ReMath / IST4-26751 Deliverable 18: Integrated Theoretical Framework Version C — APPENDIX 11

Appendix 2: Cross-case Analyses

I. Aplusix cross-case analysis

[.1. Identification

The teams involved are:
UJF team (France): familiar DDA
ITD team (Italy): alien DDA
UNISI team (Italy): alien DDA
DDA considered:

|.2. Contextual elements

School level:

e 28 students Grade 10 (15-16 years) — UJF
e 2 classes (26 students and 29 students) Grade 9 (14-15 years) — UNISI
e 14 Students of Grade 7 (11-12 years) — I[TD

Physical context:

e (Classroom equipped with computers, overhead projector.
e Students work in pairs.

For UNISI and ITD: Students were sometimes involved in collective discussions
Length of the scenario:

e UIJF: 5,5 hours
e UNISI: 18 hours
e ITD: 10 hours

The teacher involved in the ITD experiment took part to the design of the experiment collaborating
with the ITD team. The experiment was designed to be inserted in the curriculum of the class. It
was well accepted by the institutional context of the school.

The teacher involved in the UJF experiment didn’t take part to the design of the scenario but he had
a possibility to adapt it to the constraints of his class.

Two teachers were involved in the UNISI experiment. One of them took part to the design of the
experiment and she was supposed to be familiar with the use of technology in class because she has
been part of the group for years. The other teacher was a young teacher who hadn’t collaborated
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with the team before. She didn’t participate to the design of the experiment, but she only
implemented it in classroom.

|.3. Theoretical frames

The three teaching experiments share a common semiotic concern and the theoretical construct of
Semiotic register of representation (Duval, 1995, 2006) can be considered a common component
of the three theoretical frameworks. In this perspective, three semiotic registers are used in each PP:
standard representation (SR), tree representation (TR) and natural language representation (NL). A
common hypothesis concerns the role of conversion tasks to make the meaning of structure of an
algebraic expression emerge. Further elaborations of this semiotic approach are developed in the
three different theoretical frameworks assumed by each team and presented in the following.

UJF used the Anthropological Theory of Didactics (Chevallard, 1999). He identifies 6 moments in
studying a given type of task (what he calls didactic organisation): (1) first encounter with the type
of task, (2) exploring the type of task and emergence of a technique, (3) constructing the
technological-theoretical unit, (4) institutionalisation, (5) working out the technique, and (6)
assessment. The familiar PP is organized in accordance with such a didactic organization

UNISI used the Semiotic Mediation Theory (Bartolini Bussi & Mariotti, 2008) A basic assumption
of the theory is that mathematical meanings are rooted in the action with the artefact, and developed
through social interaction in classroom. Identifying the semiotic potential of an artefact is the
starting point for developing a teaching/learning sequence which involves the use of such artefact.
This means to identify the potential that an artefact has with respect to some mathematical
meanings, in relation to the tasks in which it is used. Referring to the alien PP, feedback signs
provided by Aplusix have been considered as having a semiotic potential respect to the meaning of
equivalence of expressions.

ITD used the Activity Theory (Cole & Engestrom, 1991). According to this theory, learning can
emerge overcoming contradictions that can appear during educational activities. The tasks of the
ITD’s PP are designed to be source of contradiction through the comparison of solutions performed
in paper and pencil and the solutions performed in Aplusix. Feedback provided by Aplusix is
crucial to make emerge this contradiction.

|.4. Comparison of didactical functionalities

The educational goal
Among the educational goals of the three experiments a common element is constituted by the
achievement of what is called structure sense (Hoch and Dreyfus, 2006).

“A student is said to display structure sense for high school algebra if s/he can:

Recognise a familiar structure in its simplest form.

Deal with a compound term as a single entity, and through an appropriate substitution
recognise a familiar structure in a more complex form.

