be handled and described
drawing upon everyday experience (simulating thenopy and closing of books’ pages),

body movement (opening and closing hands) and nrettieal terms used in 2D geometry

lessons.

In the language of DF, the dragging modalities lid software and the way geometrical
representations could be acted upon facilitatee@exgntation and brought in the foreground
issues related to the way different representatisystems, (e.g. geometrical representation
and algebraic notation) are interrelated. Thisrplesy between the different representational
systems offered multiple entries to the mathembtibgects represented and was conducive to
the construction of shared meanings between theepable representing and the
corresponding represented. Student’s active emgaigieto construct or to experiment with
simulations of concrete objects that involve ‘coobtus’ turning in the space seems to be
related with the strong links between tool chandsties and educational goals within the
given tasks. In this case we challenged pupilsxfgeement with such kind of simulations
having an epistemological consideration in mindpttovide a basis for pupils intuitions come
into play through the use of the rotation commardsfar as they have incorporated the use
of these commands in their activities pupils welnée &0 coordinate the interplay between
aspects of angle as dynamic entity for moving ffedent planes by simulating 3D objecks
these cases, the mathematisation of pupils’ regsonsghile experimenting with such
simulations was inextricably related to the kinesth nature of the computer feedback
translated in the context of the given activiti@s. far as the DF is concerned this point is
useful in considering mathematics as a domain awkedge and as a field of practice
emerging in the context of specific educationallgaaerrelated with specific activities.

3. SPECIFY.
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

MaLT was exploited as a ‘tool to think with’ and as field of experimentation and
exploration rather than as a means of calculatorgect answers. The classroom activities
described in the MaLT pedagogical plan have beenepeed as innovative for the actors
involved since they consisted of small group projork based on the use of exploratory
software and open-ended tasks allowing multiple leations and personal forms of
reasoning. In order to describe pupils’ learnirgjeittories as they happen in real time the
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ETL team adopted a participant observation metlagolin a classroom-based design
research context. The main corpus of data includie@o-recorded observational data,
researchers’ observational notes as well as thtengand archiving of the corpus of pupil’s
work on and off computer. In order to capture shisleinteractions with the computer
environment we used a specially designed screetureggnftware (HyperCamz2) allowing us
to record student’s voice and at the same timeamtuce all their actions on the screen.
HyperCam2 records sound through a microphone systamcreates specific files that are
automatically saved to AVI (Audio-Video interleayadovie files.

The elements of observation thus can be dividddungroups:

(a) pupil's interaction with the available tools

(b) pupil's communication within their groups

(c) teacher's interventions

(d) pupil's non-verbal modes of interaction (e gstgres, facial expressions)

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORJUR
ANSWER TO YOURSRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

The main theoretical frames and constructs adoptedthe present study include
constructionismsocial constructivism, situated abstracti@onceptual fieldandinstrumental
genesis Based on these theoretical origins we draw onidlea of teaching and learning
mathematics with the use of technology with leasres central sense-making agents while
interacting with specially designed exploratory @anational tools and representations
viewed as integral to mathematical activity rattiean an external aid to internal cognitive
processes. The constructionist/social-construdtifremework expects students to interact
with and manipulate the representations providedthry tool, making sense of their
behaviours through this interaction with the conep@nvironment and with the social context
of the classroom. The constructionist theoretiaspective of the MaLT pedagogical plan
was based on the assumption that programmable gecamheonstructions designed to help
children abstract the notion of turtle movementhi@ 3D space provide a useful environment
for developing their conceptualizations of geoneairobjects, like angles.

The wording used in the above formulated SRQ siescthe priority given by our team on
student’s engagement in experimenting with the lalbbks tools indicating that the relation
which someone establishes betweer@esentingand a correspondingepresented-in the
terms of Minimal Theoretical Framework- is conceivas a process of making sense of how
they are related as well as a process of idengfymd establishing link between a
mathematical object, its technological represemtasind its relation to the traditional means
of representation in the classroom. The theory aifstructionism —and specifically the
theoretical construct afituated abstractioninfluenced our decision to use the temeanings
suggesting that within the activities students wexrpected to experiment with different
strategies and, more importantly, attach persoredmmgs to the results of their activities
shaped by the artefact in ways that lead themverdge from curriculum mathematics.

For the analysis we transcribed verbatim the awdamrdings of three groups of students
throughout the teaching sequence (using the HypeP(des coupled with occasional video
recordings taken from a camera) and we also seleigmificant learning incidents from the
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work of all groups in the classroom. In analyzimg tdata we firstly looked for instances
where meanings related to the visualisation andemalisation of the notion of angle in the
simulated 3D geometrical space were expressed égttidents. Our objective was to gain
insight into:

(a) the nature of the mathematical meanings coctsitilby pupils around the conceptual filed
of angle

(b) the ways in which meaning generation interagtét specific tools functionalities and in
particular with the use of Variation Tools.

The unit of analysis was the episode, defined asxract of actions and interactions
developed in a continuous period of time aroundagiqular issue. In most cases word
episodes were meaningless if they were not relatatle sequences of actions that students
carried out while working on the computer or momportantly if they were not related to the
gestures they used and their body movement. Iretb@ses we based our analysis on the joint
study of the transcribed interaction between thera@articipating in a specific episode with
the available video recordings. The episodes walerted:

(a) to have particular and characteristic bearingh® pupil’s interaction with the available
tools accompanied with the constructed mathematieanings;

(b) to represent clearly the kind of activity thads going on.
We used these as the main means of presentingistussing the data.

The construct of situated abstraction was centrttis process. An important corollary of this
is that we maintain a predilection for studying thatentials of alternative representations
which afford the learner the opportunity to moveosthly between different meanings
derived from language and actions and simultangotgslbuild new meanings. We were
interested in identifying students difficulties arsgeing if and how pupils seemed to
overcome these difficulties and especially to cepthe role of tools and task in this process,
l.e. we were interested to study the ways in wltheh students interacted with the available
representations and the ways in which the meartimgg constructed structured and were
structured by them. For instance, episodes 2 amad Qur analysis shows how students
progressively constructed meanings in relatiorhodihedral angles that they had created and
handled dynamically with the 1d Variation Tool. skéems that progressively the use of
variation tools facilitated not only dihedral argjleecognition but also its approach as an
angle with a dynamic measure that can be handldddascribed drawing upon everyday
experience (simulating the opening and closing adks’ pages), body movement (opening
and closing hands) and mathematical terms useD igepmetry lessons.

In the our analysis we were able to account forrdie of the joint use of visual, symbolic and

dynamic manipulation representational registerprioviding the basis for the pupils to go

beyond the simple visual recognition of angulaatiehships in 3D space to their expression
and further elaboration. In this process the imsgmtal issue came in the foreground in
conjuction with constructionist activity giving @40 a dialectic by which learner and artefact
are mutually shaped in action. This emerging dialebetween learners and instruments
seemed to offer a framework in which to accountcsjgally for meaning-making processes

concerning angular relationships in the 3D space.

5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOQW
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With respect to the characteristics of the DDA analysis was guided by the following top
research concerns:

0 concerns about the way representations can be acted
0 concerns about interactions between different ssr&tion systems within the DDA

With respect to the educational goals our analysis guided by the following top research
concerns:

0 Semiotic concerns

With respect to modalities of use our analysis wasgled by the following top research
concerns:

0 concerns about semiotic issues

Throughout the analysis of our data we tried toehal the above concerns in mind and to
carry out a multi-level analysis. Although the ¢krs of analysis were defined in relation to
the different aspects of the notion of angle arel élolutive character of relative meaning
generation while using the 1d Variation Tool, tmalgsis of each cluster synthesizes all the
above concerns. For instance in cluster 1 it idest that the construction of meanings in
relation to the concept of angle as a dynamic amatiie constructing 2D figures is closely
related to the dragging modalities of MaLT and thember-line metaphor used which
facilitated experimentation providing a link betwegeometrical figures and symbolic
notation. Students experimented with the valueapiables in ready-made procedures in order
to find the right-(fixed) measure of angle that Wbcreate the figure that they had in mind.

In cluster 2 the way students conceptualised ddiedngles is interweaved with the
characteristics of the DDA and the way mathemabbgédcts are represented and can be acted
upon as well as to the way different representati@ystems are interconnected. Students
progressively got more and more capable of handimysynthesizing different aspects of the
notion of angle, while coordinating the use of a&hles and other symbolic notation with its
geometrical counterparts. For instance studentsd uswiables in their procedures in
combination with the dynamic manipulation functibtres of the DDA in order to simulate
the progressive change of planes in the simulaiedfce as well as in order to animate 3D
figures. Thus, it could be pointed out that the is¢im activity observed came as a result of
the interplay of didactical functionalities.

6. IS YOUR SRQ MEANT TO CONTRIBUTE TO PROVIDE AN ANSWER TO YOURRE-
CRQ?IF YES HOW?

Students’ learning trajectories as well as the magkted and multileveled process of
meaning construction cannot be segmented in mytwedtlusive or non interconnected
research questions. However we consider that thee tmwmadly formulated RE-CRQ can be
enriched by a number of SRQ that would shed lights various aspects. In this context the
SRQ that we tried to answer above examines mon@uigbly one aspect of the RE-CRQ,
that of DDA’'s dynamic manipulation functionalitiesnd the way it affected meaning
construction in relation to the concept of angle.

Note
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During the implementation of the pedagogical planour study it emerged that dynamic
manipulation provided a fruitful domain to studyetbonstruction and evolution of meanings
developed by the students. Thus, we chose to éxpmirespective student’s activity to study
in detail the role of dynamic manipulation of gednoal objects in student’s
conceptualisation of angle in 3D space. This chbiaé the effect that the role of symbolic
notation in student’s construction of meanings wksed in the background of the study.
This is the reason for not answering the secondifspeesearch question referring to the role
of symbolic notation in students’ construction of eanings contained in the
Teaching_Experiment_Analysis_Guidelines.

A.5.5 Analysis of ETL TE with MoPiX

Validation of DDAs and PPs

(1) WERE THE EDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
HOW CAN YOU ATTEST THAT?

The main educational goal addressed through thgrdesthe MoPiX Pedagogical Plan, as it
was stated in the Teaching Experiment Guidelinedy (2007), concerned the students’
construction of mathematical meanings regardingrtte of the MoPiX algebraic equations

and the relationships between them, while represgmhenomena such as collisions and
motions and experimenting (e.g constructing, deitoasng and reconstructing) with the

corresponding animated models.

The meanings that the students would construct tatt@urole of the equations were not
explicitly defined during the development of thedRgogical Plan. We expected those
meanings to emerge as the students would interdht the MoPiX DDA and engage in
collaborative activities which were challenging loesign (e.g changing a half-baked
microworld). Thus, the main educational goal adskdsa the Pedagogical Plan was
deliberately not correlated to a specific matheoahtconcept or domain, as it would be for
example the concept of function or the notion efvhriable.

This design choice is also reflected to the spe@tiucational goals stated in each phase of
the Pedagogical Plan which are related to the iiesvthemselves and to the characteristics
of the DDA. According to those goals we expectedishts to:

Observe and analyse the objects’ animated behavand the properties

Modify the objects’ behaviour and the properties djding or removing
equations

3. Edit one-object or multi-object already existingiations in order to describe
properties and behaviours

4. Construct new one-object or multi-object equationsrder to describe new
properties and behaviours

5. Connect the visual representation (animation) efdhjects’ behaviour to the
symbolic representation (equations) of the behasiou

6. Collaborate in pairs discussing, forming and testiypotheses, negotiating
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and reaching in joint conclusions concerning th@gab s behaviour after
adding/removing equations to/from the object

The achievement of the main educational goal vélbtiested through the achievement of the
specific educational goals as they are mentionegieb

In order to attest the achievement of our educatigoal, we formed a Research Question
that would require the analysis of the data todoedacted in such a way that would bring into
the surface several incidents in which studentditstruct mathematical meanings about the
role of the equations while engaging in the PP’siveies and accomplishing the
aforementioned specific goals.

The Research Question concerns the ways in whiaclests constructed meanings about the
role of the equations and the analysis performel megard to this RQ indicates the existence
of numerous episodes in which at least one of geeific goals is achieved. We classified
them in three categories:

» Construction of meanings about the role of an equation through the
interpretation of its symbols.

» Construction of meanings about the role of an equation through the
editing of its symbols.

» Construction of meanings about the role of an equation through its
conceptualization and development.

As it becomes apparent, the achievement of the etucational goal can be attested though
the analysis conducted with respect to our Rese@ubstion, as it is presented in the
“Common Research Question” section.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOURTE PORTRAIT, AND THE RELATIONSHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

The hypotheses made when designing the PP that timk use of the DDA to the envisaged
educational goal as they were stated in the TE alides:

The activities designed for the specific part o thedagogical Plan where the selected
educational goal is addressed aim to introduceesiisdinto the “Juggler” half — baked
microworld and its functionalities. This microwortensists of several objects (“hands” and
“balls”) whose behaviours are linked to each othefhe connection between the objects is
perceived both by means of symbolic and visualesgmtations.

Students are expected to explore the functionslibethe microworld and deconstruct the
“Juggler” existing model so as to define the edureti underpinning the behaviour and
properties of each object both as a standalonetodel with regard to the others. This means
that students will use the “Flip Object” featureasoto make visible the equations assigned to
each object, remove or add equations in ordertey #le objects’ behaviour and properties
according to their understanding and execute theefsp as to receive a visual feedback.

The deconstruction procedure will afford them wviitle opportunity to gain understanding of
the mathematical structure of the equations us@&doiRiX environment to express behaviours
and properties.
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1st Remark:

The hypotheses as they were presented in the THehes (July 2007) indicate that the
main educational goal (i.e the students’ constomctdf meanings about the role of the
equations) was addressed only for a specific plohgsbe Pedagogical Plan, the phase in
which the students changed the “Juggler” half-bakémtoworld. Having in mind that -in this
phase- the students would engage in activities thete designed to be particularly
challenging for them (i.e play with the “Juggle€carding to the existing rules, deconstruct
the model underpinning its behaviour and modifyatas to express their personal ideas), we
focused the wording of the hypotheses almost ekalys to this phase of the
experimentations.

However, the construction of meanings about the oblthe equations was expected to also
emerge during the first phase of the experimematid-or this phase, we had designed
activities during which the students would be iaditto deconstruct a model consisting of a
single object (i.e the “One red ball”) so as toedetine the object’'s behaviour and create a
second object that would have the exact same balvaas the first one.

In this process we expected students to assigmegnove equations from the objects, observe
and discuss with peers the animation generatedrahke connections between the visual and
the symbolic representation system. Since the skobject to be constructed required the
editing of the already existing equations, we atsgected students to start modifying

equations and through this process start constigiatieanings about the role of the equations.

2nd Remark:

Moreover, what we omitted in the TE Guidelines yI007) is to refer to the construction of
equations (apart from the editing) and formulatedbrresponding hypothesis.

The activities we have designed for the PP andrticeoworlds themselves invite students to
change the microworlds’ functionalities so as teate a unique artefact, possibly distinctly
different to the original one. In order to do s thtudents are expected to modify the
equations comprising the microworld’s model andsiidg invent new symbols and equations
that will describe the new behaviours they wouldhwtio assign to their objects.

By reformulating the hypotheses made when desigtiieg®PP —not after receiving feedback
from the experimentation and the analysis prodasisafter reconsidering the wording of the
hypotheses as they were presented in the TE Goede(July 2007)- we try to make explicit
how the use of the DDA is linked to envisaged etlanal goal. Each of the hypotheses
incorporates in its wording the educational goadl &hnus confirmation of the hypotheses
contributes to the attestation of the main edunatigoal.

Hypothesis 1:

The students would construct meanings about thee abkthe equations as they connect the
symbolic representation to the graphical represiemtavailable in MoPiX.

The activities designed for the PP and the MoPiXirenment itself provide students the
opportunity to modify the model underpinning then&eéour of the objects present on the
Stage by adding or removing equations. The equatamided/removed could be equations
selected from the “Equations Library” or equatitinat the students developed themselves by
editing an existing equation or by constructingeavrone.

The equations assigned to the objects form a mibd¢lthe students may execute so as to
generate its visual representation. Linking theuaisrepresentation (i.e the animation
generated) to the symbolic representation (i.eetheations assigned to the objects) will afford
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students the opportunity to attribute meaning t@qmation -by referring to its symbols or its
structure- and thus construct meanings about tleeofdhis equation.

Hypothesis 2:

The students would construct meanings about thee gblthe equations by editing already
existing equations or by constructing new ones.

The PP we developed incorporates the use of afgplcid of microworld, the “Juggler” half
baked microworld. This microworld -by its own nauiand the activities we have designed
for the PP, invite students to change the microtv®ninderlying model so as to modify the
objects’ behaviours as they express their persdeak.

In order put into effect their ideas and accompliskir goals, the students will use the
environment’s symbolic representation system. Témpdstructure access the students have in
the microworld’s functionalities will enable them eédit and appropriate the equations already
assigned to objects and to construct equationswbatd depict behaviours which are not
accurately described by the existing equations.

As students edit existing equations and concepteiand develop new ones, we expect them
to construct meanings about the role of both thgiral equations they edit and the new
equations they construct.

Criteria:

The soundness of the hypotheses will be attesteddh the data and the analysis performed
with regard to the RQ. The RQ concerns the wayshith students construct meanings about
the role of the equations as they interact with Ma@PiX DDA and their peers. In order to
confirm our hypotheses we will seek for episodesvimch the students’ construction of
meanings about the role of the equation is achiegdtiey:

. Associate the symbolic representation to the gegbepresentation
. Edit already existing equations or by construct oewes.

Confirmation of the Hypotheses:

Hypothesis 1:

The students would construct meanings about the abkhe equations as they connect the
symbolic representation to the graphical represiemtavailable in MoPiX.

Performing the analysis with regard to our RQ wenidied incidents in which students’
construction of meanings about the role of the #gns was sustained by the connections
they made between the symbolic representation tfiee equations) and the graphical
representation generated by the model’s executieihe animated model).

The soundness of the hypotheses was confirmed adeteeted specific episodes in which
students:

. Attributed meaning to an equation -or certain sfgymbols- just after
adding it to or removing it from an object and abg®y the animation.

. Verified the role of an already existing equatiantioe role of newly
formed one after they added it to an object an@esl the animation,

. Decided on further changes on a newly formed egonategarding its
structure or content as they observed the animaggorerated after adding it
to an object.

Hypothesis 2:
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The students would construct meanings about the ablthe equations by editing already
existing equations or by constructing new ones.

The confirmation of this hypothesis was attainedhsy analysis we conducted for the CRQ.
The analysis indicated the existence of severaidémts in which students constructed
meanings about the role of the equations as thigdedn existing equation or constructed a
completely new one.

With regard to the RQ, we classified the studeatsiievements into the following categories
of analysis:

» Construction of meanings about the role of an agoatthrough the
interpretation of its symbols.

« Construction of meanings about the role of an agudhrough the editing of its
symbols.

« Construction of meanings about the role of an eqgoatthrough its
conceptualization and development.

The second and the third category of the analysidiren the soundness of our second
hypothesis.

Common Research Question

1. REPORT YOUR RE-FORMULATION OF THE COMMON RESEARCH QUESTION (RE-
CRQ)

How do students construct mathematical meaningatdhe role of the equations while
using the available representations in MoPiX tostauct virtual models in the context
of engaging in engineering design activities?

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

One of the main educational goals presented inMio®iX Teaching Experiment

Guidelines concerned the students’ constructiormefinings about the role of the
algebraic equations and the relationships betwhemtin the context of changing a
half-baked microworld. Students used MoPiX builtand created MoPiX compatible
equations so as to ascribe properties and behavimutheir objects and represent
phenomena, such as collisions and motions.

On the basis of this educational goal and in otdeanswer our RQ, we classify the
students’ achievements into the following categoakanalysis:

Construction of meanings about the role of an equahrough the
interpretation of its symbols.
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Construction of meanings about the role of an egaahrough the
editing of its symbols.

Construction of meanings about the role of an egnathrough its
conceptualization and development.

4. Construction of meanings about the role of an eqioat through the
interpretation of its symbols

At first place, students used the equations avialabMoPiX without attributing any
meaning to the symbols on the left or the rightt pérthe equation. The criterion for
selecting and using an equation was plainly its enafor example, students used the
equation “amlHittingGround(ME,t)= (y(ME,tx (height(ME,t)+2)) and Vy(ME,$0”
and the “amlHittingASide (ME,t) = (x(ME,& 0 or x(ME,tp799) and Vx(object_3,t

0” (faulty) presuming — solely judging by its naroe the left part and ignoring all the
other symbols- that it would make their object “thte ground” and “hit a side”
respectively.

S2  We want to ascribe the one that makes the bfitlld side” [They search the
Equations Library and they find the “amlHittingA8idequation which they
ascribe to the object]

S1 4hhh...lIsitin?

R1 It says so. [Showing the environment's respdmese]

S2  Ahhh. Great!

S1 Ilam hitting...

S2  MMFE»? Me? What is that? HittingASide.... Ok. It's fine.

S1  Am | hitting ground? I’'m hitting the ground,aslI.

S2  The ground.... Where is this?[They search the ti&msLibrary for the
“amlHittingGround” equation]

S2 That's it? That's it or... Oh, no. That's it. [Kheascribe the
“amlHittingGround” equation to their object]

R2  Great.

S2  Ok. Then? Let's go ahead. Is there anything?dlBkey move on to the next
category of equations]

Extract 1: Using the equations without attributingheaning to the symbols

Although they detect the existence of other symiiolthe equation they use (i.e the
“ME” symbol), students don’'t seem willing to makeyaattempt to attribute meaning to
those symbols. They continue with the constructibtheir model without paying any
attention to the rest of the equation symbols.

The next step in the construction of meanings abimitrole of the equations emerged
when students started using equations after hatingputed meaning only to certain of
its symbols. In the case of the “VX(ME,t)=Vx(ME }*Ax(ME,t)" equation, students
didn’t take into account the symbols on the rigattpf the equation. The decision to
attribute it to their object was the result of ang@arison between the left part of the
equation at hand and the left part of the “VX(ME®) equation. After attributing
meaning to the symbol of “0” in the latter equatenmd using it to describe the object’s
initial velocity, the students sought for an eqoatto describe the object’s velocity at
any time. Since the left part of the “Vx(ME,t)=Vx@-1)+Ax(ME,t)” seemed to meet
their needs, students decided to ascribe it ta thigject regardless of the meaning
conveyed in the symbols on the right part of theasign and its structure (i.e the
“VX(ME,t-1)+Ax(ME,t)").
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R2 Great. In the first equation instead of “t”, witl we have? [In the
Vx(ME,0)=3 equation]

S1 The*0".

R2 That does this “0” mean?

S2 Thattimeis 0? No.....

S1 That you don't define the time in this case.

R2 Ok. If I told you to talk about some other tirhere.... Some other
second

S1 Yes?

R2 What would you do?

S1 We would say “with some velocity” meaning... [thaltribute the
Vx(ME,t) = VX(ME,t-1) + AX(ME,t) equation to theiwbject]

Extract 2: The attribution of meaning only to certa equations symbols

Finally, students started using equations afteirfgpanalyzed the meaning of each one
of their symbols and defined each symbol's speciie in the equation. In this case
students viewed the equations as sets of symbatsctimbined into a unified whole,
before determining the kind of behaviour it woutttibute to their objects.

5. Construction of meanings about the role of an eqigat through the editing of its
symbols.

The second category of achievements refers todhstiction of meanings about the
role of an equation through the editing of its emtt By “editing the content of an
equation”, we mean the process in which student®meed changes to the symbols
composing an already existing equation but left stracture of the original equation
intact.

Students edited the already existing equationsaordistinct reasons: so as to attribute
meaning to certain symbols of the equation aftenmaring the effect that the new

equation had on objects with the effect of the inafone and -after having attributed

meaning to all of the equation symbols- so as tpress their ideas and generate
behaviours for their objects that were not acclyadescribed by any of the already
existing equations. The elements that the studetes altered in an equation were the
arithmetic values present on its left or right pdrhe arithmetic value editing they

performed could be classified into two categoresditing so as to replace the existing
arithmetic value with a different one and editirgas to replace the arithmetic value
with a variable.

The students of the 3rd workgroup, after usingMoiX Library equations to define
their object’s motion in the horizontal axis, theyught for equations that would make
their objects move in the vertical axis. The fiesjuation they detected at the Library
was the “Vy(ME,0)=0", an equation that describes thitial vertical velocity of the
object. After attributing the equation to the objeend watching the animation
generated, students decided that the equation ldychosen wouldn’t move their
object for two reasons. The first one concernedatitbmetic value on the right part of
the equation. The “0” had to change into “3”, sdf@sthe object to have a velocity in
the Y axis.

S2 Press “Play”. You didn’t do anything. You jusiade the velocity O at
the O time instance. Its initial velocity is 0. Ydud nothing to it. It
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didn’t change, to move downwards [The motion oftibk is exactly
the same as the one before attributing the “Vy(NHEDO equation to
their object.]

S1 Yes,yes.

S2 That's what I'm saying. Change it. Give it sonigal, we should give
it an initial velocity. Isn’t it better?

R2 Whatever you like.

S2  Give “3” as an initial velocity. The equationyased before, with the
difference that after the equal sign, we will placé&3”. There, move
it up. [He takes the “Vy(ME,0)=" equation and plexzdat in the
Equations Editor. He turns it into “Vy(ME,0) = 3]

Extract 3: Changing an arithmetic value

The second one became apparent after attributed\tg(ME,0)=3" equation to the
object and concerned the arithmetic value on theé#at of the equation. The “0” value
on the left part that referred to the time instanad to change and so as for the object’s
velocity to be “3” at the following time instancas well. As students looked for ways
to incorporate the “all the next time instancesame” element in their equation, they
decided that they needed a symbol which they wusl look at and understand that it
represents the infinity”. The equation they formeas the “Vy(ME,t)=3".

S2 That means that we have to express the “illinhyta

S1 Time... something. Always plus 1.

S2 Do we need a symbol for this?

R2 Do we need a symbol? It's a good question. Howyal plan to
express it?

S2  With symbols. We usually express somethingwtbatan’t describe
accurately with symbols.

S1 Plus... t. [He writes down Vy(ME,t) = 3].

S1 So when | see this symbol [meaning the"t"].