Choose appropriate manipulations to make best use of a structure.”
(Hoch and Dreyfus, 2006)
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The achievement of this common educational goal is related to the basic meaning on which the
algebraic calculation is rooted: the equivalence between algebraic expressions. In fact, the
equivalence between expressions ‘passes through’ different structures.

The characteristics of Aplusix
Aplusix is a computer algebra system which allows students to perform both arithmetical and

algebraic calculations (Nicaud & al., 2004). Adopting the terminology introduced by Duval (1995,
2006), Aplusix offers three different registers of representation of algebraic expressions on which
to act: natural language, standard representation, which is the usual representation of expressions in
paper and pencil, and tree representation’.

Three modes of tree editing have been implemented into Aplusix: free tree mode, controlled tree
mode, and mixed tree mode. While in free tree mode, expressions can be edited freely as trees and
no constraints on the tree are provided during the editing process, in the controlled tree mode the
system provides constraints to the editing process, preventing the user from constructing
syntactically incorrect trees. For instance, because the arity of operators must be correct, it is not
possible to build a tree made of three branches with the minus sign as operator. Both in free and
controlled modes, the system only accepts trees in which internal nodes are operators and leaves are
numbers or variables. The mixed tree mode constitutes a hybrid representation that combines both
the standard and the tree representations. In fact, a standard representation can be expanded as a tree
by clicking on the “+” button that appears when the mouse cursor is on the left side of a node (Fig.
la, b); vice versa, a tree, or a sub-tree, can be collapsed into a standard representation by clicking on
the “-” button (Fig. 1c). Thus, mixed representation presents a scaffolding feature, besides the
syntactical constraints that characterise the controlled mode.

?{x-2) {2x+1) /><\ /X\
T Hy-2 2x+1 x-2 2x+1
Fig. 1b. Fig. 1c.
Fig. 1a.

Figure 1. Mixed tree representation: (a) the expression (x-2)(2x+1) in standard
representation can be developed into a tree by clicking on the “+” button; (b) the
expression after a first level development;

(c) “-* button allows collapsing the tree into standard representation, as in Fig. 1a.

! The tree representation has been implemented in the new module developed within the ReMath project.
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All the tasks in Aplusix, can be performed both in training and in fest mode. The training mode is
characterized by a feedback provided by the DDA. The feedback is based on the on the equivalence
between the algebraic expressions produced in two consequent steps. Feedback® is expressed by
means of three different signs (Fig. 2).

Expand and simplify Expand and simplify Expand and simplify
AN 2
(x+1) (x+1) : (x+1)
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Figure 2. Three different feedbacks provided in Aplusix environment during the
training activity.

The black lines point out that the expressions are equivalent, the red crossed lines that they are not
equivalent, and the blue crossed lines indicate that the edited expression is not well formed (e.g., in
Fig. 2, the last term has not been entered yet). In the test activity, no feedback is provided: at each
stage a single black line links two consequent steps. Finally, the observation modality allows the
student, the teacher or the researcher to replay the whole sequence of steps performed by the user in
order to solve the task. The comparison between the three Teaching Experiments presented in this
paper focuses on the DDA feature consisting in the feedback provided in the training activity.

The modalities of employment
Though starting from common educational goals, the great variety of possible choices offered by

Aplusix features - two modes of feedback control, three modalities of tree editing, ...- provided a
variety of modes of use. Actually, in the design of the PPs, the three teams showed a great variety of
choices that can be explained according to the three different theoretical perspectives they refer to.

In the following, the familiar PP and two alien PPs are compared highlighting the different
modalities of use of the feedback as they are developed in the three experiments. The familiar PP
(UJF team) refers to the Anthropological Theory of Didactics (Chevallard, 1999); one of the alien
PP (UNISI team) has the Semiotic Mediation (Bartolini Bussi & Mariotti, 2008) as a leading theory
of reference and the other PP (ITD team) has been designed following the Activity theory
framework.

|.5. Results of the cross-case analysis together with illustrative
examples

The UJF pedagogical plan and its results

The familiar PP has been designed to be experimented by teachers who use Aplusix at a regular
basis in their classrooms. Therefore the students are familiar with the system, apart from the tree
representation of expressions that is novel for them. Starting from the assumption that tree
representation of algebraic expressions highlights their structure, the main educational goal of the

? The feedback can be provided either permanently, or on demand, or can be limited to two or four verifications during
the solving process.
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PP is to use this representation to study the structural aspect of algebraic expressions and thus help
students to distinguish between procedural and structural aspects of expressions. The core of the PP
is organized in three main phases:

e familiarization phase, which is guided by the teacher who introduces the tree representation
through the mixed representation. Starting from a simple expression in standard
representation, she/he expands the nodes so as to obtain a tree (a controlled tree);

e interaction between natural language and tree representations;

e interaction between usual and tree representations.

In the phases 2 and 3, students will first encounter controlled tree mode. Thus, they cannot make
syntactical errors in building trees, since the constraints of the software will prevent them from
doing so. Later, students are proposed similar tasks in the free tree mode, i.e., there are no
constraints during the editing process, but the students benefit from the feedback provided by the
system allowing them to check the correctness of their solutions.

The choice of making students deal first with controlled trees in most of the sessions of the PP and
encounter the free trees afterwards can be explained according to the adopted theoretical
framework, which is Chevallard’s Anthropological theory of didactics (Chevallard, 1999).

In fact, Chevallard identifies 6 moments in what he calls didactic organisation, accordingly, six
types of task in studying a given type of task (what he calls didactic organisation): (1) first
encounter with the type of task, (2) exploring the type of task and emergence of a technique, (3)
constructing the technological-theoretical unit, (4) institutionalisation, (5) working out the
technique, and (6) assessment. The familiar PP is organized in accordance with such a didactic
organization. During the familiarization phase, for the first time (moment 1), the students will
encounter the tree representation, and more specifically the task of conversion of an algebraic
expression given in a standard representation into a tree. The teacher will be orchestrating the class
discussion aiming at making the way the tree is developed emerge (moment 2). Several examples of
algebraic expressions involving different operators are worked out by the students and collectively
discussed, under the teacher’s orchestration (moment 3). The familiarization process will end by an
institutionalisation phase where the appropriate vocabulary is introduced and the technique of
building a tree is formulated (moment 4). In the next session, the students are given tasks consisting
in building trees representing expressions given either in natural language or in standard
representation. They are supposed to work first in the controlled mode. This moment corresponds to
the moment 5 in Chevallard’s didactic organization. Since students are requested to solve a new
type of task for the first time on their own, supporting them with a kind of scaffolding coming from
the functioning of controlled mode (that is preventing them from committing syntax errors) seems
to be promising. Afterwards, similar tasks will be given to the students, but this time they will work
in free tree mode, hence they will not benefit from scaffolding anymore. This choice is motivated
by our wish to assess students’ mastery both of the tree representation and of conversion tasks
(moment 6). The following example shows how the controlled mode may assist the student in
building a tree representation of an algebraic expression given by a description in natural language.
In solving the task ‘build a tree corresponding to the expression “y squared™’, a student proceeded
as shown in figure 3 .
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The student entered the symbol “*” which is used in Aplusix for the power operator. The system
created two branches with question marks as leaves (Fig. 3a). In the first attempt, the student
seemed to be proceeding from left to right (in French, the expression is read “carré de y”, i.e.,
“square of y”’). Thus, he entered 2 to the left hand branch and y to the right hand one (Fig. 3b).
Observing the feedback provided by Aplusix, he realised that the tree was not correct. The second
attempt (Fig. 3c) can be seen either as the student’s interpretation of y? as yxy, or as the
intermediate step towards the correct tree obtained in the third attempt (Fig. 3d).

(a) (b) (c) (d)
A A A A
? 2 2 y v y V 2
Figure 3. Three attempts to build a tree representation of the expression “y squared”.