S2 and | know it represents the infinity

Extract 4: Introduction of a variable

6. Construction of meanings about the role of an eqgimt through its
conceptualization and development.

The third category of achievements refers to thestraction of meanings about the role
of an equation through its conceptualization andetigpment. The difference between
this category and the previous one lies in the tiaat, in this case, students didn't just
change an already existing equation but actualhsitacted an equation from scratch,
using the MoPiX mathematical formalism. This med#mat in order to express their
ideas about the behavior they would like to giveirttobjects, students invented new
symbols to which they attributed meaning and relateese new symbols to already
existing ones, forming a completely new equatios.ithhecomes apparent, in this case,
students not only determined the content of an temudthe kind of symbols they
would include), but they also defined the equasostructure (the ways in which the
symbols would be related to each other).

The students of the 1st workgroup decided that theyld like to link two of their
microworld’s objects and make them interact unagtain circumstances. The idea was
to create two equations that would oblige one @ divjects to respond to specific
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events handled by the user. The students decididobathe event that would force the
object to respond (i.e the change in another dbjguisition) and on the kind of the
reaction such an event would cause (i.e chang#teiobject’s colour). In this process
students not only determined the content of theaggu (the kind of symbols they
would include) but also defined the equation’sdtite (the ways in which the symbols
would be related to each other). Moreover, sinceoti@r symbol could describe the
effect they would like to generate, students hatht@nt new symbols to which they
attributed meaning, defined the values they woultept and used them so as to relate
the new equations to each other.

At first place, students decided on the kind of e&avior they wanted to give to their
object. The main idea was that “the ball shouldngeaits colour according to the
ellipse’s position on the Stage”. Since studentsd Haveloped a familiarity with the
MoPiX environment they already knew there was nchsequation in the Equations
Library. They had to build a new one so as to exprtheir idea in the MoPiX
formalism.

The first equation developed for this reason wasdhe that described the condition
under which the ball would respond and thus chatsgeolour. Talking about how they
would achieve this goal, they decided to includehigir equation the Y coordinate of
each object and link those Y coordinates so ashi@ball to know “I am below now”
[meaning below the ellipse].

S1 Excuse me... The x, y coordinates. Can’t the @mient recognize
them? Their values. Where the objects are situaaa.t it recognize
them?

R1 Yes.

S1 It can recognize them. So | can say that | whist [the ball] to
change colour

R1 Yes?
S1 When it is situated in a Y below the Y of this for example [the
ellipse]

R1 You know... I'm thinking... Will the ball know wheis below or
above the ellipse?

S2  That's what we will define. We will define tlse Y

S1 This. The: " am below now”. How will we writiei$?

S2 Using the Y. Using thé The Y. That is: when it8is 401, it is red.
When the Y is something less than 400, it's gr&at!that? And the
velocity. When the velocity has these values, @md this thing
happen.

S1 Let's start on that. Let’'s do it.

Extract 5: Conceptualizing a new equation

Having conceptualized the effect they would like thew equation to have on the
Stage’s objects, students decided about two distfements of their equation. Its
content (i.e the symbols it will include) and itsusture (i.e the ways in which those
symbols will be related to each other). The Y camate of each object will be a part of
the equation and the relationship between them béttefined by a “less than” sign.

The students proceed by constructing two equatioaisare related to each other. The
“gineprasino(ME,t) = y(ME,§274” and the *“greenColour(ME,t)=(not(gineprasino
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(ME,t)) x 0 + gineprasino(ME,t) x 100” equation® atefined by the students in terms
their symbols and their structure.

The students’ achievements described in the aforBomed categories could not be
viewed independently of the use of the represemtatavailable in MoPiX. In order to
construct meanings about the role of an equatitudests used the DDA’s symbolic
representation system (i.e MoPiX equations) inpileeess of:

Interpreting the role of certain symbols in an doum or
interpreting the equation itself as a unified whole

Editing the symbols of an already existing equafimodifying the
arithmetic values present in the equation and capjathem with
another arithmetic value or a variable),

Constructing a new equation (conceptualizing andeldping an
equation from scratch, deciding on its structureé emntent).

In each one of the processes presented abovensdudpart from using the symbolic
representation system, also used the graphical ®he. graphical representation
generated by the execution of the equations atathto the objects was not used so as
to directly express ideas as it was the fact fersymbolic representation system, but it
was used so as to:

Attribute meaning to an equation -or certain of sggnbols- after
adding it or removing it from an object,

Verify the role of an already existing equationtbe role of newly
formed one,

Decide on further changes on a newly formed equnaggarding its
structure or content.

In any case, the two MoPiX representation systemsewsed interchangeably by the
students in the process of changing a half-bakedoworld and both contributed to the
student’s construction of meanings about the rbte@equations.

The description of the students’ achievements ifledsn categories of analysis on the
basis of the “educational goal” and the description the ways in which the
representations were used by the students delinkatémodalities of use” (i.e how
students used the DDA). However, students’ achievesnare also related to the
“DDA’s characteristics”. The deep structural acceénsg the MoPiX environment allows
the student to gain in order to change the micréisfunctionalities (i.e edit/construct
equations) and the linked representations (i.egtiaphical representation is generated
by the execution of the symbolic one) constitute wf the DDA characteristics that
seem to influence “the modalities of use” as mermdtabove.

3. SPECIFY.
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

The data we collected during the experimental meesd analysed were:

Audio and video recordings (deriving from a screapture software for the
inter workgroup communication and from a camerafaiecorder for the
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intra workgroup communication),

Students’ notes and answers on the Work Sheetsraxedpd at certain
phases,

Students’ MoPiX models (DDA files saved on MathBjl.
Researchers’ field notes.

The specific elements that we observed were:
The students’ interaction with the computationaliemment,

The students’ interactions with their peers (membmrthe same or other
workgroups), students’ interactions with the teatbeearchers.

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORJUR
ANSWER TO THE Re-CRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOUR THEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

The wording in the reformulation of the CRQ indesthat we expected students to
construct mathematical meanings about the roleh@feiquations as they used the
representations available in MoPiX. In order toveersthis RQ it was essential to
monitor and analyse the ways in which the studenteracted with the
computational environment (i.e the representatiand functionalities available).
This specific element of observation gave us araleav on the ways students used
the MoPiX representations and made explicit thenection between the use of
representations and the construction of mathentatieanings.

During the experimentation process students intedacoth with the computational
and the social environment. The social orchestatiothe experimentation process
gave students the opportunity to interact withrtipeiers while working together as
members of the same workgroup and while discussingring ideas and artefacts
with members of other workgroups. Since studentgaged in joint decision-
making processes, shared ideas, developed stmtegiehich they negotiated and
argued, the element of the interaction with theiadaenvironment was crucial in
order to understand they ways in which the mathigadameanings emerged. The
interaction with the researchers/teachers wasalsmportant element since it gave
us and understanding about how the researcherdidest input (if any) had an
effect at the students’ construction of mathematizzanings.

Although we didn’'t use a specific element of ouedtetical framework in the
process of the analysis, the theoretical framescandtructs that we adopted for the
experimentations with MoPiX continued being a pahtreference for us. Thus,
drawing on the constructionist and the socio-camsitrist framework, we decided
to search for ways in which students would “corcdtruneanings while interacting
with the computational media and the social envitent. However, the students’
construction of meanings can not be viewed outsidecontext in which it occurs.
Since we decided to use for the implementationufRP a half-baked microworld
which by its own nature is designed for instrumkraséion and provides students
deep structural access so as to be able to chenfgmctionalities, it was apparent to
us that the actual process of changing the microwevould constitute an
interesting venue for the students’ constructiomefnings.
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5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HQW

With regard to the characteristics of the DDA onalgsis was guided by:
a.3 concerns about the ways representations caotée on
a.4 concerns about the evolutive characterisficspresentations

a.5.1 concerns about interactions between differepresentation systems
within the DDA

With regard to the educational goals our analysis guided by:
b.1 epistemological concerns
b.2 semiotic concerns

b.5 social concerns

With regard to the modalities of use our analysss \guided by:

c.2 concerns about the functions to be given éoDBA and their possible
changes

c.3 concerns about semiotic issues
c.5 concerns about social organization and intienrss

For the analysis process the concerns that weitdokconsideration were no different
than the concerns that we regarded as importanttHer design of the teaching
experiment and the concerns on which the refornouaif the RQ was based. As it was
the fact for the elements of our theoretical framaguvwe didn’t explicitly use specific
concerns in each one of the analysis phases thrra¢pt them in mind throughout the
analysis process and referred to certain of theenwte considered it necessary.

For example, in the first category of analysis tt@icerns the construction of meanings
about the role of the equations through the inetgtion of its symbols, we made no
reference to the “functions to be given to the D&# their possible changes” although
we were interested in the modalities of use. The way inicwhthe symbolic
representation system was used by the studentsgigmabout semiotic issues) was a
concern that seemed to be more appropriate forpthase of the analysis process. On
the other hand, in the last category of analysas ¢bncerns the construction of meaning
about the role of the equations through their cptwadization and development, apart
from the semiotic issues (i.e how students invesigdbols and attributed meanings to
them), we were patrticularly interested in the wstyglents acted on the representations,
deployed the available representations systemstantions (concerns referring to the
characteristics of the DDA) and eventually chandbd half-baked microworld’s
functionalities (concerns about the functions togheen to the DDA and their possible
changes).
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A.5.6 Analysis of IoE TE with MoPiX

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
HOW CAN YOU ATTEST THAT?

The envisaged educational goal of the teachingrerpeat was the development of students’
concepts of motion in accordance with Newtonianslaw the implemented pedagogical plan,
this focused primarily on the development of consepf velocity and acceleration.
Specifically:

« velocity as change in displacement

« velocity (in a plane) as a two dimensional vecéather (magnitude, direction) or
(horizontal magnitude, vertical magnitude) - theosel of these being most naturally
encoded in MoPiX notation

* velocity remains constant unless acted upon
* acceleration as change in velocity
* acceleration as a force - specifically acceleratipplied at an instant

Through the course of the experiment, students’swafytalking and writing about velocity
and acceleration changed in ways consistent withdtucational goal, though their use of
acceleration was much less secure. Their use ofiXIsffowed that they were able to operate
with these concepts in order to build models thawved in ways compatible with their
intentions, though the nature of this varied betwstidents and achievement was uneven.
We would not claim that all students achieved ® shme extent. The types of achievements
we consider relevant include:

a) Separate treatment of horizontal and verticahponents of velocity and acceleration
in order to describe motion.

By later sessions, students’ problem solving preegsvhile using MoPiX consistently dealt
separately with vertical and horizontal componeotsmotion when adding and editing
equations to models. Moreover, when using otherenaof communication, students also
described motion in terms of x and y componentskingause of the terms Vx (or ‘x

velocity’) and Vy and, to a lesser extent, Ax a&wl As may be seen in example 1 below,
this allowed descriptions of motion that were maualytical and consistent with the
principles identified above.

Example 1 The following task was given both in #éten pre-questionnaire and in the post-
guestionnaire:

Imagine throwing a tennis ball against a wall. Ddsxn words how the ball moves and
how its motion changes.
Art responded to the pre-questionnaire task:

The ball flies towards the wall losing height thehits the wall losing some energy to the
wall out as sound, bounces off the wall continadiéniy but in a different direction.
and to the post-questionnaire task:

As it is flying towards the wall its x velocity dee't change while the y velocity is
decreasing. When the ball hits the wall the x vigfjathanges direction (becomes negative)
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and some energy is lost to the wall, the y velokégps decreasing at the rate of -9.8. As

the ball hits the ground y velocity changes diwatti
Art’s responses before and after the teaching @xeet show some similarity in the use of
the idea of ‘flying’ towards the wall and losingezgy to the wall (a concept presumably
drawn from his lessons in Physics as his use ofiMl&Rd not included this phenomenon).
However, his response to the post-questionnair@r@yents velocity as a vector quantity,
separated into horizontal and vertical componeijtsgcognises that the horizontal velocity
does not change until it hits the wall (iii) iddr@s bouncing off a vertical or horizontal
surface as a change of sign of the horizontal aiicat velocity respectively (iv) recognises
that the vertical velocity is affected by the camétacceleration of gravity.

b) Development and use of the concept of acceteras more fragile than that of
velocity.

Students quickly developed systematic strategiemmstruct models involving only velocity,
analysing the values needed to produce the desffeds. In general, they struggled to solve
problems involving acceleration and were inconsiste the ways in which they talked about

it and applied it. This may have been at leastar pecause acceleration was addressed later
in the teaching sequence. Example 2 illustrateslifference.

Example 2. During Session 5 students were ablse¢cchanges in velocity in order to change
the direction of motion of objects. In Session eyt were asked to achieve changes in
direction by applying an acceleration at an inst&at chose first to work on the problem of
drawing a square using changes in velocity in otdethange direction, he then revisited the
same task of drawing a square by using acceleraianforce applied at an instant in order to
achieve the same effect. In each case, Aa staytedibg a trial and improvement approach in
order to make the first corner but then used syatenmethods to turn subsequent corners.
When using velocity, his progress through the taadl improvement stage was rapid, using
systematic methods to correct errors. The onlyrermade on turning subsequent corners
were errors of sign and by the final corners he wl@enging both horizontal and vertical
components of the velocity without making internaelitrials. When using acceleration, the
initial trial and improvement stage was much lopgevolving a high number of trials, some
of which did not appear systematic. Having achietreal first turn, his methods appeared
more systematic but much slower than when usingcitgl directly. Towards the end of this
task, he spent several minutes carefully examithiegset of equations, pointing repeatedly to
the velocity equations as if recalculating the bomtal and vertical velocities at each
application of an acceleration. We interpret tlgsaa indication that Aa was just beginning to
operationalise the concept of acceleration as ahangelocity.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

We hypothesised that, through use of MoPiX witthi@ proposed pedagogical plan:

» the process of defining the behaviours of objents@bserving the consequent behaviours
would enable students to form and test their owpoliyeses about the relationships
between formal definitions and observed motion lagce to construct conceptions of
motion consistent with Newtonian laws;
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» the use of multiple semiotic systems, each affaydiiiferent meaning potential, would
provide students with greater opportunities to camitate effectively about motion and
hence to construct and to interpret representatbnsotion in accordance with
Newtonian laws;

» the social and technological environment and tle@eragement of various forms of
communication would provide opportunities for explory talk, encouraging students to
engage in higher level reasoning and argumentatioino use explicit forms to represent
their ideas.

We proposed the following criteria:

» Students successfully make use of equations téreonanimated models whose
behaviours fulfil requirements posed by tasksrséhe pedagogical plan or posed by the
students themselves.

All students succeeded in making use of equatiorenstruct animated models. Most tasks
set by the pedagogical plan were either complatedessfully or were adapted by students in
accordance with their own objectives. Students tpecadept at constructing objects with

straight-line motion with a desired direction anglocity and were able to use changes in
velocity to change direction. Behaviours that imeal use of acceleration were more difficult

to achieve. Behaviours involving interaction betwesbjects proved to be frustrating to

achieve because of the difficulties in using thioedn version 1 of MoPiX.

» Students interpret graphs of motion, relating theseurately to the behaviours of their
animations.

Changes made to the pedagogical plan in responsentextual factors prevented us from

fully implementing the part of the plan relatedg@aphing. Only one student attempted the
‘four graphs’ task. He was successful in interpigteach of the graphs. However, we cannot
take this as adequate evidence of effects of theiKlenvironment.

* When communicating verbally among themselves bravieacher or researcher,
students describe, predict and analyse motion igsveansistent with Newtonian laws.

Interestingly, the consistency of verbal communaagabout motion varied according to the
register used for the communication. When usingnit@ology derived from the MoPiX
notation (e.g. ‘x velocity’ or ‘vertical accelerati’), description, prediction and analysis of
motion was generally consistent with Newtonian lawghen using more ‘everyday’
terminology such as ‘speed’, ‘getting faster’, thewas often slippage into inconsistent,
intuitive or everyday ways of talking about motidfar example, Z, describing the motion of
a ball thrown into the air:

Z as it goes up it gets slower until at the top #&ro
CM then what happens to it?
Z it gets faster

This way of speaking did not help her to understdred action of acceleration on the ball.
Shortly afterwards, however, when asked to consideat happens to Vy , she appeared to
experience an ‘aha!” moment:

Z it stops
CM and then what happens to Vy
Z it gets negative ... Oh yes!
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Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-

CRQ)

What concepts of motion are represented througlests’ semiotic activity in the context of
use of MoPiX?

How do students operate in MoPiX with the variabesd y, Vx and Vy, Ax and Ay? In
order to achieve what goals?

What forms of language and other modes do studesgtdo communicate about velocity
and acceleration as they work to construct animatiand to interpret sets of equations
and graphs?

(We are unable to address this part of the RQ as
unanticipated contextual factors meant that we westable to complete the part of the
pedagogic plan related to graphs.)

What choices do students make between and withensdmiotic systems offered by
MoPiX and the context of its use in order to comioate meanings related to motion?

Do students’ communications about velocity and eragon outside of MoPiX vary through
the course of their experience with MoPiX?

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

Vector notions of velocity and acceleration

Vector notions of velocity and acceleration (withrizontal and vertical components defined
separately) became well established in students/igcwithin MoPiX and in other modes.
Students’ problem solving processes while using Mogbnsistently dealt separately with
vertical and horizontal components of motion whddiag and editing equations to models.
This separation is supported by the structure ef démiotic system of MoPiX equations.
Moreover, when using other modes of communicatgingdents also described motion in
terms of x and y components, making use of thedevm (or ‘x velocity’) and Vy and, to a
lesser extent, Ax and Ay.

Relationships between the values of horizontal @eedical components of velocity were
coordinated in order to determine the directionmaition. This was done most efficiently
when motion was horizontal or vertical and whenng/es in direction were perpendicular,
using the strategy of swapping x and y componehtegaand changing signs. Other cases
were also solved successfully (e.g.. drawing angle) but in these cases qualitative
evaluation of the graphical output played a morpdrtant role, apparently needed in order to
validate quantitative analysis of components obury.
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Changes in the values assigned to velocity andlerat®n were used in order to effect
changes in the motion of animated objects, focusioth on speed and on changes of
direction. After early tasks introducing studemtsghe basic sets of equations required to make
an object move, a common strategy used in congiguoew objects was to apply this basic
set rapidly and then to select and edit the egastigetting new initial values for velocity and
acceleration or effecting changes in velocity crederation at specific times. The equations
effecting change in displacement x(ME,t)=x(ME,t-¥}¢ME,t) and change in velocity
VX(ME,t)=Vx(ME,t-1)+Ax(ME,t) were generally not etid but were used more as ‘black
box’ equations although, when attention was draovthém explicitly in interaction with the
teacher/researcher, students were able to expi@inftinctioning.

The oral language used by students through theseowf the teaching experiment
increasingly made use of component related termsadefrom the MoPiX language (e.g. ‘x
velocity’). This supported effective problem solgiand description of motion consistent with
Newtonian principles. It was, however, more comsistand secure when dealing with
velocity than with acceleration. The use of ‘everydlanguage and gesture provided
resources for communicating about acceleration thate not consistent with MoPiX
formalism or did not support effective problem sty

As students made use of various modes of repragentgeveryday’ language, specialist
language of mathematics or of MoPiX, MoPiX programgn pencil and paper writing,
drawing, MoPiX animation, gesture) different sefssemiotic resources and consequent
meaning potentials were available to them. TheBeenced the focus and direction of their
activity. For example, a task that was originallysed as the creation of a pattern of lines,
through making use of the resource of colour predidy preparing the design of the pattern
using the Paint software and interaction usingugeswith a drawing, became a task to draw a
‘firework’. This changed the way in which MoPiX &s functioned in the students’ talk and
within the task. From being a matter of creatimg4 (static objects resulting from a motion)
the goal of their activity became to create an atiom in which the lines were traces of
motion rather than objects in their own right. Ither cases, moving their attention to
symbolic resources in pencil and paper mode ommmjunction with calculator use changed
the nature of the problem students were attendirfgptn qualitative evaluation or description
of the shape of a graph or trace of an animatiaqyuamtitative evaluation or calculation of the
various aspects of motion.

C) Operationalisation of the concept of accelevatas change in velocity appears to be
supported by some forms of semiotic resources thareby others.

Students’ ways of talking about velocity and ac@len and their use of these in problem
solving varied across the course of the teachimgement and across the various modes of
communication in use. This aspect is still subjeduller analysis but we present example 3
here to illustrate the way in which different moadé£ommunication may affect the meanings
constructed for acceleration.

Example 3. While working on question 3 of the pggéstionnaire (see below), Ab and Aa
made use of the diagram provided, interacting witlwith speech and gestures. They also
made use of a calculator, pencil and paper and Klo®ihen using the diagram, they

struggled with the idea of constant acceleratiomictv seemed to conflict with their

interpretation of the diagram. Ab seems to conagleration with velocity:

it's decelerating here [slides from t=50 to t=13( then here it's zero here [ points LH
and RH at t=130 (prolonged)] and starts accelegagain [rapid slide from t=130 to t=150
RH]
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The diagram and interaction with the diagram ugjagture to mimic the imagined motion of
the ball provided resources that did not enablestheents to distinguish clearly between
acceleration and velocity. They did not distinguibletween horizontal and vertical

components and associated upward movement withesatien, even moving the sliding

finger faster as it moved upwards.

As they started to fill in the table, however, remld interaction with the wording of the
question led them to fill the Ax column with zerassd the Ay column with -0.1 all the way
down. Re-visiting the wording of the question praetpthe students to separate acceleration
in the horizontal and the vertical directions andperate with them as constants. The use of
the verbal and symbolic modes rather than the dragratic enabled them to complete the
acceleration values in the table correctly, appérém contradiction to their earlier ideas.

After an initial attempt to complete the Vy colurby considering the diagram, they decided
to calculate instead. Aa got out his calculator prepared to do some calculations. With the
calculator by his side, he developed the approadntended to take, communicating with his
partner in interaction with both table and diagram:

if you got y acceleration at -0.1 here [points tpak t=0 in the table] to find out at what
point it stops here [points to t=50 on diagramjafi times that [points to Ay at t=0 in the
table (-0.1)] by the time taken to reach here [{®fo t=50 on diagram] .. you should get
the velocity for the y
Having decided to calculate, the affordances ofcédeulator itself allowed connections to be
made between, on the one hand, the symbolic modeedafable and, on the other hand, the
diagram. Pointing at the diagram now served to tilera point in time, rather than a
movement.

This episode illustrates the fragility of the natiof acceleration for these students. It was
only with the support of a range of interacting g#r resources that they could be successful
in resolving the problem.

3. The diagram below shows the path of a ball tlrowo the air and then bouncing off
the ground.

The ball’s initial velocity (at time t=0) is 2 imé x-direction and 5 in the y-direction. Its
acceleration is -0.1 in the y-direction (a MoPiXpapximation for gravity).

Complete the table below with the velocity and $m@ion of the ball at the given times.
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time velocity acceleration
VX Vy AX Ay

t=0 2 5 0 -0.1

t=50

t=100

t=130

t=150

In the language of didactic functionalities, theawccteristics of the DDA provide a
representation of motion separated into horizoatal vertical components. This addressed
the educational goals directly by providing studenith an alternative language that moved
them away from ‘everyday’ ways of representing motienabling analytic and quantitative
approaches to defining and describing it. The @iowi of a library of equations allowed
students to develop a strategy of paying attertbaime meaning of a limited set of equations
while using others in a ‘black box’ mode, focushth attention and effort on specifying the
aspects that would effect desired changes in speddection. Developments to MoPiX 2.0
are intended to further facilitate this ‘layereg@paoach.

We have identified a duality in the interpretatioingraphs as static patterns or as traces of
motion. The graphical representations of MoPiX suppoth these interpretations while the
symbolic representations support the second, dynamierpretation. This dynamic
interpretation seems more aligned with our edunatigoals but students’ adoption of it is
affected by the modalities of use, in particulartbg other forms of representation provided
in written materials and in interaction with theadber and by the alternative semiotic
resources available in the immediate context.
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3. SPECIFY.
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

Up to this point, the main data analysed have lee#racts of video data involving pairs of
students working together on MoPiX related taskee Video focused on the area in front of
the students, encompassing the screen, hand gestndepencil and paper. This has been
supplemented by pencil and paper work and MoPiXatsodroduced by students during the
course of the extracts analysed. Selected extremts been transcribed, distinguishing in
parallel the different modes of communication ie.uEhus each transcription is structured to
indicate simultaneously at any point in the extrapeech of the participants; interaction with
MoPiX (e.g. dragging, editing, authoring equatigplsying or stopping an animation); screen
display; gesture; pencil and paper production (iditlg use of computer based analogues of
pencil and paper, e.g. Paint).

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORTURD
ANSWER TO THERE-CRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

Extracts have been chosen for analysis on the blagisthey appeared to be of interest in
relation to addressing some aspect of the Re-CR@atticular, because of our interest in
semiotic activity in different modes, we have chogpisodes in which students have made
use of several modes of communication. We alsoctleepisodes in which there was
interaction about velocity and/or acceleration testw students and/or with the computer. The
process of selection of extracts for detailed asialis iterative. Having identified preliminary
results we intend to revisit the data to identifytfier evidence related to our answers.

Our social semiotic theoretical framework oriensstal consider the meaning potential of the
semiotic systems in use within the context of siturmand to interpret the texts produced by
students (in any mode), taking into account both ¢bntext of situation and the broader
context of culture. At an early stage in the analydf chosen extracts, transcripts were
divided into ‘moments’ of communication that werensidered to have some meaningful
coherence; this division was a pragmatic considerawithout an explicit theoretical basis,
though our identification of ‘meaningful coherencg’based on an assumption that our own
understanding of the context draws on similar sétgliscursive resources to those of the
students.

The process of analysis involved both the apphbcanf a priori categories and the
iterative definition and refinement of categoriesided from the data, accompanied by
ongoing interpretation of patterns in the codimgtial strands of coding include:

1. Mode (this could be a multiple coding where savenodes were relevant to the
interaction during a single moment)

2. Form of reference to velocity and/or acceleraffthis strand reflects both semiotic
and epistemological concerns)

3. Static or dynamic interpretation of MoPiX grag#ithis strand is an example of one
that emerged from interaction with the data)

4. Strategy for selection of equations
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Having coded moments of the transcript, patterrd r@hationships are sought within
and between strands. In particular, given our conegth choices between modes and
the relationships between semiotic resources arehimgs, we examine relationships
between strand 1 and others.