This example shows that such scaffolding can help students master more easily and quickly the new
register and conversion tasks, so that they will be ready to approach new kinds of tasks, namely
treatment and formation tasks (Duval, 1995).

The UNISI pedagogical plan and its results

The alien PP is underpinned by a theory of Vygotskian perspective called Theory of Semiotic
Mediation (Bartolini Bussi & Mariotti, 2008), which aims at modelling the teaching-learning
processes based on the use of artefacts.

A basic assumption of the theory is that mathematical meanings are rooted in the action with the
artefact, and developed through social interaction in classroom. Identifying the semiotic potential of
an artefact is the starting point for developing a teaching/learning sequence which involves the use
of such artefact. This means to identify the potential that an artefact has with respect to some
mathematical meanings, in relation to the tasks in which it is used. Referring to the alien PP,
feedback signs provided by Aplusix have been considered as having a semiotic potential with
respect to the meaning of equivalence of expressions. However, the semiotic mediation function of
an artefact is not automatically activated by the use of an artefact: it’s up to the teacher, who has the
awareness of the semiotic potential of the artefact in terms of mathematical meanings, to foster the
process of production and evolution of signs centred on the use of an artefact.

Within this theoretical perspective, in the UNISI’s PP the first encounter with the software is
devoted to make students conscious of the different kinds of signs provided by the DDA. According
to Peirce (Peirce, 1931), a sign consists of three components: the sign or representamen (that
represents), the object (that is represented), and the interpretant (that is related to the interpretation
process). A basic assumption is that the object can never present itself directly to a knower: it is
always mediated by a sign, of which the object is the referent. Such a frame is particularly suitable
to analyse how we deal with mathematics, an abstract discipline in which the "objects" are treated
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through signs. In our specific case, this reference frame appears suitable for analysing the signs
provided by Aplusix as feedbacks to the students' actions, and related to the mathematical meaning
of equivalence between algebraic expressions.

The feedback-signs provided by Aplusix have a twofold meaning. We can refer to them using the
terms primary interpretation and developed interpretation. Let us consider the sign ‘red crossed
lines’. Its meaning is rooted in a social convention which can be reinterpreted in the school context;
in fact, both presences of the colour red in the inscription refer to the sign of error which have the
red colour and the cross in the set of its representations. Whereas the primary interpretation could
refer to common sense, the developed encoding refers to a mathematical knowledge and for its
nature it is not immediate or immediately shared. Since the reaction of the machine is coherent with
the mathematical knowledge at all times, that makes the feedback-signs a possible instrument of
semiotic mediation for the meaning of equivalence between algebraic expressions.

The link between the developed interpretation of the feedback signs is not automatic, but it indeed
requires the mediation of the teacher to be developed.

This issue is addressed since the first encounter with the software, in the familiarization phase.
After some brief instructions on how to open files in Aplusix and typing expressions, students are
requested to accomplish a task of numerical computation. Students are also asked to interpret the
different signs appearing on the screen. Specifically they are asked to take note on a sheet of paper
of how such signs change during the solution of the tasks within Aplusix, and attempt a possible
interpretation. Fig. 4 reports an example of students' answers to the question "Try to explain the
meaning of each of the signs that appear between two lines while you are editing":
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Figure 4. When the exercise is correct this sign appears.
When the exercise is not correct, is wrong.
When the exercise is not completed.
Then, during a collective discussion orchestrated by the teacher, students’ interpretations of the
feedback signs are shared while their mathematical meaning is expected to emerge in relation to the

notion of equivalence.

The tree representation is introduced in the subsequent activity. The idea is that the new signs will
be coordinated with the old ones; in particular, the standard representation system will be put into
relation with the tree representation system, while the control signs system, interacting with both of
them is expected to fundamentally contribute to build and consolidate the meanings related to
algebraic expressions. These two activities are followed by another classroom discussion, which
concludes the familiarization phase. The discussion plays an essential part in the PP: the teacher has
the responsibility to guide the evolution of meanings emerging in the activity with the DDA
towards meanings that are consistent with the mathematical theory. In one of the classrooms
observed during the teaching experiment, many students interpreted the feedbacks of Aplusix as
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shown in Fig. 4, i.e. they interpreted black lines as indicating ‘correct’ exercise, red crossed lines as
indicating ‘incorrect’ exercise, and blue crossed line as indicating ‘incomplete’ exercise. The
reference to mathematical meaning slowly emerged after the intervention of the teacher.

By analysing students' ongoing production through semiotic lens, we have been able to identify key
elements that provide evidence of the role played by Aplusix components, in particular by the
feedback, both in students’ learning processes, and in the teaching strategy.

We report on an excerpt from a collective discussion that followed the first activity with the DDA.
Students are requested to work in pairs in Aplusix to accomplish a task of numerical calculation. As
already said, when the students manipulate an expression, Aplusix constantly provides a feedback
related to the mathematical meaning of equivalence between expressions. The link between such
kinds of feedback and its mathematical meaning is not automatic, but it is indeed a matter of
interpretation. It is just to stress their semiotic nature that we have introduced the term feedback-
signs. The main goal of this first activity consists in making students interpret the three feedback-
signs; students are therefore requested to observe the feedback given by Aplusix during calculation
tasks. They are also asked to take note on a sheet of paper of how the feedback-signs change during
the development of the calculation, providing a meaning for each of them. In the collective
discussion following the activity with the artefact, the teacher aims at exploiting the semiotic
potential of the feedback-signs and intends on making the students aware of the mathematical
meanings of the feedback-signs. Here after an excerpt from the discussion.

Excerpt 1

1. Teacher:  Have you all
finished? There were four questions,
the first asked to note down the
signs appearing between a line
(gesture as in Fig. 5 on the left) and
the following one, What are the
: signs appearing between a line and
Figure 5. The teacher’s hand as picking something at two the following one? gesture as in
different heights. (Figure 5 on the right) .

2. Mattia: The first sign appearing
when you write in the second passage, is...two vertical lines with an x over them (gestures as in
Fig. 6).

3. Teacher: an X, two
vertical lines with an x over
them.

4. Davide: parallel.

5. Mattia: and then, when you Figure 6. Mattia draws two vertical lines top-down in the
complete the passage, the x air indicating the feedback-sign “||".
disappears.
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6. Teacher: the x disappears. Is what he has said right? (The teacher draws on the blackboard the
three signs) [...]

19. Amalia: Well, there are three signs...well, those two vertical lines are when the passage is right
and concluded [...]

39. Teacher: What does it mean "to be right"?
40. Martina: That you didn’t make any mistakes in the calculations.
41. Amalia: That you have not mistaken anything and you can go to the following passage |[...]

60. Teacher: And how can we do that not using the computer, understand that things are right
without seeing the signs? Why are they right?

61. Ambra: Because if the calculation follows a logical thread, it is right.

62. Teacher: Because if the calculation follows a logical thread, it is right. What does it mean to
follow a logical thread?

63. Martina: To do certain operations [...]

66. Teacher: Why are passages right? What does it mean to have the passages right? Where does the
logical thread lead? [...]

67. Amalia: Because basically the last passage must give you the result of the first one.
68. Teacher: The last passage must give you the result of the first one: what does it mean?

69. Amalia: Yes because basically if you solve the first passage the result must be...equal to the
second.

70. Teacher: Let's help her to say it well [...]

73. Valentina: Yes because finally the result is the simplification of the first, each passage has the
same result.

74. Teacher: and so?

75. Amalia: Basically, if we have...I don't know...6/3 and we reduce it to the minimal terms it
comes 2, doesn't it? (The teacher writes on the blackboard 6/3 and 2, side each other) So 1 tell that
2 is the result of the first passage [...]