5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HQW

With respect to the characteristics of the DDA, analysis is guided by the following top
concerns:

» concerns about the ways mathematical objects anditheraction are represented
* concerns about the ways representations can be @acte
With respect to educational goals, our analystgiided by the following top concerns:
» epistemological concerns
* semiotic concerns
With respect to modalities of use, our analysigusled by the following top concerns:
» concerns about the functions to be given to the DA their possible changes
» concerns about semiotic issues
» concerns about social organization and interactions

Our analysis does not attend separately to eathest concerns but, by examining patterns
and connections across strands, addresses rehafisrisetween them. Our focus on semiotic
resources brings us to identify in the analysis erdy how the representations provided by
the DDA are used within MoPiX but also how they taken up in verbal language and how
they relate to other representations availablééncontext of situation.

A.5.7 Analysis of IoE TE with MaLT

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
How CAN YOU ATTEST THAT?

Our Educational Goal was expressed as follows:

To develop students’ ability to recognise and asalthe properties of three dimensional
geometrical shapes through construction and maaiparh of 2D and 3D representations.

Through the course of the teaching experiment,estisdwere introduced to a range of ways
of constructing representations of three dimensiatgects and were successful in using
these in structured and directed tasks. Some asd these spontaneously to support their
problem solving or to communicate to others.

For example, in Session 2, students were introdtaéoe construction of isometric drawings
of three dimensional objects.
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K's choice of representation was initially naivextaposing 2D representations of
separate faces. Her initial drawing was two dimemel, showing only the face of the
shape closest to her. When questioned by the teabbeandicated that she could also see
‘a little bit’ of another face. She added a two-dimsional drawing of this second face next
to the first face, without representing the anglengen the faces.

After instruction in isometric drawing, using isotme grid paper, she was successful in
drawing simple cuboids but still struggled to resmm® more complex shapes, again
appearing to represent components of a complexeskaparately, juxtaposing them
joined by an edge rather than a face, without sepréng their relationship accurately.

In Session 3, students were given the task of oactstg two walls of a room using
MaLT. Students were instructed before startingaostruct in MaLT first to imagine and
then to make a sketch of what the two walls wouolwkllike. K immediately sketched an
isometric representation of a cube (on plain papken used her rubber to erase the lines
forming the back corner of the cube, leaving aesentation of two walls.

This could be interpreted as a progression in Kiditg to recognise and represent
relationships between the faces of 3D shapes. ©mwttier hand, we must be aware that
the change in the context of the task may havetaffiethe resources available to her.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

Our hypothesis was that use of the variety of syimlamd visual semiotic systems provided
by MaLT and by the other multi-modal experiencethvidd objects and 2d representations
included in the pedagogical plan, students’ abilityanalyse 3D shapes and their properties
would be enhanced. We proposed the following cater

e Students successfully use MaLT to draw 3D objeetsftlfil the requirements posed by
tasks set in the pedagogical plan or posed by tildesits themselves.

All students experienced some degree of succeireitasks set but this was limited by the
time available and their difficulties in learninguse the software.

* Students use the variation tool in MaLT and carnarpts effect.

Because of the context in which we were condudiiggstudy (see below) we were able to
make less use of the 2d variation tool than had laeécipated.

In Session 4, students used the variation tookderto explore pre-constructed models (e.g.

joining up prisms by dragging sliders represenaingles and/or side lengths) and some were
able to connect the values displayed on the varigbol with the movement of the shapes, in

particular connecting the number 60 to the anglenoéquilateral triangular face of a prism.

Other students, however, although they could ssfgkyg manipulate the sliders, had
difficulty connecting the numerical display to tekape. In at least one case, this appeared
related to insecure knowledge about the angles itriamgle as may be seen in this
conversation between teacher (GD) and studentdTchbed the teacher for help when faced
with the task of explaining why the value of 60 the slider made the triangular prism join

up.
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GD  When you look at just the triangle bit, whaid of triangle is it?

2 T triangular prism?
GD  Just the triangle, forget about the fact ttethree dimensions. What type
of triangle is it?
4 T ... (hesitates - no answper
5 GD What can we say about the lengths of the Bides
6 T They're all equilateral
7 GD Exactly. It's an equilateral triangle. So whed the angles in an equilateral
triangle?
T All the same

GD They're all the same and they have to add®p t
10 T One hundred and eighty
11 GD Sowhat's the size of an angle?
12 7T One hundred and eighty
13 GD Theyadd up to one hundred and eighty
14 7T forty five degrees
15 GD What's three lots of forty-five?
16 T pardon?
17 GD What's three lots of forty-five?

18 T um ...
19 GD Does it make one hundred and eighty?
20 T ... Bhakes head - no

21 GD So what number do we need for three lothaf same angle to make one
hundred and eighty degrees?

22 T ... seventy? ... sixty¥€ry quiet and hesitant
23 GD ... Sowhat's the angle in an equilateral ¢yie? You think about that.
24 T Is it forty-five? (nore loudly and confidendly

The apparent failure of this dialogue to help T makconnection between the value 60 and
the size of the angle seems related to the disuatiés in the theme of the discussion at lines
14/15 and 22/23. GD changes the theme from angtaltalation and then back again. T's
lack of connection between the two themes is ewdénby her request for clarification
“pardon?” at line 16 and by the contrast betweenhesitance at line 22 and her confident
repetition of her answer forty-five at line 24. Tdifficulty in dealing with thematic
discontinuity also seems evident in her lack of angwer after the shift at lines 2/3 between
considering the 3D representation in the MalLT ¢udktreen and considering an abstract
equilateral triangle.

In session 7, students constructed procedures vatiables to represent the turn of a
revolving door or the sliding distance of a slidihgor. They then called up the variation tool
and used it to animate their doors. There is ndenge that students attended to the numerical
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values displayed on the variation tool. Rathemppeared to be used simply as a ‘handle’ to
manipulate the display. This mode of use is coeststith the overall design purpose of the
activity. The task did not demand attention to\thkries.

* In their presentations at the end of the projettdents make use of different forms of
representation for their virtual building that aoensistent with one another.

Each group of students worked to produce a possptaying their design for the new sports
centre and presented this to their colleaguesarfittal session. They incorporated a variety
of forms of representation into their posters, ukahg:

o informal drawings, both of the whole building arfdoarticular features

o 2D plans (using either plain paper or squared pagédevels of the building
and of specific features

0 2D elevations

o isometric drawings (using either isometric papeplam paper) of the whole
building
0 MaLT screenshots, showing the turtle screen andsbeciated procedure, of
the moving doors
The narratives given in their oral presentationsht® class made some connections between
the various components, but in general, the dinoeissiand shapes of different forms of
representation were not consistent. Students tbuslabed skills in producing specific forms
of representation but did not make explicit conioes between them. This may be dues at
least in part to the lack of emphasis on measuremethe pedagogic plan; each form of
representation used its own unit of measure (2dbegul cm squares on paper, turtle steps)
but no connections were made between these.

Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-
CRQ)

What meanings do students make in relation to tlliegensional geometry through their
semiotic activity in the context of working with IMaand other modes?

What relationships are there between proceduredestis write or changes they make
to given procedures and the properties of the shdpey are working with?

How do students use the variation tool and for whapose?
What interpretations do students make of the effefctising the variation tool?

What choices do students make between and wittmose systems in order to
communicate their completed design to their pe@sWhat extent and in which ways
are the properties of shapes represented?

Before proceeding to answer this reformulated goieste must comment on the context in
which the implementation of the teaching experimeith MaLT took place. We worked in a
state secondary school with tightly constrainediculum. We negotiated with the school
about the use of MaLT and amended our pedagogitzal jn order to make strong
connections with the curriculum. Some of the workhwlaLT had to be arranged out of
school time, which added some pressure on students.
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The participants were students in Year 8 (12-13sye&d) with a low level of achievement,
who were not perceived by the school or by thenesebs successful learners, with negative
consequences for their engagement and classroomwibeh leading to frequent teacher
intervention. Moreover, students had no pre-expegeworking on Logo, adding more
constraints to the implementation. The effect ofsth contextual elements and of our
preliminary engagement with the data collected basn to change the focus of our
articulation of the Reformulated Common Researclesflaon in order to take in to account
the nature of the students’ engagement with MalLd, am particular, the strong involvement
of the teacher, student teacher and researchergpporting and guiding student activity. The
relationship between the semiotic activity of tleadhers and researchers and that of the
students themselves thus became a significant igstecould not be ignored. We would
therefore add a further sub-question to our Re-CRQ:

What role did the semiotic activity of teachers amdearchers play in shaping
students’ use and interpretation of the variousrfsiof representation available?

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

What meanings do students make in relation to thidienensional geometry through their
semiotic activity in the context of working with M& and other modes?

1. The meanings and measurement of angle

The students’ prior knowledge and understandingngiie measure in 2D or 3D proved to be
fragile. While this did not prevent them from engagwith MaLT it appeared to affect the
ways in which they used angle values within Logmotands.

a) angle as arbitrary measureM and S were attempting to debug the incorrectotd
procedure provided on a worksheet (session 5)c&yresed that all the angles should be the
same but did not recognise 90 as right angle

S I've changed all the forwards to 6

CM Ok

S And now the rights need to be 100 don't they
CM do they?

Sor90

CM which?

S I don't know. I've got two 90s and two 100s
laughs

S Il go 90 for now and see

This solution worked satisfactorily for S and hexsd it with M. The argument given for
having all the angles the same is based on thaMsadback and does not analyse the source
of the ‘wonkiness’.

S all the rights need to be the same
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M Aah
JA why?
S Because otherwise it tilts and it goes all wonky and doesn't work
Later when explaining to M how to correct his prdwaes:
All your rights need to be the same number, all your forwards need to be the same number

The focus is on the sameness of the values rdihardn the values themselves or on the way
in which varying the values might change the shépdeed, having made all the ‘forwards’
the same, the two boys complained that their ‘dtmoked more like a wall (i.e. was square)
but did not diagnose the problem or change theegallihe meaning they have fectangle

or squarethus includes the condition that angles shouldhgesame - a condition that is
moderated both visually and symbolically (by chagkthat all numbers are the same), but
without a strong association between numericalevahd measure.

b) ninety degrees as a building blodWost of the students were confident in using njinet

degree angles. These were appropriate and usefuhday of the set tasks, which mostly

involved rectangular components. During these tdskth the exception of the aeroplane

path task in the introductory MaLT session), whemew turn was required, 90 was given as
the angle of turn and if this did not give the eatroutcome, the student would press Insert
again to repeat the same turn. This would sometlmeedone repeatedly and rapidly, making

the turtle spin, until satisfied with the positiorhis trial and error strategy was used with all

kinds of turns, but was especially prevalent wheingroll commands.

The Logo editor allows any instruction to be reyeld by positioning the cursor and pressing
Insert again rather than re-entering the instructithis characteristic facilitates the ‘building
block’ approach, allowing some successful consioast However, because it does not leave
a trace of all the instructions that the turtle fakowed, it does not lend itself to subsequent
review. Students found it hard to remember exaghigt instructions the turtle had been given
and were hence unable to analyse or to repeatroctishs. This mode of use suggests that
90 was being used as a syntactically compulsomme&ie of commands (i.er (90) as an
indivisible semantic unit) rather than having adependent semantic function.

3. Direction: absolute, ‘real’ or relative

There was a persistent mismatch between the relggometry of Logo provided by MaLT
and students’ use of the termg anddown Strong absolute up-down orientation persisted in
spite of students’ frequent manipulation of theéléuscreen to change their point of view with
respect to their constructions. As well as usipgand down with reference to the absolute
vertical direction, the terms was also used wifierence to the constructed objects. As most
of the tasks involved constructing representatiminseal’ objects: the path of an aeroplane,
walls of a room, doors, these constructions cowddcbnsidered to have their own ‘real’
vertical orientation even when viewed from a positihat moved this away from the absolute
vertical. Students did not have problems distinguig between absolute and ‘real’ senses of
up anddown They did, however, frequently use the Logo comasarmp anddp when trying

to move in absolute or ‘real’ vertical directions.

absolute ) ,

) real

vertical )
vertical
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To what extent are students’ constructions in difémt semiotic systems consistent with one
another? In particular, are representations of prepies of shapes consistent in different
systems?

1. Relationships between different modes during Make
a) ‘everyday’ language, ‘specialist’ language anaglo formalism:

We distinguish three different sets of discursiesources used to describe movement: the
everyday language of studentisr(, that way forward, down), the Logo formalisml{, fd, dp)

and the specialist language used by the teachszahehers, which serves as a ‘translation’ of
Logo formalism pitch, roll, turn). Clearly there are overlaps between the threeexample,
forward andturn are used both in the everyday and in the spec@iBsourse, while there is
an intentional close match between the Logo forsmakind the specialist language.

However, these terms are not identical in theienerice. For example, T appeared to use an
‘everyday’ forward to indicate an absolute direction perpendiculaata away from the
screen.

, | 1t arm horizontal across screen, !
: ! first wall complete, turtle facing | hand in PDN position, fingers |
' Shall | do the wall: left of screen on completing | towards body; fingers moved
forward'? ! bottom side of wall , ! towards body on ‘forward' !

___________________________________________________________________________________________________________________

In thls case, her everyday meanlng‘(m/vard did not seem to interfere with her use of Logo
formalism as she sought to find the correct typeuaofi command to orient the turtle in the
desired direction. Within Logo, she was clearlyeabd distinguish thatorward does not
indicate any kind of turn and thus was not a raléeaoice for her in this context.

The introduction of the specialist termgch androll and the associated gestures (and the
associated Logo commandg/dp andrr/Ir provides a new set of resources with no common
equivalent in everyday languadép pitchanddown pitchwere adopted by students and often
accompanied by the relevant specialist gestureygiialso often associatingp and down
with absolute reference rather than consideringstheting heading of the turtle, as in the
following example:

S: | wanted it to go down pitch so | was intending it to go down this way but instead it turned
right and went down that way

Right and left roll were less commonly used, especially early in #eehing experiment,
except when prompted by teacher/researcher inteover'When they were used, this tended
to be in a trial and error way. We hypothesise thet lack of analytic use is related to the
lack of a common everyday equivalent that mighfpsupstudents’ use of these terms.

b) paper and pencil (isometric representation) &mal T

Students were encouraged to make use of paper emdl go support their planning of

constructions in MaLT. There were also instancegr@hteachers made use of pencil and
paper as part of their interventions to help sttgléWhen working on the task of drawing two
walls of a room, students generally sketched twiiswesing an isometric perspective. Some
achieved this by sketching a cube and then eratiieg extra lines. The subsequent
constructions in MaLT were similar (though not isgnc) in that they provide a ‘framework’

of edges. Interestingly, the paper and pencil digw/iwere not used explicitly for reference
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while working with MaLT. The two activities appedré be perceived as separate and self-
contained.

The representations in the MaLT turtle screen trse” rather than isometric perspective and
when drawing rectilinear figures, edges further yaaee often ‘*hidden’ by edges nearer to the
viewer. Students soon discovered how to overcotseptioblem by dragging the turtle screen
in order to change the orientation of their figufbey appeared to prefer this method (which
we believe was not intended by the designers)itigube arrow keys to alter their viewpoint.

The preferred orientation seemed to be one thatcm®d as closely as possible with the
conventional isometric view. This suggests thatNMa. T constructions and paper and pencil
iIsometric drawings may be being used as part ofdinee overall system of representations.

2. Communicative purpose and perception of actiydsls

Our pedagogic plan situated the students’ work iwithe context of the ‘real life’ project of
designing a new sports centre for the school. Wakillis related to the use of specific forms
of representation (plans and elevations, isometrawings, MaLT procedures and turtle
traces) were developed through separate tasks, sbwiach were not expicitly related to the
design project, all sessions were framed by reterdéa the overall design aim and, with the
exception of the introductory MaLT session, inclddsome work related directly to the
preparation of the design. Of course, it cannotabsumed that students will make the
intended connections between the various partseoéxperiences that are offered to them. As
noted above in relation to the achievement of eilutal goals, a lack of emphasis on
measurement in the pedagogical plan and the usmmftandard measures in MaLT and
other forms of representation may have contribteea perception of the overall design goal
as the presentation of qualitative ideas rathem hquantified blueprint.

What role did the semiotic activity of teachers aresearchers play in shaping students’ use
and interpretation of the various forms of represation available?

1. The use of gesture and the ‘playing the turtietaphor

During use of MaLT, it was noticeable that the teas and researchers made extensive use
of gestures in an apparent attempt to support stadeplanning and execution of
constructions in MaLT. One significant type of gestwas a set of stereotyped hand and/or
arm movements, often associated with use of thmsterrn, pitch (or more frequentlyip or
down) androll and the associated Logo instructions (see Tabfer lthe codes used in
transcription of these gestures). For the teachtsresearchers, using these gestures as ways
of thinking and communicating about the movemerntefturtle within MaLT was consistent
with the notion of body syntonicity, widely considd a feature of Logo use, and with the
metaphor of the user ‘playing the turtle’. In thB 8ontext, it is not possible to physically act
out turtle movements with the whole body. Inste#tie hand (or, during the initial
introduction to MaLT in the teaching experimentpg aeroplane held in the hand) substitutes
for the body.

Students adopted some of these gestures but used ith ways that were not always
consistent with the turtle movements. For examplehaving constructed one rectangular
wall, was trying to construct a second perpendrctdat. She explained what she was trying
to draw using language and gesture:

1lhere whole rt arm vertical PO, palm facing away from
body, moves up in direction of fingers
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2turn here TR, arm moved in direction of fingers
(maintaining TR position)

3turn here attempt to move rt hand TR again (too
difficult?)

4 switch to It hand, arm horizontal pointing rt,
hand PDN (fingers pointing down)

5turn here moves forearm clockwise, hand still PDN (fingers
pointing left)

6 but | want it to come forward  turns arm (awkwardly) so that, hand still in PDN
position, fingers point towards body

The switch between lines 3 and 4 between use bf agd left hands appears to be a response
to the physical difficulty of achieving the desirpdsition with the right hand. We consider
what remains the same and what is changed asvitichsof hand occurs. The switch allows
T to maintain the direction in which the finger® grointing (down). This may be taken to
represent the turtle heading within the verticang parallel to the screen. However, in
switching arms, she changes the relationship betwes and hand from tarn gesture to a
pitch gesture. We usiirn andpitch within the conventions set up by the teachersareders
and the Logo language, not in order to suggestThtessociates her gestures with these terms.
On the contrary, she does not appear to attachsigmyficance to the distinction, focusing
solely on the position of her hand and the directrowhich her fingers are pointing in order
to describe the intended turtle movement. Whileishe some extent ‘playing turtle’ with her
hand, she is defining the turtle’s movements bygisiosition and heading at the corners of
her imaginary wall rather than by using turn anstatice as required by the Logo language.
The use of the turn and pitch gestures is thusuapporting her move into using Logo code
and may indeed have made her communication witth&za/researchers less effective.

The use of arm and hand movements to mimic thaippsaind/or movement of the turtle was
common among the students. Whereas this might &e a& a way of ‘playing turtle’, it is
possible to interpret it as a variety of ‘pointiraf’ an imaginary turtle. Certainly at least one
student explicitly refused to accept the metaplif@red to her by a researcher:

JA if you imagine yourself as a turtle, how are gming to move?
K it is very uncomfortable imagining myself asugtle ... erm

JA or imagine your hand

K | don’t want to be a turtle

Pointing is a widespread form of representatiopasdition, common in everyday discourse.
While it might appear at first sight that studead®pted the specialised gestures employed by
the teachers/researchers, the students’ use argnetiation of these gestures may be closer to
the resources of everyday discourse than to theajzed 3D movement representation.

Table 1: MaLT gesture codes

Position O PO
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Pitch up
(PUP)

Pitch

Pitch down
(PDN) i

Turn right
(TR)

Turmn |

Turn left
(TL)

Roll right
(RR)

Roll |

Roll left
(RL)

3. SPECIFY:
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- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

The data analysed included:

» paper-and-pencil work collected from students thhmut the teaching experiment. These
are of three kinds:

o directed drawing arising during instruction in tiee of particular kinds of
representation;

0 drawing used to support work on MaLT tasks;

o drawing and writing related directly to the sparémntre design project
In each of these cases, we observe the form oéseptation used and the extent to which
it matches conventional forms.

« video and audio records of all whole class inteoaceépisodes
We focus on the modes used by teachers and stutentsnmunicate about shape and
about the meaning of the various forms of repredem, including those provided by
MaLT.

» video and audio records of a group of four studemking together during ordinary
class-based work and of pairs or individual membétkis group working with MaLT.
These records capture screen content (in the ¢adaldl’ work), gesture and use of
paper and pencil.

We observe:

0 student-student communication about shape (anestudacher
communication in the case of teacher interventions)

0 student-computer interaction when using MaLT, idatg: Logo instructions;
use of the variation tool; dealing with error; gest

» saved MaLT procedures
We focus on the structure of procedures and th&grity as representations of 3d shapes.

e posters produced by all groups in the final session
We observe the choices made by each group abouttehaclude on their poster, the
physical arrangement of items on each poster aacexttent of coherence between the
representations included.

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORTURD
ANSWER TO THERE-CRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

In the case of video records of whole class intemacand of group or individual work,
extracts have been chosen for detailed analysibehasis that they appeared to be of interest
in relation to addressing some aspect of the Re-GRQarticular, because of our interest in
semiotic activity in different modes, we have chogpisodes in which students have made
use of several modes of communication. These selesttracts have been transcribed using a
multi-modal approach that records:

* speech
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» the current contents of the MaLT logo editor, highling changes to these
» the current contents of the MaLT turtle scene
e gestures

e concurrent paper-and-pencil production
The multi-modal transcription is a pre-requisite fioe analytic process, in order to identify
the ways in which the meaning potentials of theotes modes are exploited and combined.

Having constructed the transcription, this new espntation of the data was annotated with
strands of analysis related in the first place iarpto the research questions and then to
themes arising from the data itself.

5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HQW

As in the familiar tool (MoPiX), our analysis doest attend separately to each concern but,
by examining patterns and connections across dyautiresses relationships between them.
Our focus on semiotic resources brings us to iflenti the analysis not only how the
representations provided by the DDA are used wikh&b. T but also how they are taken up in
verbal language and how they relate to other reptasons available in the context of
situation.

With respect to the characteristics of the DDA, analysis is guided by the following top
concerns:

» concerns about the ways mathematical objects anditheraction are represented
» concerns about the ways representations can be @acte

» concerns about interactions between different sgur@tion systems: within the
DDA; and with institutional or cultural systemsrepresentation

The relationship between the forms of represemtative meaning potentials of these forms
and the ways they are exploited and combined isapmiocus of our analysis. Our social

semiotic theoretical framework orients us to coesithe meaning potential of the semiotic
systems in use within the context of situation &méhterpret the texts produced by students
(in any mode), taking into account both the contxsituation and the broader context of
culture. The multi-modal transcriptions allow wsrhake direct links between the various
representational systems and to track interactomsng them.

With respect to educational goals, our analystgiided by the following top concerns:

» epistemological concerns
e semiotic concerns

One strand of our analysis has been concerned thwéhways in which angle has been

represented by teachers and students throughubeiof the various semiotic systems. This
strand attempts to identify different aspects @& toncept of angle that are in use and the
ways in which the various semiotic systems do onalosupport them.

With respect to modalities of use, our analysigusled by the following top concerns:
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c.3 concerns about semiotic issues
c.5 concerns about social organization and intenast

The social organisation of the classroom and tlad®r institutional context have a major
influence on the ways in which students may makse®f their experiences with using the
DDA. One strand of our analysis has been to exathi@evay in which the semiotic reources
and the pedagogic strategies employed by teacmersesearchers in the classroom have
influenced the students’ own semiotic activity arldeir opportunities for making
mathematical meanings.

A.5.8 Analysis of ITD TE with Alnuset

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
HOW CAN YOU ATTEST THAT?

The educational goals envisaged when we designealsAt and listed in our TE Portrait
were the following:

« Exploration of properties of numerical sets;

« Exploration of what an expression denotes;

+ Use of letters to generalize and prove propert@&mstruction of the meanings of
variable, parameter and unknown;

« Manipulation of algebraic expressions and equations

« Approximate and exact solution of equations anequmations.

Not all these educational goals have been developedr TE. In particular, we haven't
treated the following: Use of letters to generaliaed prove properties and the
Construction of meanings of parameter and unknoMpproximate and exact solution
inequations; Approximate solution of equations.

The educational goals envisaged in our TE focutherdevelopment of an operative and
semantic control over algebraic expressions anggsitions. In the following we
describe our educational goals:

« Learning to practice the control of what varialdesl algebraic expressions indicate in
an indeterminate way within a numeric domain ushregquantitative method,;

« Learning to practice the control of the relatiopshetween two expressions using
quantitative methods to distinguish among equivtalerpressions, opposite
expressions and reciprocal expressions;

« Learning to practice the control of the relatiopshetween two expressions using
formal methods to distinguish among equivalent egpions, opposite expressions
and reciprocal expressions;

« Constructing a meaning for the notion of roots @fypomial and understanding the
link between the roots and the polynomial factdirisga
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« Constructing a meaning for the notions of equatioumth value of equation and
truth set of an equation, equivalent equationsditmmed equality (an equality that
is conditioned by the value assumed by the variabthe two expressions that are
compared by means of the equal sign), identity.

The results of our TE have demonstrated thatpbssible to achieve these didactical goals
exploiting the mediation of Alnuset and in parteubf the integrated use of the Algebraic
Line and of the Algebraic manipulator. The educadlogoals have been considered as
achieved when students showed to be able:

o touse the ways in which the expressions and gitipos are represented in Alnuset to
solve the proposed tasks, demonstrating to cotiteokxpressions and the propositions
on the operative and semantic level;

o to justify the contradictions emerged in the atyivimaking reference to the
representative events mediated by Alnuset;

0 to use correctly the terminology introduced by tib&cher to indicate specific algebraic
notions both on the protocols and in the dialogita wther participants in the teaching
learning activity.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

The hypothesis presented in our TE Portrait was ttte envisaged educational goals could
be achieved through the integrated use of the ttmoponents of Alnuset: the Algebraic line
and the Algebraic Manipulator. As a matter of fadgebraic Line component is oriented to
the development of an algebra of quantities whilgeAraic Manipulator component deals
with an algebra of operations. Thus, our ideaas the integration of an algebra of quantities
with an algebra of operations is crucial to devedogenuine algebraic knowledge in students
(see paragraph “Common research question”, Re-GR@8s document).

The TE has demonstrated that educational practicediated by the integrated use of
Algebraic Line component and of the Algebraic maragor component are useful to develop
a semantic and operative control of algebraic Wemand expressions, of propositions, and
to construct meaning for the equation solution.

We will give evidence of these results in the falilng sessions of this document, in particular
in the answer to our Re-CRQ 3.

Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION(RE-CRQ) \

1. How can the algebraic representations mediage@ltuset be acted on? Which kind
of relationship do these algebraic representatistablish with the referential algebraic
objects and phenomena?

2. Can an integrated use of these algebraic repadgms be effective to mediate the
development of educational practices based on ratieg between an algebra of
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quantities and an algebra of operations?
3. Are these educational practices mediated by #dhuseful to construct meanings for
the use of letters in algebra and to understandt \algebraic expressions denote?
Are these educational practices mediated by Alnuseful to construct meaning for

equations?

Pursuing these three research concerns we intefrdrhe and to validate the DF of
Alnuset. In fact, each of them refers to an itenthef DF notion and more precisely:

o The first research question is aimed to frame andalidate the Alnuset
features from a semiotic perspective, namely, ftbe perspective of the
mediation that it provides to control the signstbé algebraic activity
(variables, expressions and propositions) at syimbslel;

o The second research question is aimed to framecavalidate the modality
of use of Alnuset from a didactical and epistemaalgperspective;

o The third research question is aimed to frame andatidate the Alnuset
effectiveness at curricular level, namely, its efifeeness to mediate the
development of curricular didactical objectivestbr basis of the adopted
modality of use.

2 ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWNTHEORETICAL FRAMEWORK(S) AND LANGUAGE,
TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE THREE®RES OF THE
NOTION OF DIDACTICAL FUNCTIONALITY AND TO THE SHARED MINIMAL THEORETICAL
FRAMEWORK.

Elementary algebra is the knowledge domain of ezfee for the PP we have designed and
experimented.

Algebraic variables, expressions and propositicestiae typology of signs used in this
knowledge domain.

Generally speaking, students show many difficulteesontrol these signs at a symbolic
level, namely they show difficulties to use thenmaastrating to master that:

o0 An algebraic variable defined over a numericalisgicates the elements of that
set in general terms;

o A literal algebraic expression, namely a writingrmgmsed by numbers and/or
letters joined by the operation signs, indicatesam indeterminate way, the
result obtained through the sequence of operations;

0 An algebraic proposition, namely a writing compbday two expressions
joined through the signs of comparison “=,<,>glicates a truth value (true or
false) that can be conditioned by the numericaleslof the variables involved
in its structure. The set of values that determthedruth of a proposition is the
truth set of the proposition;

o It is possible to act on expressions and propostioy means of rules of
computation and of symbolic manipulation that refer conventions and
properties of the operations and of equalities imedualities. The application
of these rules preserves the equivalence of expresand propositions through
the transformation and it allows the subject to destrate more complex rules
of transformation.
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Our hypothesis is that the features of Alnusetoadiate the development of the mastery
of these capabilities and knowledge.

To demonstrate this hypothesis first of all we h&weanalyse how Alnuset allows the
student to act on expressions or propositions amdithighlights the relationship between
these signs and their referential objects. The &dbheoretical frame for this analysis is
the Peirce’ semiotic.

2. How can variables, expressions and propositionsiated by Alnuset be acted on?
To understand how Alnuset can mediate the develapofecontrol over expressions and
propositions it is necessary to illustrate how espgrons and propositions are represented
in Alnuset and how it is possible to act on theggesentations.

0 The algebraic variable is represented in AL by abiheopoint constructed on the
numbers line that can be labelled with a letter drayjged with the mouse along the
line.

o The algebraic expressions are represented in Apdigts on the line labelled with
their symbolic form. The drag of a variable point the line determines automatically
and dynamically the refreshment of the points oa time corresponding to the
expressions containing such a variable.

o Propositions are represented in a specific windbthe algebraic line environment of
Alnuset. A specific function allows the user totetlie truth set of this proposition.
Using this function the user can construct thehtsdt by means of a graphical editor
that the computer translates automatically and ohyeelly into the formal set notation.

o Expressions and propositions can be symbolicallypipudated within the Algebraic
Manipulator (AM) environment. The user selects plaget of expression or proposition
to be transformed and successively the rule ofstommation he/she intends to apply
on the performed selection. The rules of algebtansformation available with the
interface correspond to rules and properties of lihsis of operations (addition,
multiplication and power). The computer activates tules of the interface that can be
applied on the selected part of expression angplies the re-writing rule according to
the rule selected by the user, transforming theesgion or the proposition at hand.

Which kind of relationship do these algebraic reggnetations establish with the referential
algebraic objects and phenomena?

Before answering this question, it is necessarpresent some elements of the Peirce’s
semiotic frame that are useful to explain the reatir mediation that Alnuset provides to

control the relationships of variables, expressicarsd propositions with their referential

objects.

Peirce distinguishes among three kinds of signsnpeha indices, icons and symbols,
according to the relationship that a sign estabishith its referential object.

We observe that in the Peirce’s framework "a Synibal sign which refers to the Object that
it denotes by virtue of a law, usually an assocratf general ideas, which operate to cause
the Symbol to be interpreted as referring to thiajeCt"(Peirce, 2003 - CP 2.249)

Moreover he observes that behind a rule or a cdioreof a sign there are always indexical
and iconic links with the referential object andhaits properties that can emerge through its
interpretants. The mind has to learn to grasp theks to practice a symbolic control on the
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sign, namely behind a rule or a convention charaghg a sign it has to recognize a
connection between the sign and its referentisgalyr its properties.

When the mind grasps a factual connection betweersign and its referential object it uses
the rule or the convention as index of the objedtdated by that sign. An index is a sign that
refers to the object it denotes on the basis ofdabethat it is really determined by that object,
in the sense that the sign establishes a diregsigdd and pointing connection with the
object .

When the mind uses the qualities or the relatigpssiiharacterizing a sign to infer on
properties and relationships of the referentiakobjt grasps the iconic connection between
the sign and its referential object. For Pierceiam is a sign that has a relationship of
similarity with its referential object in the sentbat the sign and the object have a common
guality or a common structure

Grasping the indexical or iconic connections behimrule of Algebra is crucial to practice a
control over expressions and propositions at syrmblavel. Alnuset can have a very
important role of semiotic mediation to develogstbapability.

Let us consider some characteristics of Alnuset
We note that in Alnuset:

a) Variable as a mobile point on the line and esgimn as a point on the line which
depends on the value assumed by the variable,idiglain indexical relationship with their
referential objects (numbers on the line) throdghdrag of the variable point.

The presence of two expressions in a post-it agatio a point on the line may mean:

* A relationship of equality, if taking place at leder one value of the variable
during its drag along the line.

« A relationship of equivalence, if taking place falt the values assumed by the
variable when it is dragged along the line.

« A relationship of equivalence with restrictionstaking place for every value of the
variable when it is dragged along the line, butdoe or more values, for which
one of the two expressions disappears from theipast from the line.

The way expressions are represented on the ALnofsAt can mediate the development of
the semantic control over the numerical condititre determine the equality between two
expressions or their equivalence.

b) A proposition within the AL environment of Alneishas an indexical relationship with
its truth value that emerges through the drag efvériable on the line. As a matter of fact,
the truth value of the proposition determines tbéowur of a marker associated to the
proposition (green means true, red means falsé)glthre drag of the variable on the line.

The numeric set represented in a formal set neotatioa window of the AL has an
indexical relationship with its referential objénoumeric elements of that set) that emerges
through the drag of the variable on the line. Ict,flbelonging or not of the numeric value
of the variable on the line, to the formal set tiota determines the colour of a marker
associated to it (green means belonging , red mearelonging) during the drag of the
variable.

We note that the accordance between the coloureoptoposition-marker and the colour
of the set-marker is a representative event thatbeaexploited to validate the constructed
set as a truth set of the proposition.
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The way propositions and numerical sets are repregskecan mediate:

» the development of the semantic control over thmemnical conditions that
determine the truth of an equality or the equivake between two
equalities;

« the construction of ideas for the hidden univeesad existential quantifiers
required to master the truth set of a proposition.

c) Expressions and propositions in the Algebraiaidalator

o In the AM environment between the selection of at md expression or
proposition by the user and the activation by theaguter of the general rules
that can be applied on that selection (among tlppesented in the interface)
there is an iconic relationship, namely a strudtsirailarity of form.

o The result of the transformation can be automdyiceépresented in the
algebraic line environment to verify the presematiof the numerical
equivalence through the transformation

o The available rules are open-ended, in the sense a@hnew rule can be
automatically created once it has been demonstrated

The way expressions and propositions are manipdletéhe AM of Alnuset can mediate:

» the development of an operative control as to howse the rules of
algebraic transformation

» the development of semantic control as to whatesgyved through their
transformation

» the development of a theoretical control as to hmwjustify a new
algebraic rule of transformation

The TE has confirmed that the development of tithseacteristics of Alnuset are of great
importance to control expressions and propositi@na symbolic level because they can
mediate the development of an operative, semantidteeoretical control over them.

In this section we report two short examples thae @vidence of it. This task has been
solved by the students in the first activity of Qi.

“Consider the following assertion: The two express—x and —x® considered in
the rational numbers set always represent a negatiwvmber. What do you think
about this statement? Justify your answer.

Construct the two expressions on the AL and vgaty answer. Then try to justify
it using what is displayed on the AL during thesrattion. Is there any difference
among the following: 2xand (-x) and -(x}? Use the bi-dimensional editor of
ALNUSET to represent these expressions on the Alvenify your answer”.

Most students answered that®is an always positive number because the even
power of a negative number is positivéri this answer there are two errors: the first
one is that —x is considered as a negative nunibeisecond one is that the power is
interpreted as if it were (-X)

Then these students represented the expressiond-x<¢aon the algebraic line of
Alnuset, dragged the variable x and observed trapbint corresponding to%xon
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the algebraic line is always located on negativanimers while the point
corresponding to —x is positive when x is negaéind vice versa

“We have verified with Alnuset that what we havétemn is false, so the assertion
reported in the text that 2is always negative is true”.

“With Alnuset we have verified that *-is a negative number, (%Js a positive
number and -(-X)is a negative number coincident witf -x

Some students were quite amazed by these results

A pair of students wrote:-* and (-xfare the same thing because making the
square you always obtain a positive numberarid after the verification with
Alnuset “...Ah, hence they are not the same thing, becaus@ene&pression the
minus sign is inside the parenthesis while in tteoit is not”.

The features of Alnuset have been exploited botlldstabilize students’ wrong
conceptions regarding the connection of the algebrdes used in a sign and its
referential object and to develop new appropriateceptions of this connection.

“Through the observation of the line it emergestt{except point O) x and —x are
opp05|te on the line. Moreover’ and (-x} are not the same thing : % equal to -

(x)°

Let us consider this other task performed in the fictivities of the experimentation.
Task:

Write on the paper what the expression 3*x+1 repngs considering x as natural number.
Write an equivalent expression and use the AL hadAM to verify their equivalence.

A pair of students write on their common papérhé expression 3*x+1 represents the
triple of x+1”

After this answer and coherently with their intetation, they produce 3*(x+1) as
equivalent expression of the former one.

Then, they represent the two expressions on trebedg line and verify that they are not
equivalent because they do not refer to the sanm po the line and do not belong to the
same post-it.

The emerging of a contradiction between the hymithand results by means of Alnuset
helps them to reflect on the rules that charaatetie two expressions and put them in
connection with their referential objects.

“Using Alnuset we have seen that the triple of x$1(x+1)*3 while 3x+1 is 3 times a
natural number plus 1”

Successively they conjecture 2x*x +1 to be eqenilto the expression3*x+1. They
verify with Alnuset that also this hypothesis isowg, they produce 2x+x+1 as equivalent
expression that successively transform into (2+t)%and verify that these are equivalent
to the given expression.

The two reported examples evidence the mediatilegabAlnuset in the appropriation of
the algebraic symbolism through the comprehensibnhow the algebraic rules
characterizing an expression determine its refexeoiject.
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2. Can an integrated use of these algebraic represems be effective to mediate
the development of educational practices basedtagiation between an algebra
of quantities and an algebra of operations?

With Algebra of quantities we mean an algebra wihbeesattention is focused on numerical
values indicated in an indeterminate way by a Wgisor by a literal expression and on
numerical values which determine the truth of gppsition.

With Algebra of Operations we mean an algebra whbee attention is focused on the
operations properties that preserve equivalencexpiressions and propositions through
algebraic transformation.

The design of our PP was based on the following:itlee integration of an algebra of
guantities with an algebra of operations is crudialdevelop a genuine algebraic knowledge
in students and Alnuset can be effectively usetdipport the integration of these two kinds of
algebra in the didactical practice.

The integration of an algebra of quantities withadgebra of the operations can be justified
from both a didactical and an historical/epistergalal perspective.

The educational research has highlighted two speeitreme students’ behaviours while
they operate with algebraic expressions and prapaosi

There are students that Sfard and Linchevski (1888he as pseudo-formalist, who operate
with expressions and propositions in formal wayly@at a syntactic level, without being able
to control what is preserved through the algehiraiecsformation. They are unable to imagine
entities (numbers, functions, truth values) that thie referents of these signs. They consider
literal expressions and propositions as “thingsthamselves that do not stand for anything
else

In contrast, other students defined by Harper (1387 syncopated, are unable to use the
algebraic language and the methods of algebrade tlae assigned tasks. They prefer to
elaborate solution strategies using verbal langaagethe quantitative methods of arithmetic.

In both cases there is no development of a genalgebraic thought. Both students’
behaviours reveal a bad relationship with the algebknowledge that can be explained in
terms of lack of an operative, semantic and themetcontrol over expressions and
propositions and on their transformation.

These behaviours can be also explained on the béasas historical and epistemological
explanation. From an historical and epistemologipaint of view, we note that the
development of algebra as formal science and asnamtous discipline separated from
arithmetics has required a lot of time. In fact, foore than two centuries Algebra has been
considered as universal arithmetics. In 1830, Readastinguished between arithmetical and
symbolic algebra. According to Peacock in aritioadtalgebra attention is focused on
guantities denoted by literal symbols and expressiwhile in symbolic algebra there is a
separation of symbols from what they denote, &edattention addresses the properties of
operations involved in symbols manipulation. Thiease of Algebra from the quantitative
references of arithmetics has been a great conq&sshbolic algebra, without these
references, is the result of an abstraction prodtedshas been worked out by mathematicians
who were already able to practice a semantic cbrax@r algebraic expressions and
propositions, and, if necessary, could continugréztice it.

Many students have difficulties in practicing tb@ntrol because teachers often show the final
point of this abstraction process, exposing thenty to an algebra of formal operations. As
consequences many of them consider the algebmagudae as an empty language, without
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any meaning and any object of reference. In thidexd we think that the development of an
algebra of quantity and its integration with anedliga of formal operations can be crucial for
the didactical perspective.

These considerations are at the basis of the nigpadluse of Alnuset that is centred on the
exploitation of its two environments, namely thegdébraic line environment and the
Algebraic manipulator environment. They provideanative operative and representative
possibilities to integrate concretely an algelrgumantities with an algebra of operations
in the didactical practice.

The results carried out by the analysis of the Biehconfirmed the usefulness of this
modality of use of Alnuset. The following sectioives evidence of our TE through some
examples.

3. Are these Alnuset- mediated educational prasticseful to construct meanings for
the use of letters in algebra and to understandtvatigebraic expressions denote?

Some results obtained by our TE show that the rated use of AL and AM of Alnuset
helps build educational practices which developemantic and operative control over
algebraic variables and expressions.

Let’'s see some examples.
Example 1: Denotation of algebraic expressions

A didactical goal of our TE was to recognize what expression indicates in an
indeterminate way and that this represents a fanatirelationship that links the value of
an expression to the value of its variable.

Using Alnuset we pursue the achievement of thicational goal exploiting the drag of
the variable point on the algebraic line. The stid=n control this function mobilizing
his/her own spatial, visual and motor experience.

At the beginning of the experiment students werefamiliar with the movement of the
variable on the line, probably due to a statigovisof the numbers line that limited its
possible dynamic use through the algebraic lin@lotiset. Nevertheless, results obtained
by the TE clearly show the great potentiality o ttirag function to develop a semantic
control over algebraic expressions. In fact, ostcelents overcame the obstacle related to
a static conception of the numbers line througbrmftion and hints by the teacher, they
learned easily that what an expression denotesndispon its structure and on the value of
the variable. Moreover students began to use thswledge to anticipate what an
expression indicates in an indeterminate way anduge Alnuset to validate their
hypothesis.

For example, at the beginning of the experimenemstudents were asked to write what
expressions 2x and 2x+1 denote in the Natural nwnbet, they were unable to give a
complete answer. In general, they only wrote that tivo expressions represent natural
numbers. Successively, operating in AL, they caonrt the variable and the expressions
correctly. However, most students didn't move tlaiable even if the task required it
explicitly. The teacher suggested to move the wéian the line but some students tried to
drag the point associated to the expressionsrizk2&+1 instead of the variable x.
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Hence the dynamic use of the mobile point assati@erariables on the algebraic line has
been a discovery for students as well as the depeedof the movement of the point
associated to an expression through the drag ofatiable.

Very soon all students could move variables on dlgebraic line to explore what an
expression indicates and this exploration has loegaial to construct an idea of the
functional relationship that connects variables axpressions.

Let’s consider the following task assigned to shiden the third experimentation activity.
a. A typical mistake students make in the appraadigebra is to state that
2*x+3 and 5*x have the same result. Use the ALIGYBSET to show that
this statement is false and to highlight that &xhe result of 2*x+3*x,
inserting the mobile point x on the line and regm@ng the three
expressions.

Consider the following statements:

1) 2*x+3*x is equal to 5*x for each value of x, tihéhe two expressions
2*x+3*x and 5*x are equivalent.

i) 2*x+3 is not equivalent to 5*x but it is equid 5*x when x is 1.

iil) 2*x+3*X is equivalent to 5*x because the twrpeessions can be
transformed one into the other, while the exprassi®*x+3 and 5*x are not
equivalent because they cannot be transformedrdnehe other.

Are these statements correct or not? Why? Verify gaswers using AL and

the Algebraic Manipulator (AMDiscuss with the class whether these three

statements are true or false, using AL and AM tdythe different
opinions. What conclusions can you make about atgrice and equality
between expressions?

All students could manage the expressions repartethe task on the AL. Dragging
variable x they could verify that the two express 5x and 2x+3x denote the same
quantity for each value of the variable x, whiler3xdenotes the same quantity of 5x only
for x=1.

The exploration realized with the drag of the vialeahas been very important for their
learning.

Consider the following dialogue between a studedtthe teacher:

T: what do you think about the three expressions?

M: | think that they are equivalent because theyamtained in the same post-it
T: Butxisequaltol

M: | know, but before moving the variable x, | toygive an answer.
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T: Oh ok, but do you think that moving the varialihee three expressions are still
contained in the same post-it?

M: Yes, | think so. Now | move x to verify the answ (She moves the variable x on the
line). No they are not equivalent!!!!

In the protocol she wroteM/e thought that 2x+3, 2x+3x and 5x moved on the Viere
contained in the same post-it, but it was not tide.a matter of fact, 5x is the result of
2x+3x and not the result of 2x+3. They are all e@lent when x is”1

The comparison between the analysis of resultsirextaat the beginning of TE and of
those at the third lesson reveal a meaningful ivgmeent in students’ answers and
behaviour regarding the use of variables and aspas on the line.

The algebraic line of Alnuset has been very frlitfecause the dynamical management of
the variable on the line has allowed students sigas meanings to the use of letters in
algebra and to investigate what an expression atecin an indeterminate way. By
moving the variable x on the line students coukilgaontrol the values of an expression
or could compare the value of more expressionsordotry to specific designed
educational practices as described in the follovgections.

Example 2: equivalent expressions

The didactical goal of the above task addressesdh®ntic control over expressions with
the aim to recognize their equivalence or theirdittoned equality

Through the quantitative approach mediated by tgebaaic line, students can discover
that two expressions are characterized by a relstip of:

0 equivalence, when the two expressions make refertmthe same point on the line
and they belong to the same post-it for all théues of the variable when it is dragged
along the line;

o conditioned equality, when the two expressions nrafkerence to the same point on
the line and they belong to the same post-it omhysbme values of the variable when it
is dragged along the line.

Through the algebra of formal operations mediatethb AM students can experience that
two expressions, A and B, are equivalent when possible to demonstrate that they have
a common form, through their algebraic transforamaby means of rules available via the

interface. Moreover, students can verify the pnestedn of the equivalence through the

transformation at a quantitative level, representire transformed forms of the expression
on the algebraic line and observing that theyespond to the same point and they belong
to the same post-it on the line.

Before using Alnuset several students thoughtttiethree expressions of the task were equivatehtteat on the algebraic line they
always have to refer to the same value draggingdhiable along the line. An extract of dialoguéween a couple of students and the
teacher is reported in the following:

S: | think that the three expressions belong tostimae post it because they are particularly similaapart from 5x that doedn

belong to the same post-it. leterify on Alnuset.

Students build the three expressions on the algelma of Alnuset and they drag the variable peint

S: they are not equal!
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T: do you know why?

S: perhaps because 5x is really the result of 2x+3x while it is nbetresult of 2x+3
T: why not?

S: because we cannot sum them!

After they have built the three expressions oreaflgebraic line, two different points are visualizedthe line: one of them corresponds to
the expressions 2x+3x and 5x and the second onespands to the expression 2x+3. Moreover theskests visualized that :

-the expressions 2x+3x and 5x belong to the sarseipdragging on the line the point correspondimthe variable;
-the expression 2x+3 belongs to the post-it of 2xa3d 5x when x=1.

This control on numerical quantities indicated hg three literal expressions allowed studentsaotjme a semantic control on the notion of
“equivalent expressions”.

An example of answer is the following:

i) Yes, on the algebraic line the two expressj@ns3x and 5xjare equivalent
i) yes, they are all equivalent when ¥24+3x, 5x and 2x+3]

iii) ‘the first ong2x+3x] and the second oriBx] are equivalent since for all values of x, they eg@ivalent. While, 2x+3 and 5x are not

equivalent because if x assumes a value different 1, they correspond to a different value

In order to demonstrate the equivalence betweemxpeessions 2x+3x and 5x students have
used the available rules on the AM interface. Thaye transformed the expression 2x+3x into
(2+3)*x , using the distributive property of muliigation over the addition, and then into 5x
proving that the two expressions 2x+3x and 5x gugvalent. Some students wrotieetause
they can be transformed one into the other’others‘the answer to questions i) and ii) is
confirmed by the use of AL. The third answer 8i)confirmed by the use of AM. We have
inserted 2x+3x on AM editor and we have applieddis¢ributive property to obtain (2+3)*x;
then, simplifying the numerical expression, we wb&x. Thus, the two expressions can be
transformed one into the other. With the expresd@®gf3 we cannot apply the distributive
property, for this reason it cannot be transfornet 5x”

This activity allowed students to develop a meaniog the notion of equivalent
expressions by means of the integration of an atgebquantities and an algebra of formal
operations mediated by the two component of AlnuSaserting these two expressions
(2x+3x and 5x, namely the first and the last forfnam algebraic transformation in AMN
the algebraic line of Alnuset, they are coincidenthe same pointWe have demonstrated
it in the algebraic manipulator exploiting the rsle..].”

Example 3: Opposite expressions

The semantic control over expressions in ordeetognize when they are opposite and to
demonstrate their relationship, was a TE activaglg

Through a quantitative approach mediated by thebadgc line, students can discover that
two expressions are opposite when:

o Their respective points on the line are always segtnimin relation with point 0, when
the variable they depend on is dragged on the line.

For example, a specific task required studentsni the opposite expression of 5x-1 and
verify their answer in the AL. Some wrote the exgsien —5x-1 as opposite expression.
When they inserted it on the line they observed ithaas not symmetric to expression 5x-
1. This contradiction allowed them to understand thistake and to find the correct
opposite expression.
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o The point on the line corresponding to the sumhef two expressions is always 0,
when the variable they depend on is dragged ohrtbe

For example, in the previous task some studentd tise rule A+B=0 to prove that
expressions 5x-1 and —5x+1 are opposite. Two stadead written —5x-1 as opposite
expression and they used the rule A+B=0 to veh#t the answer was not correct. In their
protocol they wrote: 5x-1 is the opposite function. Now we verify withu&et. Alnuset
states that our hypothesis is not correct. As aenaif fact the result is not 0. The addition
of two opposite numbers has to make 0

Through the algebra of formal operations mediatgdth® AM, students were able to
experience that two expressions (A and B) are appoden it is possible to demonstrate
that A+B is equivalent to 0 or when A=-B

Once these rules were observed on the line, steigeaTe able to prove in the AM that two
expressions A and B are opposite if they satisbgdirules.

In general, most students preferred to demondinateA and B are opposite expressions if
their sum is 0. Thus they inserted the additiotheftwo expressions in AM and through
transformation they verified that the result wasado O.

Observe the following protocol in which studentsa#e steps in AM to prove that x*4+2
and x*(-4) —2 are opposite expressions.

' . ' CETIFAE o _
x-4 +7 L x{.q)vg_ Sono VUt £S5 PReEsgion OPPDS’I_’E)
AWCHE QUANDE X ASSONE Un Velonk Pludnse P O
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x(( %+—-%)%2—2 ('Drsmre)
K (o) e+
0+ &2
Oto

©,

Also note that students spontaneously write th@gmees used in the manipulation even if
this was not required by the task.

Are these educational practices mediated by Alnuseful to construct meaning for
equations?
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In this section we present some results obtainedwyTE showing in which way the
integration of AL and AM of Alnuset helped buildweghtional practices able to develop a
semantic and operative control of propositions, emdonstruct meaning for the equation
solution.

The following Card of our PP illustrates the seque=snof tasks to realise these educational
goals.

Card 8

a) Consider the following two polynomials:  %+8 ; 2*x+3
Explain what is the meaning of the equal sign betwbe two expression, or, in other words, how
you interpret the following writing 2%2=2*x+3

What do you expect to find if you represent the éxpressions x*2+2 and 2*x+3 on the AL:
—the two points corresponding the two expression ai@cident, whatever the value of x is.
—the two points corresponding to the two expressaascoincident only for some specific values
of X
—other (specify)
Justify your answer
Represent the two polynomials on the AL. Drag tbmtpx and verify your answer. Was you
answer correct or wrong? Why?

b) What does it mean, in our opinion, solvedteation &+2=2*x+3?