79. Teacher: [...] How do we say that the result of 6/3 is 2? In mathematics, when we speak, how
can we say that the result of 6/3 is 2?

80. Cora: That the result of 6 divided by 3 gives 2.

81. Teacher: Yes, but...what do we say of these two (pointing to
6/3 and 2 with the two hands, Fig. 7) here?

Figure 7. The teacher pointing ?
to 6/3 and 2.
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82. Valentina: That they are equivalent to each other

83. Teacher: That?

84. Valentina: Yes, that they are equivalent to one another, they are equivalent.
85. Teacher: And what does it mean that they are equivalent?

86. Amalia: That they are equal...

87. Students: That they have the same value.

From the beginning of the discussion the teacher focuses attention on the interpretation of the
feedback-signs of Aplusix (#1). As emerging from the discussion (#1-19), and confirmed by the
collected written sheets, all the students' interpret the feedback-sign as "right passage" (see #19:
“Two vertical lines [...] when the passage is right and concluded”). The personal meanings that
students develop from the first activity with the artefact are consistent with the primary
interpretation of the feedback. According to the classification provided by the Theory of Semiotic
Mediation, the inscription “||"
related to the activity with the artefact. Under the guidance of the teacher it becomes the first
element of a semiotic chain leading to the mathematical sign, referring to the notion of equivalence.
Once it happened, the feedback-sign “||” has reached the level of the developed interpretation. In
fact in the excerpt we can observe the following evolution for the interpretation of Aplusix

can be considered an artefact-sign, since its meaning is strictly

feedback-sign “||”:

right / no mistakes (#19-41) becomes passages with the same result (#67-73) becomes equivalence
between passages (#82-84)

This semiotic chain comes into existence thanks to a didactic strategy that starting from the activity
with the artefact is focused on the students’ semiotic processes. This strategy uses, in a synergic
way, different kinds of semiotic resources: speech, gestures (an example is in #1, Fig. 6, and the
same kind of gesture-speech enactment is widespread in the whole protocol), and inscriptions on the
blackboard (#81, Fig. 7). In particular, the teacher constantly stimulates the students to make the
meanings of the involved signs explicit (‘what does it mean?’, #39, 62, 66, 68), to elaborate from
the emerging contributions (‘Let's help her to say it well’, #70; ‘and so?’, #74), and to detach from
the artefact (‘how can we do that not using the computer’, #60) to relate to mathematics domain (‘in
mathematics, when we speak, how can we say that’, #79). Beyond the recurrent typical semiotic
question “what does it mean”, the teacher’s strategy encompasses sentences and actions that have
the functions of echoing and amplifying some students’ contributions to the whole classroom (#3, 6,
62, 68, 83), and generally focusing attention towards certain elements (see for instance the deictic
gesture in Fig. 7). By repeating and re-formulating students' contributions on the one hand, and
making explicit reference to mathematics domain on the other hand, the teacher fosters the weaving
of a texture of meanings in which the meaning of equivalence comes to be sided and overlapped to
that of the right passage. This double interpretation of the feedback-signs emerging from Aplusix is
the core of the semiotic potential of this specific feature of the software in solving a given task. In
the following excerpt, from a discussion occurring a week later, we can see how this texture of

10
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meaning is correctly managed by the students and referred to the artefact-signs (‘black equal’ and
‘red equal’).

Excerpt 2

1. Mattia: Aplusix uses some symbols, for instance when we
write, and make a new passage: when we finish writing the
passage, if the passage is equivalent to the previous one, and
therefore it is right, we have a symbol telling us that it is right,
whereas if the passage that we have written is wrong with respect
to the previous passage, we have another symbol.

2. Teacher:  So he is saying that if we have two different Figure 8. Two hands

expressions that are equivalent then we have in Aplusix a symbol ~ mimicking the two bars of
that is? Aplusix feedback-sign.