Use the two-dimensional editor to built the equatié+2=2*x+3 in the Sets Space. Send the
equation x+2=2*x+3 in AM, select the equation and use theerdlsB -~ A-B <0. Translate the
result produced by this rule into natural languageansform the equation in canonical form.

c) Make a hypothesis on the relationship amongeharee polynomials®x2; 2*x+3; x"2-2*x-1
imagining what you could observe if you representeein on the AL and if you dragged x from
which they depend on. From AM send the polynoniatx-1to AL and use the AL commands to
verify your hypothesis.

d) From AM send the equation x"2-2*x-1=0 to Alsellhe function E=0 to find the values of x which
make the polynomial x*2-2*x-1 null. Use the funttidit Set” to define the set of values which
make the equality x"2-2*x-1=0 true.

e) In AM use the rule “Factor roots” to factorise thmlynomial x*2-2*x-1 and find the solution of the
equation x"2-2*x-1=0 in formal form.

f) Explain what is the relation between the solutibthe equation x*2-2*x-1=0 and of the equation
xX*+2=2*x+3. Without using the AL, write what you tkiabout this statement: “ for the values of
x as solutions of the equation, the expressiorsnigaig to the two terms of the equality in AM,
when they are represented in AL belong to the gaoaeit.”. Use AL and AM to verify and justify
your answers.

g) Write the meaning of solve an equation and of gmiudf an equation.

The tasks of this card are meant to develop welbbéished meaning from the
epistemological standpoint and concern the notadns
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Conditioned equality

Solution of equation

Equivalent equations

Truth value of an equation

o Truth set of an equation

The development of meanings for these notionsusiak to practice a semantic control of
the propositionx*+2=2*x+3. For this reason we have designed thestagploiting the integrated
use of AL and AM in order to practice the integvatof an algebra of quantities with an algebra of
operations.

O O 0O

Task a) aims to explicit students’ conceptions aodjectures about the meaning of
equation. The students’ conjectures about whatasnieaning of the equal sign between
two polynomial expressions are:

o Results:“to put the equal sign between two polynomial espiens means that these
expressions have the same result”
“to put the equal sign between two polynomial esprens means that there exists a value
of x for which the two expressions are equal”;
"the equal sign means that substituting a valuexolvith one of the expressions and
calculating the corresponding result, we can obtéia same result substituting the same
value into the other expression”

“The two expressions®2 and 2x+3are not equivalent because the resulésdifferent
for each substitution of x”

“x *+2=2x+3 means that they are two expressions withshme result”

0 equality or equivalencéin our opinion, two expressions are equivalenthiéir result is
the same for all the value of x. After discussieg,think that these two expressions with
the sign “=" between them don’t form an equivalerimé an equality”

“The equal sign between two expressions meangtibgtare equivalent”

“x 2+2=2x+3means that the two polynomials are one thaiealent of the other”

o equation:“If we put the equal sign between the expressidnis becomes an
equation”; “by inserting the equal sign between shetwo expressions we obtain
an equation”

Task b) requires the algebraic manipulation of éfaationx®+2=2x+3. Moreover, the task
requires students to make explicit their concejgtiabout what they means by solving an equation.
The main common conjectures about this topic weeddllowing:

“solve the equation32=2x+3means demonstrate the quality”; “solve thguation means to find
the value of x that if substitut@idto the expressions of the equatiavg obtain an equality. If we
insert the equation in AM and we apply the rule, ob¢ain the canonical form?2*x-1=0 ”;
“solve the equation means to find the value of xvibich the equality is positive. The rule has
subtracted 2*x+3 to both the members of the equati/e obtain %2*x-1=0";" solve the
equation means to obtain the same values on tharef on the right of the equal sign. the rule
A=B <=> A-B=0.menas that if two expressions areualj their subtraction gives as result zero:
x*+2-(2x+3)=0, using expand [computational rule of AMe obtain the canonical form of the
equation: X*-2*x-1=0 "

“the sum of the first member with the oppositehaf $econd one is equal to zero. We obtain the
canonical form %2*x-1=0"
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In order to introduce the idea of equivalent equraind truth value, the task c) requires to make a
hypothesis about the relation among the polynomigis2; 2*x+3; ¥X-2*x-1. In the following
some of the students’ hypotheses:

“the first two polynomials are equivalent only famee of the values of x. Instead, the third one
isn't equivalent to the others. Moreover, on Algabr_ine of Alnuset, we have verified that when
the first two polynomials correspond to the samiatpthe third polynomial is equal to zero”

“In our opinion the three expressions could be gglént. We have verified our hypothesis on AL
and when the first two expressions are approxitpate the same point, the third is zero...”

“We have observed that the equationx>-2*x-1=0 is the canonical form of the equation
x?+2=2*x+3. Thus, we think that if we put these expressionloand if we give to x the value for
which the expressionz-z*x-l is zero, the other expressions, that fsxand 2*x+3, will be
superimposed to the same point and they will balequ

The construction of the truth set of the equax3=xX+2 and of %-2x-1=0 and the
comparison of the marks’ colours associated &etuations and the corresponding truth
sets, allowed most students to develop the medairige equivalent equations

Teacher: we can move x on the line... look, heredhigtion is true and the other one too!
So we have green balls...

I: yes, | see the green balls
F: we have to write that the two equations are timrethe same values of x
I: yes, they are true for the same truth set

F: the expression on one side of the sign “=" armhtt on the other side of the equal sign,
belong to the same post-it only for those values of

I: yes, for the values of x which are solutiongh® equations.

To built the truth set of an equation, task d) megputo use the function E=0 available on AL which
allows to find the polynomial roots. Thus, all stuts are able to find the roots

1+"||7 and 1—5{7

of the polynomiak?-2*x-1.

In task f) we introduce the equivalent equatioasam as equations having the same truth set. In
the following some Students’ answers.

“as we have said in c), for the values of x whiahthe solutions of the first equatiptf-2*x-1=0]
, that is the set of values which make the equtlity, the other two expressions correspond to the
same point and they belong to the same post-it”

“when x is on the solution of the equatigh2*x-1=0 the expressiom*2*x-1lis equivalent to zero
and X¥+2 and 2*x+3 are equivalent”

“Becausex’-2*x-1=0 and ¥+2= 2*x+3 are the same expression, the values wiich make true
the expressions are the same. In d) we have fdatdHe truth set of?>-2*x-1=0 is 1+sqr2 and 1-
sqr2, so these values make the equatfe2x 2*x+3 true too. In AL, when x assumes the value
1+sqr2 or 1-seqr2, the terms of the first equatimiong to the same post-it (thatx$2*x-1and
0)and the terms %2 and 2*x+3 belong to the some post-it too. Thwg can say that our
hypotheses are true.”

Finally, task g) requires to formulate the meandafigsolution of an equation, truth value of an
equation and truth set of an equation, in nataragliage.
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“Solve an equation means finding a value of x wimetkes the equation true, that is, the two terms
are equivalent. The solution of the equation isgbof values which make the equality true”

“solve an equation means finding the values of iclvimake the equality true”

3 SPECIFY.
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

We have designed many tasks of our PP requestutgrsis to express on paper their
spontaneous considerations and hypothesis on skeatahand and on its solution before
solving it with Alnuset. We think that the compansbetween the initial and spontaneous
idea of task solution and the solution performethwilnuset can be useful:

* To the student, to reflect on contradictions emeiligehe activity
* To the teacher, to orientate the management cdctieity
* To the researcher, to study the role of the agtiviediated by Alnuset in the
construction of students’ capabilities and knowkedg
Moreover, in our TE we have given great importatacéhe dialogue of students working
in pairs on the same computer and to the dialogheden teacher and students in specific
and crucial moments of the TE

As a consequence of these choices, the DATA that haen collected are:

» Protocols provided by students

» Transcriptions of recorded dialogues between twdestts while solving the tasks
(two dialogues recorded for each session).

» Log book. Students have been observed during tperement, information has
been collected on their behaviour and their intgvacwith Alnuset and the
development of discussions in class have beendedor

4 DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORDUR
ANSWER TO THE Re-CRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL FRAMEWORK(S)
WERE USED IN THE ANALYSIS PROCESS AND HOW

Activity Theory is the theoretical framework of eeénce used to study the teaching and
learning activity mediated by Alnuset and to anelyize role of this artefact in a didactical
perspective.

Assuming this theoretical framework as a referetite,elements of observation that we
consider useful to analyse the relationship betwkerstudent (subject) and the participant
in the activity (community) with respect to the aatical objective of the teaching and
learning activity are:

« Contradictions emerged in the teaching and learrasgvity. For example, the
contradiction between the initial hypothesis ofktaslution and the result obtained,

216/266



Dell3 Annexes

exploiting the mediation of Alnuset and its feedtsac
e Students’ interpretations of the representativenesymediated by Alnuset in relation to
the mathematical phenomena that have determineg gngents
* How the representative events of Alnuset have supgdhe introduction of specific
notions by the teacher and the use of terms linkedose notions by participants.
« How participants have used representative eventsateel by Alnuset in the dialogue
among them
» How the operative functions of Alnuset have mediate
o the arising of objectives for the task at hand
o the construction of meanings for specific algebtaahniques
o the semantic control over algebraic expressionspanjlositions
Within the Activity Theory framework, these elem&ndf observation are useful to
understand more clearly

o the mediating role of Alnuset in the relationshigtvibeen the subject and the
task to be solved

0 how its use has affected the other two mediatirigies of the activity, namely
rules and distribution of activities

5 MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HQW

This is the list of research concerns we consiagortant to our work.

Characteristics of the DDA

a.l concerns about the ways mathematical objects their interaction are
represented: here we refer to the answers toiqoest which dealt with our Re-
CRQs.

a.3 concerns about the ways representations caotée on: we refer here to answers
to question 1. which dealt with our Re-CRQs.

a.5 concerns about interactions between differgmtesentation systems (if possible
select among the following)
a.5.1 within the DDA: The interactions between blgéc line representations and
Algebraic manipulator representations. As a matiérfact, the expressions
represented in AL can be sent to AM by means of filmection “send to
manipulator”; vice-versa, the expression repregseimeAM can be send to AL by
means of the “send to line” function.

a.5.3 with institutional or cultural systems of megentation the tasks of our PP are
designed in order to produce contradictions betvasdutions built with paper and
pen and solutions built with Alnuset componentsarbéng occurs overcoming
these contradictions.

b) Educational goals

b.1 epistemological concerns
b.2 semiotic concerns
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In particular, we refer to the Re-CRQ 2 answer hicly we explain in details how the
semiotic, epistemological and symbolic concernswfPP allowed students to reach the
envisaged educational goals exploiting the didattfanctionalities of Alnuset (i.e.
exploiting some characteristics of Alnuset andrtineodalities of employment defined
in the designed tasks). We refer to the sessiotid&t@on of the DDAs and PPs” of this
document for a detailed list of the envisagedcatdanal goals

c) Modalities of use

c.1 concerns about the tasks and their temporanagtion. Our PP is organised
by two main items: Algebraic and Polynomial Express and Equations. Each of
them is organised in sub items. The item “Algebemd Polynomial Expressions”
is organised in: Exploring what an expression demdhrough an algebra of
guantities, Exploring equivalent expressions iraéigg an algebra of operations
with an algebra of quantities, Exploring opposited areciprocal expressions,
Exploring roots of polynomials.

The item “Equations” is organised in: Exploring atjans as conditioned equality
between two expressions, Exploring particular kiaflsquations.

Each item is dealt with a card composed by a sespentasks.

Each session of our TE is devoted to one card ggpbkned that during some
sessions we have dealt with more than one car&gxample we have solved some
tasks of the successive card)

c.2 concerns about the functions to be given tdbé and their possible changes

c.3 concerns about semiotic issues the tasks dPBuare designed with the aim to
achieve the semantic control of expressions anggsitions in algebra.

c.4 concerns about the relationship between knayeledeferred to DDA
functioning and knowledge referred to the educaigoals. We refer here to the
answers to question 1. which dealt with our Re-CRQs

c.5 concerns about social organization and intenast

Our PP is organised in order to develop the vghiess and capacity to: work
collaboratively; participate effectively in class discussion; quastone's own work
through critical evaluation of the work of othefs. particular, we refer to Activity
Theory which is used to frame the pedagogical egsatised in our PP, to analyse the
contradictions that can emerge in the developroktite didactical activities and the
mediating role of Alnuset representations to overeadhem.

c.6 institutional and cultural concerns. The cotgeaddressed in the PP are part of
the Italian maths curriculum for the first and sstoyear of upper secondary
school.

Up to now we have considered only concerns reggrtiie characteristics of the DDA and
the educational goals and not all those regardiagrodalities of use.
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A.5.9 Analysis of ITD TE with Aplusix

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
HOW CAN YOU ATTEST THAT?

The main educational goal specified in our TE potrtwas to understand the structure of
numerical expressions. In particular:

+ Learn how to represent a numerical expressiontaea

« Learn how to “build” a tree given a numerical exg®ien or an expression described
in natural language.

« Learn how to “read” an expression represented togea

+ Learn that there is only a linear expression foea while there could be different tree
representations for an expression representedeadiform

In general, the analysis of TE results shows thatimportant to distinguish between a procedigieh of structure of an expression and a
conceptual idea of it. In particular, we refer tieté&n work (1989) on the construction of a struatidtea of an expression in elementary
algebra. The procedural view of the structure istieran calls surface structure and refers tathengement of the different terms and
operations that make up an algebraic (arithmetipjession. In other words, the surface structuthds‘order” in which symbols appear in
the expression. Kieran defines the conceptual witle structure as systemic structure. Systemictstre refers to the properties of
operations within an algebraic expression andeadhationships between the terms of the expredbatrcome from within the
mathematical system. For example the expressid+B)(can be written either as (3+5)*2 (using thenowitative law) or 6+10 (using the
distributive law).

Analysing students results in the TE we can steethe specified educational goals were achieyestuglents if we consider a procedural
idea of structure. At the end of the experimerg,dbmparison between the final test results ansktiobthe initial test, shows that most
students have acquired competencies in translatimgural language expression into a linear exjpressd vice-versa. Moreover, they can
also convert a linear expression into a tree remitasion. Nevertheless, some mistakes concernenggé of parentheses and the priority of
some operations over others still emerge in stwiendtocols, in particular, in tasks requiringctanvert the tree representation into a linear
representation. As highlighted in the followingdg® 7), competencies involved in converting teggresentations into linear expressions
probably differ from those involved in convertindjreear expression into a tree representationahtiqular, procedural competencies prove
insufficient to perform the former task. Structuaapects of numerical expressions need to be nednalgen transforming a tree into a
linear expression.

For these reasons, results analysis shows thatregpect to the envisaged educational goals, iéstudents can express the superficial
structure of the expression, they do not quite marna fully comprehend the systemic structure ofiaerical expression.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

Our hypothesis specified in the TE portrait wag tha envisaged educational goals could be
achieved in educational practice through the usémiisix and in particular of the tree-
representation mode feature (Controlled tree reptason and Mixed tree representation).

As we have specified in the a-priori analysis, ©krwas based on the Semiotic registers of
representation (R. Duval) and on the Activity thebbame. Our hypothesis was that specific
tasks related to an integrated use of Aplusix teg@esentations, could favour students in
understanding the structure of numerical expression

We can confirm that Aplusix was an important taolaccomplishing this educational goal.
The tree-representation mode feature has beentaskedild meaningful activities to allow
students to learn how to represent a numericalesspon as a tree and vice-versa.
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As shown in the following section, students masieme structural aspects of linear
expressions. Remarkable improvements could be rfytedmparing results of the initial test
with those of the final one.

Moreover, the feedback characteristic providedHsy gystem was useful to design activities
based on the Activity theory frame. According t¢ léarning can emerge overcoming

contradictions that can appear during educatiocialies. Tasks of our TE were designed to
be a source of contradiction through a comparisetwéen pen and paper solution and the
solution performed in Aplusix. These contradicti@merged during the experiment when the
student compared his answer written in a paperpgmdenvironment with that provided by

the system. The system did not say where the keistauld be, but it allowed students to

know if the solution was correct or not. Moreovitough appropriate and well designed
activities, the teacher could provide hints to hakm find a correct solution.

Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-

CRQ)

Is the educational activity based on the conversiorong different representations (linear
representation, tree representation, natural lagguetfective to mediate the understanding of
the structure of numerical expressions? In pasdigul

1. Is this conversion among representations effectveach how to represent a numerical
expression as a tree?

2. s this conversion effective to teach how to “bliddtree given a numerical expression
or an expression described in natural language?

3. s this conversion effective to teach how to “read’expression represented by a tree?

4. s this conversion effective to teach that therenly a linear expression for a tree while
there could be different tree representations foreapression represented in linear
form?

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

At the beginning of the experiment, students’ cotapeies on numerical expressions were
mainly of the computational type - students knew phiority of operations and the use of
parentheses and were able to use them in a pratesday to calculate the results of simple
numerical expressions.

When they had to convert an expression in verbajuage, they realized a stenographic
translation of its linear representation. Theirensions never reflected structural aspects of
expressions. These observations, among otherslyctdewed their difficulty to control the
expression on a structural level. Students couldaga the “superficial” structure (Kieran,
1989) of expressions, but they could not manage tgstemic” structure (Kieran, 1989).
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Thus, themain educational goalof our PP was to understand the structure of nizader
expressions in a “systemic” way.

Our hypothesis was that specific tasks related o irdegrated use of Aplusix tree

representations, would be able to help studentsergtahd the structure of numerical

expressions. The theory of Semiotic registersepiresentation (R. Duval) states that the
ability to represent a given mathematical concepat least two registers and to perform
conversions from one register to another couldrbmdicator of conceptual understanding of
a notion. In our PP we have considered three meagigif representation for an expression:
linear representation, tree representation andaldanguage.

Aplusix is a tool that allows us to compare andidak linear representation and tree
representation for expression. The modalities oplegment of this tool inside the PP are
based on the Activity theory frame. According t¢ léarning can emerge overcoming
contradictions that can appear during educatioc@ies. Tasks of our PP are designed to
be a source of contradiction through a comparisbthe pen and paper solution and the
solution performed in Aplusix.

In the following we present some specific examptgsg to answer our common research
guestions.

1. Is this conversion among representations effectiveteach how to represent a
numerical expression as a tree?

2. Is this conversion effective to teach how to “buddiree given a numerical expression
or an expression described in natural language?

3. Is this conversion effective to teach how to “reali expression represented by a tree?

The three reported questions can be connectedese ttihreespecific educational goalsto
learn the tree representation of linear expressiongarn to convert a linear expression
(expressed in symbols or in natural language)tne@representation, and to learn to convert a
tree representation in linear expression (expresssgmnbols or in natural language).

The maincharacteristic of Aplusix that we have exploited to pursue these educatyoelks

is the feedback is available with this artefactvéasify the equivalence between two linear
expressions, between two tree representations tweba linear expression and tree
representation.

Moreover, we have used two specific characteristidhe system to edit expressions as trees:
the Controlled Tree representation and the MixezeTepresentation.

When a tree is edited in the Controlled Tree repregion there are some constraints and
scaffolding - internal nodes must be operatorslaades must be numbers or variables.

When a tree is edited in the Mixed representatimret are less constraints: each leaf of the
tree can also be an usual representation. The teur@sentation can be expanded as a tree by
clicking the “+” button that appears when the moagesor is near a node; a tree, or a part of
a tree, can be collapsed into a usual representaffoclicking the “-” button that appears
when the mouse cursor is near a node.

Let’s explain in more details threodalities of employmentof these characteristics.

The Controlled tree representation was mainly @ddatie beginning of the experiment to teach stugdenbuild
a tree representation. During the experiment it alzendoned while the Mixed representation was aseug
the whole experiment.
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This choice is justified by the fact that our aitids were in general oriented to use the systematmate
solutions previously constructed using paper aed. pn this context the Mixed tree representatias wthe
most appropriate form of editing for this aim besathe student was free to insert in leaves ngt mambers
but also expressions.

The Mixed tree representation was used as a vaid&tol: working with paper and pencil,
students were asked to construct tree represemtiagidinear expression or linear expression
by tree representation. They could verify theirvegrs using the Mixed representation mode
of Aplusix inserting the expression and building thee representation. They could verify if
the tree representation of the screen and the¢presentation performed with paper and pen
were coincident or not.

Some typical tasks proposed to students are raporte

“Write the linear expression for each tree repreg@n. Then, verify your answer in
Aplusix”

1A

3 1

5 7’/\*
' /\

12 2
*

6. /+\ |
7 41

“Write a tree representation of the following linepressions in the right side of the table.
Then verify your answer in Aplusix”
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3+4x5
1.
5 3x4+5
s 3x (4+5)
. 3+ {4x5)
2 3 1
5. 5 + > + 5
. 2+5
' 3+2
; 2+5 y 2+1
' 3] 7

The analysis of students’ solutions has highlightieat, opposite to our expectations, the
second task was easier with respect to the first Difficulties emerged in the second task are
mainly depending on the poor experience of studeritee construction.

On the contrary, students’ solutions to the fiestkt contained many mistakes that were not
present in those of the second task. They depernttieonse of parentheses - many students
wrote the linear expression without using thempewben they were required.

This could be due to the fact that, in order todtate a tree representation into a linear
expression the student has to decide whether ¢éntiparentheses or not, while when he has to
construct a tree starting from a linear expressierhas to translate parentheses but not to
insert them in the tree.

A more detailed analysis highlights that to accasiipthe second task the student has to
know the syntactical structure of the tree (howbtold a tree) and has to respect some
computational rules. The student has to build tee taking into account that collapsing
bottom-up the tree he has to find the sequenceoaipatation described by the linear
expression. This task strengthens procedural skilis in other words, the “superficial
structure” of a numerical expression.

On the contrary, to accomplish the first task pducal skills are not sufficient. The student
has to interpret the tree structure.

Consider the following tree:
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<N
b/\+
c/\d

If the student reads the tree in a procedural Wwaygould fail in choosing between these three
expressions: a+b*(c+d) or a+(b*(c+d)) or a+b*c+Hd.order to convert the tree in linear form
inserting parentheses in the correct place, itmpartant to read the tree interpreting its
systemic structure and this entails the capabilibtymanage the numerical expressions in a
structural way. For this reason, a-posteriori wiektthat perhaps it would have been more
appropriate to propose to students the seconttske the first one.

The last card proposed another task centred oodimeersion of an expression into the three
representations (linear, tree and natural languddes is the text of the task:

“Construct the linear expression that correspondsaich statement. Then, construct the tree
of each expression and verify your answers in Apl@sserting the linear expression and
building the tree representation)”

Addition between 2 and 7
Subtraction between 53 and 35

Product among 3, 4 and the addition
between 5 and 2

Difference between 15 and the quotient
between 9 and 3

Quotient between 6 and the quotient
between 4 and 2

Most students performed this task in a correct wythis point, quite interestingly, students
“felt” obliged to use Aplusix but they preferred¢dompare their answers with schoolmates. If
answers were different they preferred to collalorather then to operate with Aplusix to
understand which of them was the correct one and wh

This behaviour could be due to the fact that, upghtd moment, Aplusix was mainly used to
build tree representations by linear expressiomk\ace-versa, with the aim to verify if the
two representations were equivalent. It was not ueeverify if the statement expressed in
natural language was equivalent to the linear esqime or to the tree representation. Thus,
students needed to discuss with their peers taatalitheir answers before the scheduled
common discussion.
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During the development of the experiment we haveepled an improvement in students
solutions. In particular, during class discussibairt language in converting expressions or
tree representations was more appropriate witremtgp the language used in the initial test.

In this latter, when converting a linear expressioio verbal language students realized a
stenographic translation of its linear structur@gs lot of words and long statements.

At the end of the experiment, once they had leartre@ representations for linear
expressions, they began to manage the “systenriaCtate of an expression and not only the
“superficial” structure and this was reflected hetway they used the verbal language, the
linear and the tree representation in the proposedersion tasks.

4. s this conversion effective to teach that therenly a linear expression for a tree while
there could be different tree representations foeapression represented in linear
form?

The specific educational goalis to learn that given a tree representation ipassible to
convert it into a linear expression while giverireear expressions it is possible to build more
than one equivalent tree representation of it.

Thecharacteristics of Aplusix used to answer this question are:

« The feedback to verify the equivalence between ltagar expressions, between two
tree representations or between linear expressidrirae representation.

« The Mixed tree representation to edit expressisrisees.

The modality of use of these characteristics is different with respecthose previously
reported.

Let’s consider this task.

“Consider the expression 12+2+15+(3*5). Build a&trepresentation in Aplusix. Is it the only
possible representation corresponding to the liegpression?”

Initially all students constructed only a tree esmntation for the expression. Through
discussion and cooperation more representationsgecheThe key point of the activity has
been the justification of the equivalence amongdifferent tree representations realized.

To justify their equivalence some students madereeice to the properties of operations. For
example, observing the figure below, some studeoted that it is possible to construct
different tree representations because additichasacterised by the commutative property.

225/266



Dell3 Annexes

+
12 2 15 *
3 3

Differently from previous tasks, this one orientsidents to reflect on the priority of
operations and on their properties and to focushen fact that different forms can have a
common structure that can emerge through the us®sé properties.

=

Another task that has produced interesting didaktesults in learning, was the following:

“Complete the tree representations in the followdiiggrams and verify the answers given in

Aplusix.”

T i

?+2

4]

L=
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|{5+1] % {3-1) +4x2x3x [2+41) |::::
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This task is quite unusual in the experience wifiluaix. We think that it is an interesting
task because students have to focus on structspaices of a numeric expression. Students
have to interpret the representations assignelenask and to compare them. Through their
comparison students receive hints on structura@aspf the numerical expressions needed to
replace the question marks. In this solution tleelliack is crucial.

Opposite to our expectations, a lot of studentopmied this activity successfully.

3. SPECIFY:
- THE KIND OF DATA YOU ANALYSED;

- THE SPECIFIC ELEMENTS OF OBSERVATION

Collected data were mainly constituted by:

* A logbookfor each session containing the observed behawiostudents, their
interaction with the system and some short dialednetween students, between
students and researchers and between studentgasitet. This logbook was
constructed by researchers who were present dtivengxperiment;

* Answers provided by students in their copies;
» Two transcriptions of dialogues between two sttsléaring each session.
The analysis of the experiment is based on thetse da

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORTURD
ANSWER TO THERE-CRQ.

|F POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

To support our answers to the Re-CRQ we have analysed students answers

(students’ copies and transcription recording) to detect contradictions with their

previous answers.
As a matter of fact Aplusix was used according to the following pedagogical strategy:
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Task solution based on the use of pen & paper vs. task solution based on use of the
tool. This strategy could be a source of contradictions, and overcoming it could be
the motor of learning.

Activity Theory model allows us to explain and to model the learning process
mediated by this pedagogical strategy. In particular, we have analysed the role of
Aplusix in helping students overcome contradictions. We have also analysed
discussions and interactions among students because, in some cases, they could be
necessary to account for contradictions and overcome them.

5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOW

The following concerns guided our analysis
Characteristics of the DDA
a.1l concerns about the ways mathematical objedtshair interaction are represented

a.3 concerns about the ways representations cactée on

As previously described, we have mainly used thediiack of Aplusix to verify the
equivalence between two linear expressions, betventree representations or between
linear expression and tree representation. Thisguhare allowed students to work alone and
validate their answers using Aplusix whenever thegre unsure about their answers.
Moreover, we have used two specific characterigtidhe system to edit expressions as trees
- the Controlled Tree representation and the Mikexk representation.

In our analysis these characteristics have beeth.use

a.5 concerns about interactions between differeptesentation systems (if possible
select among the following)

a.5.1 within the DDA

The interaction between the tree representation afitpdand the linear representation
modality in Aplusix is important for our analysieedause it provides two registers of
representation (Duval)

a.5.3 with institutional or cultural systems of regentation

As we have previously described, we have analyseddmparison between two systems of
representations: Aplusix and paper and pencil enment. The comparison between paper
and pencil solutions with those mediated by Aplusix to the emergence of contradictions.
We have analysed these contradictions and the ablihe system in helping student to

overcome them

b) Educational goals

b.1 epistemological concerns

The main educational goal specified in our TE partwas to understand the structure of
numerical expressions. We have used an epistencalogmalysis to define the specific goals
of the educational activity. In the section“Valiaet of the DDAs and PPs” of this document
we show the detailed list of the envisaged edunatigoals and we explain in which way
they have been achieved or not achieved.

b.3 cognitive concerns
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We have also accomplished an analysis based omotbeof Aplusix to favour specific
cognitive processes involved in attaining the etlanal goal. In the section“Validation of the
DDAs and PPs” of this document we explain in whicy this analysis was accomplished.

c) Modalities of use

c.1 concerns about the tasks and their temporahagtion

The analysis highlighted that the order of tasksppsed in our PP should perhaps be
changed. We now see that students ought to havapihertunity to build tree representations

of numerical expressions before being called omuidd numerical expressions from tree

representations, as was the case in this experirAsra matter of fact, we have observed that
the competencies involved in converting tree regm&gions into linear expressions differ

significantly from those involved in converting iadar expression into a tree representation.
In particular, procedural competencies proved ifigeht to perform the former task.

c.2 concerns about functions to be given to DDA #eir possible changes

In some cases, the modalities of use of specificadieristics of Aplusix are very different
with respect to the modalities probably plannedh®ydesigner. In particular, we refer to a
specific task requiring to build different tree regentations of a given numerical
expression (see the figure below). This kind ok tasunusual. Nevertheless, in our opinion
it is cognitively richer than the others becausebiiges students to consider the structure
of the expression. However, Aplusix provides stuslemth a strong support for this task
and, opposite to our expectations, few difficuléeserged in solving it.

2 + 3x5+4
T il
/{\ 2 + 7472 4
2 ? 4 /\
* ? ©
/N

c.5 concerns about social organization and intenast

In the TE we have analysed students behavioursveldping the willingness and capacity to
work collaboratively, in participating effectively class discussion to question one's own
work through critical evaluation of the work of etls. In particular, we refer to the Activity

Theory framework used to frame pedagogical strategised in our PP, to analyse the
contradictions that can emerge working with thegoagnd pen environment and with the
system.

c.6 institutional and cultural concerns

The contents addressed in the PP are part ofdli@nltmaths curriculum for lower secondary school.
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A.5.10 Analysis of MeTAH TE with Aplusix

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
HOW CAN YOU ATTEST THAT?

In one class we have analyzed two types of obskxrvab

- Students’ responses to exercises on algebransftnamations obtained in a written test.

There has been an evolution of students4 perforezano the tasks of algebraic

transformation.

- Students’ responses in conversion activities betwthe tree register (RT) and the natural
language register (RNL), e.g.,

X 2 «différence du produit de 3 par x et de 2 »

Another element, which was not included in the giesif the experiment, was used to attest

that the educational goals were achieved in tlassclit was the fact that the teacher used the
tree register during a remedial lesson with onlg group of students. During this lesson, the

teacher treated students’ errors linked to opanatioriority. These students showed better

performances in tasks of conversion from the tné@ matural language registers than students
who had not benefited from this remedial lesson

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

Based on the results of our experimentation, wecareinced about the soundness of
the hypotheses we set up for the teaching expetirfienvever we wish to mention two
issues that may explain why some of the educatigoals were not, or were only
partially achieved. The first issue is the timetdacTwo teachers asked to shorten the
scenario for institutional reasons explained elss@hin addition, in two experiments,
the teachers could not implement the post-testigeov by the scenario. Another
problem is the constraint related to the curriculdfar teachers, our scenario is not
consistent with the objectives of the curriculum.
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Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-
CRQ)

How do the new semiotic register “tree represemdtand its articulation with the usual and
the natural language registers help the studentierstand the structure of algebraic
expressions, in the sense specified below?

Educational goals of our experiment are the folloyvi
The students will be able to (curricular goals):

« identify the form of an algebraic expression given either of the following
representation systems: tree, natural languageyaecrianguage;
« convert an algebraic expression given in one rgoteson system into another one;
« solve problems involving algebraic expressions mjiegher in natural language or in
symbolic language (usual representation).
We think that the achievement of the above mentie@dicational goals will indicate that the
students:

« understand the structure of algebraic expressions;
+ are able to distinguish between procedural andctstral aspects of algebraic
expressions.

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

The same pedagogical plan has been enacted indiffent classes (1 Grade 9 class and 2
Grade 10 classes — let us note the classes C1n€Za respectively) with three different
teachers.

The activities proposed in our pedagogical plary @ 3 semiotic registers of algebraic

expressions representation: usual (RU), naturguage (RNL) and tree registers (RT). The
students were supposed to be familiar with the lugggster they use in their math classes. By
natural language register we mean the mathematcabulary used in algebra rather than an
ordinary “wording” of algebraic objects (e.g., reagithe expression 2x+y as the sum of a
product of 2 by y and of y rather than two x plyshe later is more usual in math classes,
but the current curricula incite teachers to introgland to make use of the former, mainly in
the introduction to algebra. Tree representatios m@vel to the students.

Students were first administered a pre-test witfeva traditional numerical and algebraic
exercises such as calculate, factor, develop andli§y, but also a task requiring to convert
algebraic expressions given in usual register timonatural language register and vice versa.
The results of the pre-test, namely in the C1 a@dclasses, confirmed our hypothesis that
even Grade 10 students keep having difficultiesgebra, and most of these are related to the
structure of expressions, despite of the fact thadrance, the most of algebra is taught in
junior high school, i.e., between Grades 6 and 9.
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For the C1 class, unfortunately we did not managgather enough information about the
conditions of the teaching experiment. The geografdtation of the school did not allow
observations of the sessions. The results obtamdidate that the teacher implemented the
scenario to fulfil her experimental contract rathiean to integrate it into her pedagogical
activities, contrary to the teachers of the C2 @®lclasses. These two teachers made an
effort to integrate the scenario and make the begtin order to help their students, mostly
those having difficulties with algebra. The restittsn the pre-test show that C3 students had
a rather good level in algebra and only a few difties were observed. Also a few
difficulties were observed in the tasks of convandRU - RNL.

The results from the C2 class are more interestiitly respect to our research question. In
this class, we analysed in detail the conversiskst&®U - RT and the treatment tasks in RT
for numerical calculation.

The results obtained at the post-test in standgebea tasks in RU show a positive impact of
the teaching experiment on the students’ achievesnen treatment tasks in RU. The
improvement concerns mostly respecting priority agferations, distributive property of
multiplication and handling the minus sign. On thither hand, difficulties related to the
powers have not been overcome. A possible reasdhifois the fact that there were only few
exercises involving powers in the scenario, thus thotion has not been worked out
sufficiently.

3. SPECIFY.
- THE KIND OF DATA YOU ANALYSED;

- THE SPECIFIC ELEMENTS OF OBSERVATION

The students were working either on paper worksheetwith Aplusix. In this case, all
students’ actions have been recorded by the syatehare available for the analysis through
a replay system. Moreover, in one experimentakclde introduction of the tree register with
Aplusix software was done by one of the researciwrs designed the pedagogical plan, and
the whole session was video recorded. Thus, treeddinlata we analysed is:

- students’ answers to pre-test questions (Apluses fand paper worksheets);

- students’ productions corresponding to the expertaieasks (Aplusix files and paper
worksheets);

- video recording of the introductory session in ofass (C2) only;

- students’ productions to a class exam includinglaig tasks of treatment in usual
register.

These data provide the following elements of oletgon:

- students’ strategies and answers provided to #kst@mamely erroneous answers and
strategies are of interest for us since they cditate to what extent the educational
goals are achieved globally and to see for eaatestuf her/his state of knowledge has
evolved or not

- the way the tree register has been introducedetastiidents (interactions between the
teacher and the students, institutionalisationjs $a crucial moment of the scenario
that can have an impact on the rest of the aas/itunfortunately, we could not gather
this kind of data but in one class (C2) where ttiduction to the new semiotic
register of representation was introduced by ornté@®fesearchers who had designed
the teaching scenario.
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Note that initially, we planned to administer a fp@st with similar activities as were
assigned in the pre-test. Actually, the post-tes$ wot proposed as planned due to the time
constraints the teachers were facing. Instead, &zather included a few algebra tasks of
treatment in usual register similar to the firsttpaf the pre-test (development, factoring,
solving equations) into a regular class exam. Weddcanalyse the results to these tasks and
compare them with the results obtained at the gge-Moreover, a homework was assigned
to the students at the end of the “Learning” unthweonversion tasks RT. RNL and it was
used to assess the students’ skills.

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORTURD
ANSWER TO THERE-CRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

In accordance with the Duval's semiotic registersepresentation theoretical approach, we
assume that an understanding of the structurataspalgebraic expressions is evidenced by
the students’ capacity to convert an expressioargin one register into another one, mostly
when the target register is natural language erregister. To perform such a conversion, one
needs to identify the structure of the expressindeed, to build a tree or to describe the
expression in natural language (in the sense spedibove), it is necessary to identify the
operators involved in the expression and the suyipessions that are their arguments or
operands. Therefore, we analysed the studentsuptimhs with a particular attention paid to

the conversion tasks. We were looking at both #wilts provided by the students and the
procedures they used to perform the tasks.

The results at the pre-test confirmed our hypoth#st even Grade 10 students keep having
difficulties in treatment tasks with algebraic esgsions. In particular, errors related to the
lack of understanding of the structure of expressidiave been observed, such as
transforming 2+3x into 5x and errors in treatmeinp@wvers and minus sign, e.g., 3(-5%¥3

+ 25 ; (-3x)?— £ 3% ; (3X)2— 3x2

The conversion tasks RY> RNL proposed in the form of communication gameswsdd as
well the difficulties with recognizing the struceuof expressions, despite the fact that the
students succeeded in the games. In fact, the &sipres given in RU were described in a sort
of oral register “close” to the algebraic usualiségy. Thus the students described actions
allowing reproducing the same expression. For exantipe expressio:i.?’);+ 2((3:(2;1) was
read as : 6pen a parenthesis, 3 x plus 2, close the pareigtheigen a parenthesis, 3 x minus
1, close the parenthesis, the whole over a minwesn ap parenthesis, x plus 2, close the
parenthesis This kind of message is given what we can cedl cegister, which emphasizes
procedural aspect of the expression rather tharctanal. In this register, the expression is
read from left to right and the message containsiguities. However, this register makes use
of implicit codes the students share (e.g., a d@adk is made where a parenthesis should be
put), and these helped them to succeed in the task.

In the C1 class, one group of students (G1), rdtherattaining, benefited from a work with
Aplusix, in controlled mode, on conversion tasksLRN RT during one 50-minute session,
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while the other group (G2) could not attend thesimesbecause of technical problems. The
results in the conversion task RT RNL assigned at a homework to both groups, show a
significant difference between the performancestatients from the two groups (see table
below).

RNL with | RNL with
« structural » « procedural » aspect
aspect (oral)

G1 (15 students) 10 5

G2 (15 students) 3 12

These results indicate that the students from thg@up have grasped better the structure of
expressions than the students from the G2 grouig. ddints out the efficiency of the session
on conversion tasks RNL RT.

Furthermore, we have compared the results obtam#u pre-test with those obtained in the
post-test in the C1 class. In the pre-test, 11esttedout of 35 had important difficulties in
treatment tasks in RU, which manifested themsetwesugh errors in handling with powers,
minus sign and priorities of operations. The pest-tput forward that among these 11
students, 5 have progressed. The other 6 keepddifficulties mostly with powers.

‘ 5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOQW

A) CHARACTERISTICS OF THEDDA:
A.1 concerns about the ways mathematical objectdlair interaction are represented
A.3 concerns about the ways representations caicted on

A.5 concerns about possible interactions, connestiwith other semiotic systems,
including the representations provided by other BDA

A.5.1 within the DDA
A.5.3 with institutional or cultural systems opresentation

The mathematical concept at the core of our tegchxperiment is algebraic expression that
cannot be dealt with otherwise then by means ofejpsesentation. Since the TE involves a
DDA, namely Aplusix, the concerns about the waygehitaic expressions are represented
(A.1) are of the highest importance. In Aplusixotdifferent representations of expressions
are available and can be acted on: usual and émresentations. There are several modes of
interaction with Aplusix. At a more general leviigre are training and test modes, which
differ from each other by the feedback that is pted only in the training mode. Within the
tree representation, three different modes ardablai free tree mode, controlled mode and
mixed mode. While the controlled and mixed modes/ipie some scaffolding during the tree
edition, in the free mode the user is completede firo build whatever tree s/he wishes. In the
TE, the choices of interaction modes were maderdoty to the educational goals. In the
analysis of TE, we have to pay attention to the smapresentations can be acted on (A.3),
since it turns out that the success to a given task be explained by the fact that the
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interaction mode did not allowed the students tkenmistakes rather than to the actual
understanding of the mathematical concept at stateexample, in the C1 class, where we
noticed that the students have not reached thectageainderstanding of the structure of
expressions, very few difficulties have been obsérin the conversion tasks RNL RA
done with Aplusix in the controlled mode. Finalin the TE, the new register of
representation of algebraic expressions, tree septation, interacts with the usual
representation already available in Aplusix (A.5abd with the natural language register,
which is not taken into account in the software5(8). The interactions take place through
the conversion tasks.

o EDUCATIONAL GOALS:
B.1 epistemological concerns

B.2 semiotic concerns
B.3 cognitive concerns

As regards the educational goals, semiotic anditegrtoncerns (B.2; & B.3) are at the core
of the TE and they guide our analysis of the sttglabilities to make conversions between
the three semiotic registers of representatiorigdtaaic expressions (Duval 1995). From the
epistemological point of view (B.1), we look at tvays the specificities of each register are
dealt with and are taken into account by the sttedels an example, we can mention the
discussion about the different meanings of the tminsign that took place during the

introductory lesson in the C2 class:

In the expression x-3, the minus sign can
= | be given three different
meanings leading to three different trees
. . ooy - (difference  transparent in  usual
N\ AN /\ representation):

x x 5 x \}3 - “opposite” of a number, which is a

| unary operator (tree on the left);

3 ' - “difference”, which is a binary operator
(tree in the middle));

- “sign of a relative number” (tree on
the right).

C) MODALITIES OF USE
C.2 concerns about the functions to be given tattefact and their possible evolution
C.3. concerns about semiotic issues

Besides the analysis of students’ achievements mggpect to the educational goals that we
set up in the TE, we question the choice of tasksproposed to the students and the
interaction mode in which they had to be solve®)Cror example, in retrospect, it turns out
that the treatment tasks in RA we proposed at tite & the “Learning unit” (except of
calculation with numerical expressions) are of mitkd pedagogical interest and are
extremely hard to perform (C.3).
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A.5.11 Analysis of MeTAH TE with Alnuset

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
How CAN YOU ATTEST THAT?

Let us remind that the main educational goals ef gledagogical scenario is that students
construct:

3. the meaning of function as a relationship betweepeddent and independent
variables;
4. the meaning of the notions of equation and inequatas statements that are true for
some values of a variable;
5. the meaning of equivalence between expressionsatsrents that are true for all
values of the variable;
6. the meaning of a solution of an equation as a valuthe variable for which the
equation is true.
So far, only the part of the experimentation ralate the notion of function has been
analysed. As is shown below (cf. answers to thetiues about CRQ), the students were able
to perceive the given functions as relationshipgsvben two variables. Here are examples of
the students’ answers attesting this understandxtgmoves depending on(ix French,x?
bouge en fonction dg”

“we cannot drag x? with the mouse because x? dependastherefore we have to touch x to
make x2 move The dynamic representation of the functionahtieinship in the Algebraic
line component of Alnuset definitely contributedtihis achievement.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

Based on the results of our experimentation, wecarevinced about the soundness of the
hypotheses we set up for the teaching experimemiveder we wish to mention two issues
that may explain why some of the educational ga@lise not, or were only partially achieved.
The first issue is the time factor. The whole scenaas planned for only 3 hours. The
analysis in terms of praxeologies available in Altushows that these are quite different
from the institutional ones, and making a link betw those requires a longer time.
Moreover, the development of some instrumentedoactichemes that underpin Alnuset
techniques may be a rather long process, as igegbiwut by the a priori analysis of the
system. The second issue is the articulation betwepresentations available in Alnuset. In
studying functions, we postponed the introductiérih@ Cartesian plane component to the
end of the sequence devoted to functions. Thissaetiwas consistent with our hypothesis
that conceptualisation of the notion of functiomguies to be able to dissociate a function
from its graphical representation. However, it sugut that articulating horizontal dynamic
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representation of a function with its 2D staticresgentation may contribute to establish links
between instrumental and institutional techniquésstudying of variations of functions).

Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-
CRQ)

Do instrumental techniques for studying functions or solving equations and inequations
available in Alnuset, which are based on visuakolstions of expressions (their position on
the algebraic line, colour feedback...) contributethe conceptualisation of the notion of
function, equation and inequation?

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

3. SPECIFY:
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORTURO
ANSWER TO THERE-CRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

Notion of function

Numerous research works report about difficultiesogintered by students with the notion of
function. Il appears that a large part of themdare to obstacles of both epistemological and
didactical nature (Chauvat 19993s will be shown in what follows.

Epistemological considerations

Historically, the notion of function took a longpte to fully develop. First, the notion of curve
appeared in Greek mathematics. Their notion ofe&umainly as a geometric locus, served as
a tool for solving geometric problems until Deseart(1¥" century). Descartes starts
considering a curve as a set of points charactkbgea distinctive property, called symptom,
which can be expressed by means of an algebraatiorel A symptom emphasizes an
algebraic relationship between the involved quegtitout conceals the functional relationship
of dependency between them. With Leibniz, Newtod Bernoulli, the notion of function
becomes a mathematical tool, and later, with Bulé¢ihe 18" century, it becomes an object of
study. New types of problems, such as searchingrioirmums or maximums or study of

19 Chauvat, G. (1999), Courbes et fonctions au ce|l&gtit x” 51, 23-44.
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tangents to curves, gave rise to the developmediffefential and integral calculus and led to
the notion of numerical function where two conceps coexist: function=analytical
expression and function=curve. As Sierpinska (199®)ints out, they are both obstacles to
the general notion of function. Indeed, the conoepfunction=curve (i.e., its graphical
representation) does not allow to perceive a dyoapmocess the function models: one
quantity varies in relation with variations of ather one. The perception of this relational
dynamics is eclipsed by the statics of a finisheihg.

Didactical considerations

The teaching of functions in the French schoolsnse® reinforce this obstacle (Chauvat
1999). In fact, students first encounter curves famgttions through the example of linear
function linked to the study of proportional retatship between quantities (Grades 7 and 8).
The general notion of function is taught later (&xd0) and is based on the notion and use of
graphical representations, which leads to assiioilaby the students of a function with its
curve.

Research hypothesis (which is our CRQ specifiethidcase of the notion of function)

Based on these considerations, we hypothesizgtasping the notion of function requires be
able to:

- perceive a function as a relation of dependencosdeat variable quantities;
- dissociate the notion of function and its graphreglresentation.

Thus, in the pedagogical plan, consistently witis thypothesis, functions under study are
first explored in the Algebraic line component, wéhe dynamic relationship between a
variable x and an expression dependent on x caobberved. The notions of image, pre-
image, domain and co-domain of a function can h@agcrhed, as well as variations of a
function can be studied. Graphical representatibnthe functions in Cartesian plane
component is proposed later, in connexion with Argé line component.

Experimentation

The experiment was implemented in one Grade 1@ ahaa private high school. Initially, two
1- hour sessions were planned, but the secondosessuld be extended to 2 hours. Both
sessions took place in a computer lab, studentkimgom pairs. During the first session, the
students were split in two groups of 20 and 14 estitel respectively, the second session took
place with the whole class.

The notion of function was addressed in the firessgon. Besides the objective of
familiarisation with Alnuset, the aim was to stutlyo functions prescribed by the French
curriculum: x-x2 and x- 1/x (the class teacher required to include the ystofl these

functions into the experimental activities). Regagdthese functions, the students were first
asked to observe the relationship of dependenaeebeatx and x? by observing that, on the
one hand, when x moves on the algebraic line,x2/9 moves accordingly and, on the other
hand, x2 (or 1/x) cannot by dragged with the modsen, their attention was drawn to the

1 Sierpinska, A. (1992), On understanding the notibfunction. InThe concept of function: Aspects of
epistemology and pedagqdyAA Notes n°25, 25-58.
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way x2 (or 1/x) moves when x moves on the line. &ima of this task was to develop an
instrumental technique allowing to determine vaoia of a function. This technique is based
on observation of the movement of f(x) when x iagdyed along the algebraic line: when x
and f(x) move in the same direction, the functias increasing, when they move in opposite
directions, f is decreasing.

Below are reported the main results. The analygsisased on the data we collected, namely
students’ written productions, some students’ dismns that were audio recorded, observers’
notes.

Results

1. The dependence of x2 on x is easily perceivedhkeystudents due to the dynamic
representation of x and x2 on the algebraic lir@low some of the students’ answers to the
guestions “What happens to x2 when you drag x"“&ah you drag x2 with the muse?”:

“x2 moves depending or(ir Frenchx2 bouge en fonction d¢"x

“we cannot drag x? with the mouse because x? depenastherefore we have to touch x to
make x2 move

However, some students are not satisfied with sipgervation and they try to characterize
the relation of dependence between x and x2:

“X2 is proportional to %
“Xx2 is going farther
“when X is on the negatives, x? is always posiisguare is always positiie

2. As regards the variations of the functions, dhlgairs of students out of 17 succeeded in
this task. Most of the students failed to interpretthematically their observations and these
remained at a level of a description what they sawhe screen:

“when x is positive, x2 moves to the right, whennégative, it moves to the feft
“x2 goes farther and farthéer

“X2 never goes under zéro

“x2 goes until zero, then goes to the right

Several hypotheses can explain these results:

- The question asked to the students was very vahe students did not know what
they were expected to observe. Thus, their answans seem legitimate. However, the
following question, which asked directly to deduaiations of the functions from their
observations, indicated more clearly what kind lagervations were expected.

- The notion of variation of a function was not urgleod by the students. Many
students asked for explanations as regards thismot

- The instrumental technique for exploring variatioofs a function is significantly
different from the techniques students were taughto techniques are used to study
variations of a function in a Grade 10: one is dase the “reading” of variations from the
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curve that is a graphical representation of thection (i.e., the function is increasing on an
interval | if the curve is “going up” on |, the fation is decreasing on | if the curve is “going
down” on |); the other is based on comparing f¢a) &b) given two abscissas a and b from |
such that a<b: f is increasing on | when f(a)<f(b)s decreasing on | if f(a)>f(b). The
representation of a function on the algebraic ioesists of a unique pair of x and f(x), which
represent any pre-image and its image. This reptasen does not allow a direct comparison
of two images of a function: one has to imaginé tha movement of x generates another pair
(%, f(x)), interpret the movement of x to the rightterms of increasing the value of x, observe
in which direction f(x) moves and interpret the rament of f(x) in the same direction in
terms of an increase and the movement in the ofgpdisection in terms of a decrease. At this
moment, it would be appropriate to link the repneggon of the function on the algebraic
line with its graphical representation by meansCaftesian Plane component of Alnuset,
which would perhaps help the students to obsemditk between a horizontal displacement
of f(x) and its displacement on the curve reprasgnthe function. In the experiment,
Cartesian plane was introduced later, after hawugked on functional equations and
inequations of the type f(x)=k, , f(x)>k, f(x)=g(x). This choice, although consistent with our
hypothesis that in order to conceptualise the natibfunction, it has to be dissociated from
its graphical representation, turns out as notgeiell judged.

Answer to the (part of ) research question (relatethe notion of function)

The results described above show that the dynaepcesentation of expressions on the
algebraic line of Alnuset can contribute to peroevthe dynamic functional relationship

between two variables, which is necessary (busnfiicient) to grasp the notion of function.