3. Davide:  the black equal

4. Teacher:  the black equal, two bars (gesture as in Fig. 8). If on the contrary these two
expressions are not equivalent

5. Davide: it comes the red equal

As in many other cases in the protocols (see also above) we observe how the teacher uses, in a
synergic way, different semiotic resources: in this case, the utterance is accompanied by a gesture
that depicts the feedback-sign provided by the software. As it has been pointed out by many
researches on the role of gestures in mathematics learning (see for instance Arzarello & al., 2009), a
strict coordination of the various resources is found in the students’ as well (e.g. see # 2, Fig. 6).

In summary, in terms of didactical functionalites of the DDA, we can say that our results give
evidence of the possibility of unfolding of the semiotic potential of the feedback. Besides the
control effect that such feedback is going to have, the particular modality of use designed in the PP
implemented in the teaching experiment of the UNISI Team can be related to the achievement of
the specific educational goal concerning the development of the mathematical meaning of
equivalence between expressions.

The ITD pedagogical plan and its results
The alien PP is underpinned by the Activity Theory perspective.

The model of the activity highlights three mutual relationships involved in every activity: subject-
object, subject-community, community-object. Each of these relationships is mediated by a third
entity. The relationship subject-object is mediated by artefacts, that both enable and constrain the
subject’s action. The relationship subject-community is mediated by rules (explicit or implicit
norms, conventions regulating social interactions). The relationship community-object is mediated
by the division of labour (different roles characterizing labour organization).

The structure of the tasks proposed in this PP can be described by the Activity Theory model in two
steps: a first activity performed in paper and pencil environment is followed by a second activity

11
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performed in Aplusix. If a contradiction emerges between the task performed in the paper and
pencil environment and the task performed in Aplusix the activity can evolve (see figure below).
The structure of the activities is specifically designed to allow possible contradiction emerge.

The feedback in Aplusix is a crucial element to highlight any contradiction between what is
produces in paper and pencil environment and what is produced in Aplusix, and consequently it is a
crucial element to fuel classroom discussion. Any contradiction can be explained and justified
through a discussion with the teacher and the schoolmates. The achievement of the educational
goals is expected as outcome of this interaction.

Papstiand peni M Evolution of the activity

Aplusiz

Outcome: achisvement

student Task soluticn,  —————— of didactical goals
SRt Tustify why the paper and
pen salution is wrong
Rules of %
arithmetic Swim ¢ sutenomous Studert’s role: solvet,
worl
: participant to the discussion
lsiﬁ:iby the Teacher Studert’s role: solver Fules of Teacher's Medietor of
Aplusix and — the discussion
Contradiction the feedback e
Schoolmates
Aplusix
Bty Task solution
R E—
Fsles of & phssix ?Lmi;nt s mlle solver
andt i particuler Aeacs:x s T eLhE
the feedback Teacher SatglaticeLy)

shudent’s performance

The type of tasks proposed in the PP are the following:

Convert a tree representation into a standard representation with paper and pencil and then verify
the solution in Aplusix.

Convert a standard representation into a tree representation with paper and pencil and then verify
the solution in Aplusix

Complete tree representations in paper and pencil and verify the solution in Aplusix

These tasks were designed to make emerge contradictions between the answers produced by
students in paper and pencil environment and their answers given through Aplusix. The students
used feedback to validate their answers and to understand the performed mistake. Discussion had an
important role because it was orchestrated starting from students’ answers with the aim of reflecting
about the structure of numerical expression. For example discussion of task 1 and task 2 allowed
teacher to orient students to reflect about the use of parentheses and the priority of operations.

The analysis of students’ solutions has highlighted that, opposite to our expectations, the second
task was easier respect to the first one. The difficulties emerged in the second task mainly depend
on the poor experience of students in the tree construction.

12
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On the contrary, in the students’ solutions of the first task we have found many mistakes that are not
present in those of the second task. These mistakes depend on the use of parentheses: many students
wrote the standard representation without using them, even when they were necessary.