The experimentation shows also that the feedbaoksing from the tool are not easily

interpreted in terms of mathematical properties obfects that are manipulated. This
emphasizes the importance of the role of a tedaohmanaging students’ instrumental genesis
intertwined with the targeted mathematical knowkdg

Notions of equation and inequations
To be developed

‘ 5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOW

A) CHARACTERISTICS OF THEDDA:
A.1 concerns about the ways mathematical objectdlair interaction are represented
A.3 concerns about the ways representations caicted on

A.5 concerns about possible interactions, connestiwith other semiotic systems,
including the representations provided by other BDA

A.5.1 within the DDA
A.5.3 with institutional or cultural systems opresentation

The mathematical concepts at the core of our tegatxperiment are the notions of function,
equation and inequation. They cannot be, like allhematical concepts, dealt with otherwise
then by means of their representations. Since thenVolves a DDA, namely Alnuset, the
concerns about the ways these notions are repessantit (A.1) are of the highest
importance. In Alnuset, these notions can be amgbexd in three different components
corresponding to different registers of represémtat Algebraic Line providing a dynamic
representation of the relationship between twoaldeis, Cartesian Plane allowing to visualize
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a graphical representation of this relationshipd a@@ymbolic Manipulator, in which
transformations on algebraic expressions are pessibmeans applying transformation rules
on the expressions. In our TE, only the first twomponents are used. The ways
representations can be acted on (A.3) were takenaiccount in the analysis of instrumental
genesis in students. Thus, for example we coulérebstwo different types of using Alnuset
in solving simple equations, such as x?=4: someesits solved first the equation, either
mentally or on paper, and then verified their solutvith Alnuset. Such usage often led to an
erroneous answer consisting in providing only tlsifove solution, which is due to the
conception “x2=k2- x=k”. Other students used dragging of the variablen the algebraic
line and looked for values of x for which x2 ana@incide. In most cases of such usage, the
students were able to find the two solutions ofa@heation. Finally, in the analysis of our TE,
we were looking for elements in students’ produdi@nd discussions that would evidence
about articulation between different representatiamailable in Alnuset (A.5.1), as well as
articulations between other representations eneoexhtin the math classes (A.5.3) such as
table of variations of a function or table of sigrsed in solving inequations.

o EDUCATIONAL GOALS:
B.2 semiotic concerns

B.3 cognitive concerns
B.6 cultural and institutional concerns

Our TE was built on the hypothesis that the dynameipresentation of the functional
relationship between variable quantities and itdicaation with static graphical
representation will contribute to the conceptuaiisaof the notions of function, equation
and inequation. In analysing the outcomes of theWwd&were naturally interested in semiotic
issues (B2). Also, besides analysing how the reptesions available in the DDA contribute
to the achievement of educational goals, we triedfigure out what conceptions are
developed by the students in interaction with A&tu@B.3), and eventually what is the
distance between these conceptions and the targietededge (B.6).

C) MODALITIES OF USE
C.1 concerns about the tasks and their temporahmgtion
C.2 concerns about the functions to be given tattefact and their possible evolution
C.3. concerns about semiotic issues
C.6 institutional and cultural concerns

These concerns guided our critical retrospectiwsvwvon the activities we proposed to
the students (C.1) and of the way the differentistegs are articulated (C.3). For
example, we were questioning the choice to postgbeeintroduction of graphical
representation of expressions to the end of exfgpractivities, thus assigning to this
representation the role of a means of validationc&the TE aimed at helping students
progress in learning math notions that are at e ©f Grade 10 curriculum, the
institutional knowledge was taken as a referenaaimanalysis (C6).
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A.5.12 Analysis of Unisi TE with Aplusix

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
HOW CAN YOU ATTEST THAT?

The PP proposes an introduction to structural dspet algebraic thinking through the
manipulation of numerical expressions. Our educali@hoices have been motivated by the
epistemological assumption of not considering aigiebcalculation as a generalization of
arithmetical computation but as manipulations basedhe equivalence. As a consequence
we aimed at promoting a structural approach alsarithmetic. The possibility of identifying

a structure in a numerical expression is thougimgosupported by exploiting the innovative
representation given by the software, the treeesstation (TR), which has been used
together with the standard representation (SR) tla@datural language (NL).

The general educational goals of the PP which kas bpecified in the portrait are:

3. Anticipating the introduction to the algebraic edétion, as a manipulation based on
the equivalence.

4. Introducing to théstructure sense™ of an expression.

Within such global aims, we pointed out more spec#ducational goals, that focus on
numerical expressions in the perspective of inteottyalgebraic calculation. They are:

1'. acquiring the notion of equivalence betweenressons;
2'. acquiring the structure sense for numericatesgons.

In particular, the role played by the properties thé operations to demonstrate the
equivalence between expressions is considered ap&ey in the delicate passage from
arithmetical to algebraic computations.

2

We think that the educational goals we pursued Hmen reached by most studemtsfact,
as a result of our teaching experiments, we canhsstymost students have learnt:

- the notion of equivalence between expressionsg@al.1');

- to distinguish between a structural reading andracquural reading of numerical
expressions, and to recognize numerical expresdiamsg the same structure (ed.
goal 2).
To verify and document the achievement of the etilcal goals from a comprehensive
standpoint, we set up a pre-test and final tesicdeIn the final test, students were explicitly
required to provide procedural and structural negsliof expressions, and to recognize those
expressions that have the same structure (ed.jodor example, the following one is a
question of the post-test:

Among the following expressions, given in SR and in TR, identify those that have the same structure:

12 For structure sensef an algebraic expression we adopt the definitibHoch and Dreyfus (2006):

“A student is said to display structure sense fghtschool algebra if s/he can:
- Recognise a familiar structure in its simplestfo
- Deal with a compound term as a single entity, tmdugh an appropriate substitution recognise a
familiar structure in a more complex form.
- Choose appropriate manipulations to make bespfusestructure.”
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Figure 1
The task reported in Fig. 1 has the objective toifwewhether students have gained
competences in reflecting on structural aspect fimerical expression both in TR, where,
according to our hypothesis the structure is matidemt, and in SR, where the structure
remains hidden. In addition, this question alsoune$ to be able to perform conversion,
either operationally or mentally, in order to comgthe given expressions.
The analysis of the protocols reveals that mangesits have internalized the recourse to the
tree representation for comparing expression gbah in SR and in TR. In the following, a
protocol (Fig. 2) where a student, who correctlives the exercise mentioned above, shows
to be able to face this type of task in a strudtway. It is evident how the ‘empty tree’ (that
is a tree without operands) is more effective thatting operators without operands in SR.
for what concerns putting into evidence the stmectif an expression.

e -d-g | //'f;*\ = .:(»ﬂ "
” j: s, L) "-'-L(*) *(“)]m

NS

Figure 2
It seems that the role played by trees in puttimg evidence the structure of a numerical
expression makes it possible for students to recatvdR when they needed ‘to see’ the

structure of an expression. It is also shown in eopnotocols belonging to activities
performed before the post test, where students peaferred to compute some expression
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given in natural language (written in a structwraly) by means of trees: it can be considered
an evidence that the tree has become an interdaim®. According to our hypotheses this
behaviour has been triggered by means of the schemese of the trees, and in particular of
the sub-trees. In fact, when asked to compute ertrdes, most students have implemented
the strategy of selecting a sub-tree and substgutie result deriving from the computing to
it. In this way, since the calculation is structlitgy the tree and, by means of actions on the
tree, students have become able not only to da daglculations but especially to reflect on
what they were doing.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

The PP was based on the following hypotheses thitthe use of the DDA with the
Educational Goals:

3. the tree representation provided by Aplusix is hicle for supporting the structural
sense of an expression. In particular, accordingutotheoretical framework, TR may
be exploited by the teacher as a tool of semiogdiation for making students acquire
a structural sense of expressions (ed. goal 2 and 2

4. the presence in Aplusix of different kinds of reggetation systems is effective for the
envisaged educational goals. The potential ofrireats in tree representation outlines
a crucial aspect of algebra: the sense of structede goal 2). The activities of
conversions between different registers, and intiqudar between standard
representation and natural language, have thetgmaake the students conscious of a
substantial difference between arithmetic and algédd. goal 1).

In the portrait we hypothesized to verify the agkment of the educational goals by
gradually monitoring the students’ production dbbrey the implementation in class of the
pedagogical plan.

After the experimentation our hypotheses have bekaated by the obtained results

By analyzing students' semiotic processes and ptmohs, we managed to identify key
elements that provide evidence of the role of TRtudents’ learning. As expected, we found
traces of students’ experience with the tree r@mtasion even when working in paper and
pencil. Students seem to use TR when they arersgfjto think in a structural way and they
have become able to compare structurally an expresthat means referring to it without
numbers, (see Fig. 2 in the example above) whig¢hesasis on which starting to build the
algebraic thinking.

Furthermore, we gained evidence on the exploitatfaie tree as a semiotic mediator by the
teacher. The following excerpt is an example, takem the classroom discussion that
concludes the activity one of the didactical cy&le

126. Teacher: Ok. Let's go a bit further. We observeat ttimong the four operations,
there are two which are commutative, that mearswkacan invert the leaves and
obtain new trees which are equivalent to the previones; whereas the other two
operations are non-commutative since if we invges{ures as shown in Fig. 5) the
leaves.
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Figure 5

126.Amalia (interrupting): They are not equivalany more.
127.Teacher: They are not equivalent.

128.Cora: The result changes.

129.Teacher: The value which represents our nuctisrges. Very well.

In the episode reported in the transcription, daeher exploits the tree as a semiotic mediator
tool through a combined uses of different semimgources:

-words

-gestures (see in Fig. 5 the gesture for indicategnversion of leaves)
- inscriptions on the blackboard.

For further discussion and examples, see belowene\CRQ.

Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-

CRQ)

How does TR (tree representation) in Aplusix caeXoited as a tool of semiotic
mediation for the structure sense of a numericgression? In particular, is it

possible to identify semiotic chains going frome#att-signs to mathematical
signs, through which students can acquire a mattiealaneaning of structure of
an expression?

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

The tree representation of AplusRK pole 1: set of features of the tbobhn be exploited by
the teacher as a tool of semiotic mediation fordinacture sense of expressiobd-(pole 2:
specific educational goplin fact, the modalities of use of the softwaregmsed in the PP
(DF pole 3: modalities of employing the tpdlave revealed that TR has been an effective

245/266



Dell3 Annexes

artefact to reach the envisaged educational gaals,in particular the structure sense. With
this respect, fundamental roles have been played by

- the individual reports, that have fostered indiadueflections and the explicitation of
personal meanings.

- the classroom discussions, in which the teachetdcpuomote the evolution from
artefact-signs towards mathematical signs and matieal meanings.

These teaching methodological tools (in our TF they
x are elements of a didactical cycle) are consistetht
ik the perspective adopted in the MTF. In particuhayt
face the issues that ‘individuals can share
/ \ representationsonly through sharing the perception
"t" of the perceivablerepresenting However, it may
I . happen that in spite of common perception of the
/ \ representingthey fail to share theepresented
P’S n An example is provided by the following excerpt
- i >( : from a student’s production in the post- test.
Vi, In this exercise students were asked to compute two
/\ / numerical expressions, given in natural language (o
L R [P is given as it is read in structural way, the othgiit
19 1% ‘j is read in procedural way). We have observed that a
common behaviour of students in solving the exercis
is that *~~ ™~ in structural wahé€' product of the difference between 25 and

21 and t...see Fig. 4) is @fstll converted in a tree representation, and
then it is calculated by means of reducing thelkwéthe tree.

Figure 4

In the frame of the Theory of Semiotic Mediatione wdentified specific elements that
contribute to the evolution of meanings and relaigns in terms of semiotic chains starting
from artefact-signs and going towards mathemasaghs. Key elements of these semiotic
chains are:

- artefact-signs: signs that are directly relatethtouse of Aplusix (e.g. talking in terms of
branches, nodes, ...);

- pivot signs: signs that can play key-roles in thecpss of evolution of meanings;
generally they have both references to mathemataakext and artefact context;

- hybrid signs: signs that blend features relateth& artefact with typical mathematical
signs;

- mathematical signs: signs that are clearly rec@ipéz as belonging to the domain of
mathematics.

An example related to the tree has been proposexkalrig. 4). The sketch of the tree in
paper and pencil can be considered an artefactrslgted to the relative specific feature of
Aplusix (TR).

Another example can be found in the protocol thathave discussed above and that we
report again, for the reader's sake:

3. Teacher: Ok. Let’s go a bit further. We observeat tmong the four operations, there
are two which are commutative, that means that aveigvert the leaves and obtain
new trees which are equivalent to the previous ;onkereas the other two operations
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are non-commutative since if we invert (gestureshasvn in Fig. 5) the leaves.

Figure 5

3. Amalia (interrupting): They are not equivalent angre.

3. Teacher: They are not equivalent.

3. Cora: The result changes.

3. Teacher: The value which represents our numberggsarvery well.
The teacher's discourse (composed by speech amgragsin line 126 is an example of
hybrid sign:

"commutative operations" refers to mathematicahsig
- "inverting the leaves" relate to the artefact.

Furthermore, "inverting the leaves” constituteegample of artefact-sign.

3. SPECIFY.

- THE KIND OF DATA YOU ANALYSED;

- THE SPECIFIC ELEMENTS OF OBSERVATION
Kind of data:

Qualitative: audio and video- recordings, studemtstksheets and written reports,
field notes by teachers and researchers.

Specific elements of observation:
Students' and teacher's words, written signsugest

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPOROUR
ANSWER TO THERE-CRQ.

|F POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

To answer our Re-CRQ, we have made an integratedfube data.

In particular, we have looked for relationshipsviestn students' and teacher's signs in
respect to

- the DDA's characteristics on the one hand,
- the mathematical meanings underlying our educatigmas on the other hand.

In the frame of the Theory of semiotic mediatiore, ave tried to describe the unfolding
of the semiotic potentiabf Aplusix with respect to the notions of equivale between
expressions and in the acquisition of a structaress for numerical expressions. In doing
so, we have tried to describe thasamiotic chains, whiclorigin with the use of the
artefact, to solve the task, and develop throughssthat are more strictly related to such
use (as thartefact-signy to signs more recognizable in the domain of madtics (what
we callmathematical signs
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Another important element of analysis has beeratii®n of the teacher in coordinating
and leading the classroom discussions. With tlapeet, we have analysed how Aplusix
can be exploited by the teacher adoal of semiotic mediatiorfor the envisaged
educational goals, keeping in mind the backgroumal gof introducing algebraic
computation.

5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOW

Our analysis process has been strongly guided byhewretical frame, and by the need to
answer the CRQ and the SRQs. Being so goal-origtitedprocess has been guided by the
same concerns that were at the base of the seatfinthe teaching experiments, and
specifically:
a) Characteristics of the DDA
a.1l concerns about the ways mathematical objedtshair interaction are represented
a.3 concerns about the ways representations cactée on

The theoretical framework we refer to, which is tBemiotic Mediation, requires
considering the two concerns mentioned above aswbefaces of the same coin. In
fact, according to the semiotic potential constriogt one hand the artefact refers to
mathematics (concern a. 1); by the other handatnseans to accomplish mathematical
tasks (concern a.2). As a consequence, the anglygiess aims at identifying the ways
in which the artefact has worked in vehiculating thathematical meanings it embeds,
and at the same time, how it has functioned irate@mmplishment of specific tasks.

b) Educational goals
b.1 epistemological concerns

This concern guidewhat kind of tracesve are interested to look for. In our semiotic
approach, the emergences of specific signs aredmed evidences for what concern
the achievement of specific educational goals.ifstance the meaning which is given
to the tree has an epistemological connotation.

b.2 semiotic concerns

This concern guidewhereto look for. Our analysis is performed through &malysis of
the emergence of signs and their role in studexuslutions from personal meaning to
mathematical meanings. For instance, the strucense emerges from activities with
the artefact in TR, then evolves through both tleglpction of trees in paper and pencil
and the production of hybrid signs in SR, which aatnputting into evidence the
structure of an expression (see Fig. 2).

c) Modalities of use
c.2 concerns about the functions to be given tdbé and their possible changes
c.3 concerns about semiotic issues

In our analysis these two concerns are consideoggthier. We analyze the
functioning of the DDA and how some possible change related to the emergence
of specific mathematical meanings (semiotic chains)

Specific Research Questions
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1. REPORT YOURSRQ.

1. Can we say that the students have arrived ttindisish between a
structural reading and a procedural reading of nuioal expressions?

2. Is it possible to observe and describe the saaji of the hypothesized
semiotic potential of the artefact in relationshtpshe tasks?

3. Is it possible to observe if and how the teachas exploited the
realisation of such semiotic potential to guide demts towards
mathematical meanings?

4. Have any artefact-signs emerged? Which onesWlweit possible to
identify the semiotic chains that link the emergatkfact-sign to the
mathematical meanings?

These SRQs are not the ones formulated at the fiagif the PP. Their
modifications have been prompted by the modificetiahat the PP
underwent in the course of its refinement.

2. ANSWER YOURSRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

a. Yes, we can say that such didactic goal has bemmee. We get such
information from the final test, where most studectuld answer the
specific questions in correct way.

For example, students were asked to provide atstalaeading and a procedural
reading of different expressions, given in SR or. TRe table below reports the
results in students' answers in one of the twoseksn which the PP has been
implemented:

Students' performances

Procedural reading Structural reading

Expressions Correct| Incorrect Omitted Correct | Incorrect | Omitted
answers | answers answers | answers
12-5x7 14 3 2 11 3 5
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6 /*\ 12 4 3 10 2 7
4 3
(3+4):(10-4 17 0 2 12 0 7
§+ A% 6 14 0 5 11 1 7
s
5 *
/\ 16 0 3 11 0 8
6 +
2 3

2. and 4. Yes, it is possible to describe the seai of the hypothesized semiotic
potential of the artefact in relationship to theks and it is strictly related to the
emerging of artefact-signs. Some semiotic chaine lheen identified.

As explained answering the re-CRQ, we identifiesheaategories that contribute to
the evolution of meanings in the semiotic chainefact-signs, pivot signs, hybrid
signs, mathematical signs. The following is an epl@ntaken from the discussion at
the end of the Didactical Cycle 1, when the clasdiscussing about the signs that
Aplusix shows during computations:

12. Amalia: Well, there are three signs...well, those teotical lines are when the
passage is right and concluded

[...]
30. Teacher: [...] What does it mean "to be right"?
31. Martina: That you didn’t make any mistake ia tomputations

32. Amalia: That you have not mistaken anything sod can go to the following
passage

33. Martina: The computations, the sign...

[..]

54. Teacher: [...] And how can we that do not use ¢bmputer, understand that
things are right without seeing the signs? Whythey right?

58. Ambra: Because if the computation follows a logitakad, it is right

59.Teacher: Because if the computation follows a lalgtbread, it is right. What
does it mean to follow a logical thread?

60. Martina: To do certain operations

[..]
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66.Teacher: [...] Why are passages right? What doessdmto have the passages
right? Where does it lead the logical thread? [...]

67.Amalia: Because basically the last passage must yiw the result of the first
one

68. Teacher: The last passage must give you the rektitie first one: what does it
mean?

69. Amalia: And yes because basically if you solve fire passage the result must
be...equal to the second

70.Teacher: Let's help her to tell it well

[...]

72.Ambra: Yes because finally the result is the sifigation of the first, each
passage has the same result

73.Teacher: and so?

74. Amalia: Basically, if we have...l don't know...6/
and we reduce to the minimal terms it comes
doesn't it? (The teacher writes on the blackbo
6/3 and 2)

75.Amalia: so | tell that 2 is the result of the fir
passage

[..]

89.Teacher: [...] How can we say that? [...] How ¢
we say that the result of 6/3 is 2? In mathematifi !
when we speak, how can we say that the resul
6/3 is 27 Figure 6

90. Cora: That the result of 6 divided 3 gives 2

91.Teacher: Yes, but...what do we say of these two {pwrto 6/3 and 2 with the
two hands, Fig. 6) here?

92.Valentina: That they are equivalent each cther

93.Teacher: That?

94.Valentina: Yes, that they are equivalent one anmpthey are equivalent

95. Teacher: And what does if mean that they are etgnva

96.Amalia: That they are equal...

97. Students: That they have the same value

The teacher starts the discussion by focusing itheninterpretation of the feedback signs of
Aplusix. As emerged in the written sheets, at thgitining of the discussion students' assign
the meaning of "right passage"” to Aplusix symhoAgicording to our theoretical framework,
This is an artefact-sign, taking its meaning frdme artefact world it is expected to develop
towards a mathematical sing referring to the notibaquivalence. During the discussion we
can observe the semiotic chain (a sequence of dismgms) through which the first artefact-
sign evolves through the guide of the teacher.:

right / no errors (from line 11 to line 61)
!
(connecting) passages with the same result (froend2 to line 80)

13v5j equivalgono"”
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!

they are equivalent each otleflines 83 and 85)
!

they are equivalefit(from line 85)

The semiotic chain come into existence under thestemt stimulus of the teacher who asks
the students either to make explicit the meanirigh® signs involved ("what does it mean”,
lines 30, 56, 63, 86) or to elaborate on their egpions (“Let's help her to tell it well”, line
65; "How can we say that?", lines 80, 82). Note thahis elaboration different signs, be they
either belonging to Aplusix, as || or to oral laage, are related in a semiotic game generating
a complex web of meanings.

By repeating and re-formulating students' contidng on the one hand, and making explicit

reference to mathematics language on the other, ltaadteacher fosters the weaving of a

texture of meanings in which the meaning of eq@raé comes to be sided and overlapped to
that of right passage. This double interpretatibplusix feedback signs is the core of the

semiotic potential of this specific feature of DBA in solving the given tasks.

3. Yes, it is. For what more specifically concethe role of the teacher, we have
observed interesting didactic strategies in thestzom discussions. As we expected,
we gained information from the video-recordingstlué classroom discussions, which
show how the teacher has lead the evolution of mgantowards the mathematical
ones. Such teacher's strategies are based on atisepgrspective that allowed the

weaving of textures of meanings centered on thiedctias between artefact-signs and
mathematical signs. They are still under analysid definition, but we can roughly

mention some of them:

- asking to go back to the task with the DDA (relasbip with the characteristics of the
DDA and the modalities of use);

- focus actions: the teacher focuses on certain éspalated to the use of the artefact;

- amplification actions: the teacher repeats somassjgrovided by some students (e.g.
words, gestures), so to make them audible to alktbhdents, and therefore sharable in the
classroom;

- pointing towards mathematics: the teacher makedioéxpeference to mathematics
domain (relationship with the educational goals);

- semiotic games: the teacher repeats some signglpoly the students, and inserts them
in a suitable context with respect to the matheraatsigns, eventually adding some
mathematical signs (relationship with the educaiguoals).

3. SPECIFY.
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

14 +Sj equivalgono”
5 "Sono equivalenti"
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Kind of data:

Qualitative: audio and video- recordings, studemtstksheets and written reports,
field notes by teachers and researchers.

Specific elements of observation:
Students' and teacher's words, written signsugest

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORJUR
ANSWER TO YOURSRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

As in the case of the Re-CRQ, we have made anratejuse of the data.

In particular, we have looked for relationshipswestn students' and teacher's signs in respect
to

- the DDA's characteristics on the one hand,
- the mathematical meanings underlying our educatigmas on the other hand.

In the frame of the Theory of semiotic mediatiorg ave tried to describe the unfolding of
the semiotic potentialof Aplusix with respect to the notions of equivade between
expressions and in the acquisition of a structeress for numerical expressions. In doing so,
we have tried to describe thosemiotic chains, whicbrigin with the use of the artefact, to
solve the task, and develop through signs thatmaoee strictly related to such use (as the
artefact-signy to signs more recognizable in the domain of madtics (what we call
mathematical signs

Another important element of analysis has beeratii®n of the teacher in coordinating and
leading the classroom discussions. With this raspee have analysed how Aplusix can be
exploited by the teacher ag@ol of semiotic mediatiofor the envisaged educational goals,
keeping in mind the background goal of introducahgebraic computation.

5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOQW

The concerns which guides our analysis are the sditie CRQ.

6. IS YOUR SRQ MEANT TO CONTRIBUTE TO PROVIDE AN ANSWER TO YOURRE-
CRQ?IF YES HOW?

Since the SRQs are more general than our re-CR@hvitcuses in particular on
the tree representation, the answer to the re-CR@ & sense included in the
answers to the SRQs.
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A.5.13 Analysis of Unisi TE with Casyopée

Validation of DDAs and PPs

(1) WERE THEEDUCATIONAL GOAL(S), SPECIFIED IN YOURTE PORTRAITS, ACHIEVED?
HOW CAN YOU ATTEST THAT?

The educational goals as stated in the PP (July ‘D@nd cited in the TE Portrait:
The main goals envisaged when designing this Peplead®lan are that students construct:

7. the meaning of function as co-variation and thussotidate (or enrich) the
meanings of function they have already constructed;

8. the meaning of the processes characterizing tlebedg: modelling of geometrical
situation.

More specifically,
as for the notion of function, students should otidate:

» the meaning of variables both geometrical and nicaer

» the meaning of domain of a variable,

» the meaning of function as co-variation over timeariables (even of different
kind: numerical or geometrical),

» competencies related to the passage between diffexeresentations of function (at
least, algebraic and graphical ones)

as for the modelling process, students should learn

e recognize geometrical variables,
e associate numbers (numerical variables) to geocaétrariables,
e associate geometrical variables to numbers (nualerariables),
» pass from immeasurable geometrical objects (eigtg)o
to measurable geometrical objects,
e parameterise (cope with the possible too high nurabgeometrical variables),
* express the relation between numerical variablesith formulas.

The educational goals were reformulated in a wayenoonsistent with the TF adopted and
more congruent to the designed PP. The new forioualais the following (changes
highlighted):

The main goals envisaged when designing this PejlzgloPlan are to foster the evolution of
students’ personal meanings towards:

1. the mathematical meaning of function as co-vanma#iod thus consolidate (or
enrich) the meanings of function they have alresglyropriated;

2. the mathematical meanings related to the processaacterizing the algebraic
modelling of geometrical situation.

More specifically,
as for the notion of function, students should otidate or enrich:

» the meaning of variables both geometrical and nicaer
» the meaning of domain of a variable,
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» the meaning of function as co-variation over tiraeen when different kinds of
variables are involved),

e competencies related to the passage between diffieneresentations of function (at
least, algebraic and graphical ones)

as for the modelling process, students should learn

* recognize geometrical variables,
» associate numbers (numerical variables) to geocaétrariables,
» associate geometrical variables to numbers (nualerariables),
» pass from not-measurable geometrical objects feigts)

to measurable geometrical

objects,

e parameterise (optimize the number of variables),
» express the relation between numerical variablesitih formulas.

Moreover some remarks have to be added:

Remark 1: according to the designed pedagogicai ptadents were supposed to have
received some formal teaching on functions, vaeablthus as for the notions of “function”,
“variable” and related notions, the designed PP sigsected to lead students to enrich the
meanings they already appropriated.

Remark 2: the teacher was supposed to have soneetisegn managing the class activity and
in particular orchestrating collective discussiass framed within the theory of semiotic
mediation.

Remark 3: we listed above many different specifiticational goals in which the main
educational goals are articulated. Though all thaspects could be singularly pursued
through the planned PP, it is not reasonable tokthd be able of pursuing all of them
together. Actually, the choice of the specific emtimnal goals to focus on, rests on the
teacher. That option certainly depends also on thevactivities progress.

As specified in our TE-Portrait,

The achievement of the educational goals envisagedell as the consistency between
them and the hypotheses underpinning the Pedadd®jma could be attested through
the analysis of the semiotic processes which tédeepn the class. In fact we expect to
be able to provide evidence of students’ productibsigns (namely of artefact-signs)
and to trace their hypothesized evolution (the stimchain) towards the mathematical
meanings described above. Traces of such produatidrevolution should be found in
students’ productions: solutions to the given taskdividual reports on the activity,
class discussions.

More specifically, students can be said to haveeaeld the envisaged educational goals if:

d. they use specific terms (function; independent, degmdent, geometrical,
numerical... variable; graph; measure; domain; variaion; co-variation; ecc.) in
“appropriate ways” (i.e. consistently with their (possible) mathematical
meanings, the DDA functionalities and the specifiactivities at stake)

e. they relate mathematical meanings and processesttoe software functionalities;

they express the main phases characterizing algebcamodelling of geometrical

problems.

—h
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Evidence of students’ achievement emerges fromathaysis of students’ reports, their
written solutions to the tasks with the DDA, and thanscripts of the class discussions.

On the one hand, that analysis allows to ident¥pressions (constructed by students) in
which specific terms (se&la) are used to report on the tasks accomplishedigiwrehe DDA.
That witnesses that already formed personal meanang related to or re-elaborate in the
light of the actual use of the DDA (including theesific kind of tasks accomplished through
it), thus testifying a progressive enrichment afidents’ personal meanings towards the
formation of the desired mathematical meanings.

On the other hand, one can identify the usardéfact-signs that is signs referring to the
context of the use of the artefact, very often nrgig to one of its parts and/or to the action
accomplished with it. These signs sprout from tbivey with the artefact, their meanings
are personal and commonly implicit, strictly rethte the experience of the subject. But at the
same time, those signs have potentialities to @vmwards mathematical signs.

Two “movements” can be attested: the use of alréaayvn mathematical terms to describe
the activities with the DDA, and the use of artéfsigns in a way consistent with their
mathematical potentialities. That confirms the depment of a texture of meanings and signs
which bridges together the artefact-world and tta¢hmmatics-world.

Summing up, we can claim that the envisaged edutatgoals are at least partly achieved.
As for the notion of function, variables and so stydents use specific terms and relate
mathematical meanings to the DDA functionalitiesajppropriate ways. Though different

stages are evident.

As for modelling, the idea of modelling is stillaged to the actual solution of specific kind of
problems. Modelling in itself has not explicitlyrfoulated yet.

(2) ON THE BASIS OF YOUR EXPERIMENTATIONCAN YOU CONFIRM THE SOUNDNESS OF THE
HYPOTHESES SPECIFIED IN YOUR E PORTRAIT, AND THE RELATIONHIP WITH THE
ACHIEVEMENT OF THEEDUCATIONAL GOALS?

EXPLAIN BY MAKING REFERENCE, IF POSSIBLE TO THE CRITERIA SPECIFIED APRIORI IN
YOUR TE PORTRAIT.

From the TE Portrait:

The Pedagogical Plan is designed consistently g heory of Semiotic Mediation,
accordingly the teaching sequence will be structa® an iteration adidactical cycles
constituted by the following semiotic activitiesctdvities with the artefacts, Individual
production of signs, Collective production of sigBy semiotic activities we mean the
production and elaboration of signs, related toptevious activities with artefacts.

The definition of the stated educational goals upported by the hypothesis that
Casyopee, namely the Geometrical Calculation swiremment, can be used by the
teacher as ol of semiotic mediationexactly for (1) the meaning of function as co-
variation and (2)the meaning of the processes cteiaing the algebraic modelling of
geometrical situation, as articulated above.

Such hypothesis is assumed in consequence ofngigsés of thesemiotic potential of
the artefact which encompasses the analysis ofsifpes which the individual can
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produce when accomplishing specific tasks usingattefact artefact-signg and of the
possible evolutiongemiotic chair) of such signs towards mathematical signs exprgssi
the relationship between artefact and knowledgenckethe analysis of semiotic
potential of Casyopée involves the analysis ofhbibte personal and mathematical
meanings related to the artefact, as well as of ghesible tasks which can be
accomplished with it. The semiotic potential of @@see is articulated in the semiotic
potential of the specific features exploited ane tmeanings which could arise is
articulated according to tleehemas of useelated to the specific tasks assigned.

The achievement of the educational goals envisagedell as the consistency between
them and the hypotheses underpinning the Pedaddgjma could be attested through
the analysis of the semiotic processes which téeepn the class. In fact we expect to
be able to provide evidence of students’ productibsigns (namely of artefact-signs)
and to trace their hypothesized evolution (the séimchain) towards the mathematical
meanings described above. Traces of such produatidrevolution should be found in
students’ productions: solutions to the given taskdividual reports on the activity,
class discussions.

The possible confirmation of the hypotheses insgithe design of the PP and linking the use
of the DDA with students’ achievement is questiottedugh the Re-CRQ.

In synthesis, answering the question whether aefeatt functioned as a tool of semiotic
mediation for some mathematical meaning requiresnt@stigate different but certainly
related aspects:

a) the possible unfolding of the hypothesizedmiotic potentialof the artefact in
relation to the designed tasks, and in relatiotvéotarget mathematical meanings;

With that respect, the written productions of thadsnts involved in our TE show the
generation of artefact-signs susceptible of (i)tabating to form a texture of meanings
enriching the meanings students already approgriatel (ii) evolving towards the desired
mathematical signs. Thus confirming the of the Higpsizedsemiotic potential.

b) and the possible evolution of students’ persongnssi towards the desired
mathematical signs and the possible developmeattekture of different meanings
related to the target mathematical meanings whitbhat (texture) contributes to
enrich already formed personal meanings.

The evolution of student’ personal signs and megaoen be attested through the analysis of
students’ reports, their written solutions to thskis with the DDA, and the transcripts of the
class discussions.

More in details, the evidence of that evolutiomiigen by the identification of (i) expressions
(constructed by students) in which specific terfasdtion, variable,.). are used to report on
the tasks accomplished through the DDA, (ii) thedorction and use drtefact-signs;(iii)
the production o§emiotic chainsin which connections are established betweerfaattsigns
and mathematical signs.

As argued in the previous section, we can clain tihe@ envisaged educational goals are at
least partly achieved.

c) the possible exploitation by the teacher of theold®#d semiotic potentialfor
fostering the evolution of students’ signs towattts desired mathematical signs;

With that respect it is important to investigateettter and how the teacher fuel the class
discussion and contributes (directly or not) to ¢femeration osemiotic chainsestablishing
connections between artefact-signs and mathemasigat. We can find examples attesting
how the teacher’s actions fuel the discussion, tfustering students’ construction of a
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semiotic chain in which there appears the develaoprnoé a texture of different meanings
related to the notions of variable and co-varigtiout also episodes in which the teacher does
not succeed to exploit the potentialities emergedhfthe students’ interventions.

More details and examples are given and discusstttianswer to the Re-CRQ.

Common Research Question

1. REPORT YOURRE-FORMULATION OF THECOMMON RESEARCHQUESTION (RE-
CRQ)

Does the sub-environment Geometric Calculation a$yopee function as a tool of
semiotic mediation for the mathematical meaninduoiction as co-variation? Where
the meaning of function as co-variation can becaldited in:

« the meaning of both geometrical and numerical ée®m

- the meaning of domain of a variable,

« the meaning of function as co-variation over tinh@ariables (even of different kind:
numerical or geometrical).

Does the sub-environment Geometric Calculation a$yopee function as a tool of
semiotic mediation for the mathematical meaningdated to the processes
characterizing the algebraic modelling of geomatrgituation? Where those processes
encompass:

+ identify geometrical variables,

- pass from immeasurable geometrical objects (eigtg)o
to measurable geometrical objects,

« associate numerical variables to geometrical vigfthat is define (mixed) functions
from a domain of geometrical variables to a nunadset),

« associate geometrical variables to numerical vigfthat is define (mixed) functions
from a numerical domain to a set geometrical véesb

- parameterise (cope with the possible too high nurabgeometrical variables),

« express the relation between numerical variablesigh formulas.

2. ANSWER YOURRE-CRQ.

WITHOUT RENOUNCING TO YOUR OWN THEORETICAL FRAMEWORK(S) AND
LANGUAGE, TRY TO ARTICULATE YOUR ANSWER BY MAKING REFERENCE TO THE
THREE POLES OF THE NOTION OBIDACTICAL FUNCTIONALITY AND TO THE SHARED
MINIMAL THEORETICAL FRAMEWORK.

In general, answering the question whether anatdtinctioned as a tool of semiotic
mediation for some mathematical meaning require@svestigate different but certainly
related aspects:

the possible unfolding of the hypothesizmiotic potentiabf the artefact in relation
to the designed tasks, and in relation to the targghematical meanings;
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the possible exploitation by the teacher of theold®d semiotic potentiafor fostering
the evolution of students’ signs and meanings tdw#ne desired mathematical
signs and meanings;

the possible evolution of students’ personal sigpsards the desired mathematical
signs and the possible development of a textuiftdrent meanings related to
the target mathematical meanings which (that te}twontributes to enrich
already formed personal meanings.

In order to investigate the unfolding of the semigiotential and the possible evolution of
students’ personal signs and meanings, we focuattemtion on the signs produced and used
by students in the different activities of the ditiegal cycles compounding the PP: tasks to be
accomplished through the use of the DDA, productmn written reports and class
discussions.

In order to investigate whether and how the teaelx@toited the unfolding of theemiotic
potential for fostering the evolution of students’ signs andanings, we will focus on the
semiotic actions which the teacher performs to estiate the class-discussions

a) unfolding of the semiotic potential and evoluatwf personal signs and meanings

The semiotic potential of an artefdét (and then its possiblenfoldind”) clearly
depends (a) on the characteristics of the artéthet DDA in our case), among which
crucial importance has to be given to the repredgems provided; as well as (b) on the
tasks which the individual is asked to accompltsiotgh the artefact (and so it relates
to the mode of use of the DDA).

The unfolding of the semiotic potential revealghe production and use (by students)
of artefact-sign¥®, in ways which are pertinent to the tasks accoshpli with the
DDA, consistent with the DDA functionalities and nsistent with mathematical
potentialities of the artefact-signs themselves.

The evolution of students’ personal signs and mepnowards the desired mathematical
meanings (articulated in our Re-CRQ), is precisiedyeducational goal of the designed PP.

As discussed, in the “Synthesis of the TE”, we clamm that the envisaged educational goals
are partly achieved. More in details, as for theiamo of function, variables and so on,
students use specific terms and relate mathematieahings to the DDA functionalities in
appropriate ways. Though different stages are etvid@s for modelling, the idea of
modelling is still related to the actual solutidnspecific kind of problems. Modelling in itself
has not explicitly formulated yet.

' Thesemiotic potentiabf an artefact in relation to a tasncompasses the complex of
personal and mathematical signs related to théattand its use for accomplishing the task.
" Theunfolding of the semiotic potential of an artefactelation to a taslconsists in the
generation and use of signs related to the artafatits use for accomplishing the task.

'® Artefact-signsare signs referring to the context of the uséefartefact, which very often
refer to one of its parts and/or to the action agaitsshed with it. Those signs sprout from the
activity with the artefact, their meanings are paed and commonly implicit, strictly related

to the experience of the subject. But at the same, those signs have potentialities to evolve
towards mathematical signs.
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Evidences supporting the claimed achievements wafesits are given from the analysis of
students’ reports, their written solutions to thskis with the DDA, and the transcripts of the
class discussions.

On the one hand, that analysis allows to identkpressions (constructed by students) in
which specific terms (function, variable)..are used to report on the tasks accomplished
through the DDA. That witnesses that already formpersonal meanings are related to or re-
elaborate in the light of the actual use of the DD#Acluding the specific kind of tasks
accomplished through it), thus testifying a progies enrichment of students’ personal
meanings towards the formation of the desired nma#itieal meanings.

On the other hand, one can identify the usarndéfact-signs that is signs referring to the
context of the use of the artefact, very oftennréfg to one of its parts and/or to the action
accomplished with it. These signs sprout from tbtvily with the artefact, their meanings
are personal and commonly implicit, strictly rethte the experience of the subject. But at the
same time, those signs have potentialities to @vimwards mathematical signs.

Two “movements” can be attested: the use of alréawbyvn mathematical terms to describe
the activities with the DDA, and the use of artéfsigns in a way consistent with their
mathematical potentialities. That confirms the depment of a texture of meanings and signs
which bridges together the artefact-world and ttahmmatics-world.

In particular, we can identify the generationsefmiotic chains showing how connections
are established between artefact-signs and matieansigns.

Unfolding of the semiotic potential and evolutiof mersonal signs and meanings:
evidences

Hereafter, we will report excerpts relating to tligferent kinds of activity which
characterized the implemented PP: students’ agtiwiith the DDA, class discussion,
students’ personal reports on the class activities.

1. The unfolding of the semiotic potential may lested through the identification of
the generation and use of artefact-signs in stedemttten solutions of the given tasks,
reports on the class activities and interventionthe class discussions.

2. The following excerpt is drawn from the tranptrof the class discussion held in
the 5" session (% session: familiarization with the DDA®section: optimization problem to
be solved through the DDA!session: class discussioff gession: optimization problem to
be solved through the DDA). It shows an exampldh@iv artefacts signs are produced in
relation to the use of the artefact, and how thehe during the discussion.

1. T: “Which are the main points to approach this kinghafblem? Which kind of problem did we deal
with? [...] What is an important thing you should mlmv? To see the general aspects and apply them
for solving possible more problems, [...] the softevguided you proposing specific points to focus
on....]

' By semioticsemiotic chainwe mean a chain of signification “in which thdeal
reference is suppressed and yet held there biaite in a gradually shifting signifying
chain.” (Walkerdine, 1990, p.121).
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5. Luc: “you have to choose a mobile point, first[...]"

16. T: “[...] do you see anything similar between the fwvoblems?”

17. Sam: “one has always to take a free point which yamthis case, the areaensidered [...]”

18. T: “Then we have a figure which is...”

19. Students: “Mobile.”

20. T: “Mobile, dynamical. Let us pass to the second phAsdrea, which is the next phase? [...]”
21. And: “[...] we need to study that figure and observe vthatshift of the variable cause$

22. T: "ok, then? Anybody did that, isn't it?”

23. Sil: “[...] by shifting the mobile point one observed/te sum of the areags] varled

We can notice:

l. The collective construction ofgemiotic chainin which a connection is established
between artefact signs (“mobile point”) and mathtcaasigns (“variable”). The elements of
this semiotic chain are: “movable point”, “free pti “variable”, and “movable point”. It is
worth noticing the two directions: from the artefamgn (“mobile point”) to the mathematical
sign (“variable”) and viceversa. That semiotic ichahows: (a) students’ recognition that
geometrical objects can be considered (can beetieatan act as) as variables (b) the
enrichment of students’ meanings of variable téude meanings related to “movement”.

Il. Elements of a semiotic chain in which the magrof function as a relation of co-
variation of two variables emerges. The elementshidf semiotic chain are: “a free point
which vary [...] the areas” -> “the shift of the valbie causes” -> “by shifting the movable
point, one observed as [the sum of the areas]d/arie more elements can be found in the
continuation of the discussion.

3. Hereafter there is an excerpt from Valerid’sr&port (homework, after thé%class
discussion, 8 session)

What do you mean by the terms “function”, “independ variable” and “dependent
variable”?

[...] The independent variable is the one which igified first, as a consequence of that the
other one [the dependent variable] is modified. [...]

Which elements of the software can be put in rehetihip with those terms? Why?
The independent variable corresponds to the mgbilet, because it is the element which ¢an

be arbitrarily modified, whereas all the figures ][.are dependent variables, because their
area and perimeter are modified according to hanbbile point is shifted.

The above excerpt can be analysed at least atiffeoetht levels.

On the one hand, we can consider Valeria’s ansgeparately. They are both “consistent” in
themselves (though not complete): the former idipamnt to the mathematical meanings at
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stake, and the latter is pertinent to the DDA fiordlities and the tasks accomplished
through it. Moreover mathematical signs (“indeperideariable”, “dependent variable”) and
artefact signs (“mobile point”, “figure”, “area”, perimeter”, “shift”, “modify”) are
consistently used.

On the other hand, if we compare the two answerscave notice an impressive semiotic
correspondence between them. Such correspondereagsehe establishment of a consistent
relationship between the signs “independent vagiatphathematical sign) and “mobile point”
(artefact sign), and “dependent variable” (matheérahtsign) and “figure”, “area” and
“perimeter” (artefact signs), and therefore betwtdenassociated meanings.

Finally, from both the answers the meaning of fiorctas co-variation emerges too (“as a
consequence”, “according to”).

It is not possible to carry out a so fine-grainethitic analysis, for every students’ written
productions. And certainly, there are differencesudeen the students’ achievements.

But, globally, we can claim that the envisaged atiooal goals are at least partly
achieved.

b) teacher’ exploitation of the unfolded semiotatgntial

By teacher’s exploitation of the unfolding of thensiotic potential we mean the complex of
strategies which the teacher enacts to foster Wioduton of students’ personal signs and
meanings towards the desired mathematical signsnagahings (the designed educational
goals). In the previous section, we focused on ltlmevDDA was used by the students for
accomplishing specific tasks. Now we are introdgannew “dimension” of use of a DDA:
the teacher’s use of the DDA.

In fact, in order to foster the evolution of meayinthe teacher may recall the context of use
of the DDA, ask students to establish explicit ceetions between the emerging
mathematical signs and the DDA features (e.g. comaisiarepresentation), and so on. When
the teacher succeed in exploiting those potenéslitve say that the artefact is used &soh

of semiotic mediation.

The analysis of the teacher’s exploitation of tam®tic potential of an artefact requires the
study of the strategies enacted by the teacheadititate the evolution of students’ personal
signs. With that respect it is important to invgate whether and how the teacher fuels the
class discussion and contributes (directly or tmthe generation afemiotic chaingn which
connections between artefact-signs and mathematgnas are established.

Hereafter we discuss two examples. The former gdme of a previous section) shows how
the teacher’s actions fuel the discussion, thugefog) students’ construction of a semiotic
chain in which there is an apparent developmerat @ixture of different meanings related to
the notions of variable and co-variation. The lastgows an episode in which the teacher does
not succeed to exploit the potentialities emergenhfthe students’ interventions.

Teachers’ exploitation of the unfolded semiotitgmbial: evidence.
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The following excerpt is drawn from the transcrigdtthe class discussion held in th8 5

session. It has been previously analysed form thet pf view of the signs produced and
used by students. Here we focus on how the teaclamtions foster the production of
artefacts signs in relation to the use of the adefand create the conditions for their
evolution during the discussion.

1. T: "Which are the main points to approach this kinghafblem? Which kind of problem did we deal
with? [...] What is an important thing you should mlmv? To see the general aspects and apply them
for solving possible more problems, [...] the softevguided you proposing specific points to focus
on.[...]

5. Luc: “you have to choose a mobile point, first[...]"

T: “[...] do you see anything similar between the fwvoblems?”

Sam: “one has always to take a free point which vamgthis case, the areas considered [...]”
10. T: “Then we have afigure which is...”
11. Students: “Mobile.”
12. T: “Mobile, dynamical. Let us pass to the second phasdrea, which is the next phase? [...]”
13. And: “[...] we need to study that figure and observe whatshift of the variable causes...”
14. T: “ok, then? Anybody did that, isn't it?”

15. Sil: “[...] by shifting the mobile point one observed[ti®e sum of the areas] varied"

First of all, the teacher asks students to reportheir solutions to the problem dealt with in

the previous sections. She explicitly orients thecuission towards the specification of the
main phases of the solution of the problem (itematking students to look for similarities

between the two problems addressed so far and betstategies enacted to solve them
(tems 1 and 8). While asking students to do tkta, teacher suggests to refer to (or to
remind) the use of the DDA (item 1).

The suggestion to explicitly refer to the use & DDA, facilitates the production and use of
artefact-signs and the unfolding of the semiotiteptial. At the same time the request to
generalize (though a little vague) fosters a detednalization from the specific problems
faced and strategies enacted and provides thehidss for the evolution of personal signs
and meanings to initiate.

Then we can notice how the teacher’s interventitunds the discussion: the teacher
introduces the term “figure” (item 10) which on tbee hand has the effect to maintain the
focus still on geometrical objects, contrastingiadent’s tendency to prematurely (from the
teacher’s viewpoint) shift the attention on numbarsd on the other one offers the possibility
to re-introduce the consideration of “dynamicalexdp”’ (also reprised by the teacher in her
subsequent intervention, item 12) which fuels tdomstruction of a semiotic chain on

variation and co-variation.

That is an example of what we mean by saying tmattéacher uses the artifact as a tool of
semiotic mediation.

The following excerpt, on the contrary, shows ams@ge in which the teacher does not
succeed to exploit the potentialities of the stisleimterventions. Chi countered “variable”
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with “variable point” so offering the possibilityotdwell on the relationship between not
measurable geometrical variables and measurabtaejeoal variables which was considered
a key aspect of algebraic modeling. The teaches aot foster any discussion on that, she
was probably aiming at orienting the discussiomg@la different direction.

203 Lor: a mobile point on the side [...]

204 Chi: then, when we had to calculate the area... wellnwbde we put CD ag, we set a variable

208 Chi: we put CD as variable, and not by chance CDaat fwe used a fixed point, C, and a variable
point on the segment, D

209T: well, the underpinning idea is to link numbersigh..] having observed a link between the position
of the point D and [...] the area of the rectangld p.link is established between a geometrical world
and an algebraic world

That witnesses the difficulty of mobilizing straiegto foster the evolution of students’ signs.
In fact the evolution of students’ signs dependsrtemporary stimuli asking for a number
of decision on the spot.

3. SPECIFY.
- THE KIND OF DATA YOU ANALYSED;
- THE SPECIFIC ELEMENTS OF OBSERVATION

KIND OF DATA ANALYSED: mainly students’ written productions (detaileddve and
transcripts of class discussion.

Details about students’written productions: studewbrked with the DDA in small
groups (2 students as far as possible, 3 studenssmnally) and were asked to produce
common written documents related to the tasks aptished through the use of the
DDA: e.g. solutions to given mathematical problewlusgd comments on the use of the
DDA for solving those problems.

In addition, at the end of each session students a&ked to individually write at home
a report concerning the work with the DDA, and lobge a small set of questions.

In order to better document students’ actual waiikh the DDA we also gathered other
kinds of data: DDA log files produced by studetsd video-records of some students’
desktops. Those data were used as a complemehe afnialysis of students’ written

productions.

ELEMENTS OF OBSERVATION

Our analysis focused on the signs (relevant toddsagned educational goals) generated and
used by students in the different sessions of the & well as on the semiotic strategies
enacted by the teacher to foster the evolutionuafents’ personal signs.
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More in details we tried to identify possible a#etfsigns, mathematical sigrigybrid signs

or sentencé, pivot signé', as well as possible semiotic chains connectingatsigns. (We
have not dwelt yet on the hybrid (or pivot) chaeaatf the signs generated in the class, we
will discuss that in the future)

4. DESCRIBE HOW THE ELEMENTS OF OBSERVATION WERE USED TO SUPPORJUR
ANSWER TO THERE-CRQ.

IF POSSIBLE MAKE EXPLICIT WHICH ELEMENTS OF YOURTHEORETICAL
FRAMEWORK(S) WERE USED IN THE ANALYSIS PROCESS AND HOW

I. The unfolding of the semiotic potential reveatsthe production and use (by
students) ofartefact-signsin ways which are pertinent to the tasks accoshplil with
the DDA, consistent with the DDA functionalities dagonsistent with mathematical
potentialities of the artefact-signs themselves.

Evidences supporting the claimed achievementsualesits are given from the analysis of
students’ reports, their written solutions to thskis with the DDA, and the transcripts of the
class discussions.

On the one hand, that analysis allows to identkpressions (constructed by students) in
which specific terms (function, variable)..are used to report on the tasks accomplished
through the DDA. That witnesses that already formpersonal meanings are related to or re-
elaborate in the light of the actual use of the DD#Acluding the specific kind of tasks
accomplished through it), thus testifying a progies enrichment of students’ personal
meanings towards the formation of the desired nma#itieal meanings.

On the other hand, one can identify the usartéfact-signsthat is signs referring to

the context of the use of the artefact, very oftfarring to one of its parts and/or to the
action accomplished with it. These signs sprounftbe activity with the artefact, their

meanings are personal and commonly implicit, dyrictlated to the experience of the
subject. But at the same time, those signs havenpalities to evolve towards

mathematical signs.

II. The analysis of the teacher’'s exploitation bk tsemiotic potential of an artefact
requires the study of the strategies enacted byteheher to facilitate the evolution of
students’ personal signs. With that respect itripartant to investigate whether and how the
teacher fuel the class discussion and contributiesctly or not) to the generation sémiotic
chainsestablishing connections between artefact-sigdsn@athematical signs.

20 A sentence or even a single word which combinemehts coming from the artefact and
from the mathematics

2L A pivot signhas at the same time a reference in the matheshatintext and a reference in
the artefact context
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‘ 5. MAKE EXPLICIT WHICH CONCERNS GUIDED YOUR ANALYSIS PROCESS AND HOQW

a) Characteristics of the DDA
a.1 concerns about the ways mathematical objedtshair interaction are represented,
a.3 concerns about the ways representations caotee on.

They both induce us to focus on the signs produmedtudents in relation to the activities
with the artefact. They guide us in identifyingediaict signs.

b) Educational goals
b.1 epistemological concerns.
b.2 semiotic concerns.

They both guide us in the analysis of the evolutdstudents’ signs and meanings towards
the desired mathematical signs and meaning. Epidtgiical concerns guide us more in
analysing students’ achievements from the pointiedv of the mathematical knowledge of
reference. Semiotic concerns orient especiallyamalysis of the evolution (modification) of
students’ personal signs and meanings.

c) Modalities of use
c.1 concerns about the tasks and their temporahazgtion,

induce us at focusing on the signs produced indifferent activities and how such signs
relate to the specific tasks.

c.2 concerns about the functions to be given tdbA and their possible changes,

induce us to pay attention: (a) on the link betwtdendifferent signs students produced and
the students’ use of the DDA for accomplishing tasks; (b) on the link between the
evolution of students’ personal signs and the pbssilifferent function which the DDA
assumes when it is used as a tool of semiotic rtiediby the teacher.

c.3 concerns about semiotic issues,

are the key concerns in our analysis, they leatb alyse signs and what is connected to
their “transformation”.

c.4 concerns about the relationship between knaydedeferred to the DDA
functioning and knowledge referred to the educatigoals,

guide us in analysing the unfolding of the semipttential.
c.5 concerns about social organization and intenast

lead us to differentiate our analysis accordinthtokind of action performed by the different
actors with respect to signs, their production i evolution.
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