To explain this fact, a first consideration is that when students have to translate a tree representation
into a standard representation have to choose if insert parentheses or not, while when he has to
construct a tree starting from a standard expression they have to translate parentheses but not insert
them in the tree.

A deeper analysis highlights that to accomplish the second task, students have to know the
syntactical structure of the tree (how to build a tree) and they have to respect some computational
rules. Students have to build the tree taking into account that collapsing bottom-up the tree, they
will find the sequence of computation described by the standard expression. This task strengthens
procedural skills, or in other words the “superficial structure” of numerical expression.

Opposite, to accomplish the first task procedural skills are not sufficient. Students have to interpret
the tree structure.

Consider the following tree:

bA+
/\

If a student read the tree in procedural way, he could be wrong in choosing between these three
expressions: a+b*(ct+d) or a+(b*(c+d)) or atb*c+d. In order to convert the tree in linear form
parentheses must be inserted in the correct place, it is important to read the tree interpreting its
systemic structure and this entails the capability to manage the numerical expressions in a structural
way.

Task 3 was designed following the Activity theory model too. Students had to complete tree
representations as shown the figure below.

This task is quite unusual in the experience with Aplusix. It was an interesting task because to solve
it students had to focus the attention on structural aspects of an numeric expression. Students had to
interpret the representations assigned with the task and to compare among them. Through their
comparison students received hints that oriented them to focus the attention on structural aspect of
the numerical expression to replace the question mark. In this solution the feedback was crucial.
During the discussion students were invited to justify why in some cases contradictions are
emerged.
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However, opposite to our expectation, a lot of students solved this activity without difficulties. This
fact may be explained as follows:

e Aplusix feedback provided students hints that oriented them in replacing the question mark

e To solve this task students had to focus the attention on structural aspects of a numerical
expression

i i i

+ + +
A\ 2 + 747 4
2 ? 4 /\

T
* 7
3 ?

In summary, we can say that the modalities of employment of Aplusix and in particular of the
feedback of Aplusix, designed according to the Activity theory, have been effective to achieve the
educational goal. In general, results obtained by the comparison between an initial and a final test
given to students respectively at the beginning and at the end of the experiment, has highlighted that
students' achievements are consistent with what we envisaged a priori.

|.6. Summary and contribution to the theoretical landscape

This summary concerns the modalities of employment of feedback as it has been exploited in the
three different PPs, according the three different theoretical approaches and the common
educational goal.

All the PPs selected the feedback in Training mode, and the modalities of use are expressed in
different tasks proposed to the students. The different tasks were basically inspired by the common
hypothesis drawn from Duval’s theoretical approach that suggests, beyond the use of treatment
tasks, the use of conversion tasks. Nevertheless, the general organization of these tasks differs
greatly.

As far as UJF is concerned, the control provided by Aplusix prevents errors and supports adequate
procedures. Thus, accordingly with Anthropological approach, this use of the feedback is expected
to foster the development of suitable technique.

As far as the ITD is concerned, the dialectics between paper and pencil environment and Aplusix
environment is fed by the control mode that, accordingly with Activity Theory, makes contradiction
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emerge. The semiotic function of conversion tasks is exploited through the use of Aplusix. When
the solution of the conversion is checked, the feedback provided by the DDA may highlight an
inconsistency that requires to be explained.

As far as UNISI is concerned, the semiotic potential of the feedback is exploited. The tasks were
designed to exploit the semiotic potential of the feedback signs; tasks explicitly asking the
interpretation of the feedback signs - appearing step by step when the student operates on the
expressions - are designed in order to make personal meanings emerge. Then, collective discussions
are orchestrated by the teacher to make these meanings develop towards the mathematical meaning
of equivalence.

What seems interesting is the fact that the different modalities of use of the feedback component
seem not immediately in contrast, rather they highlight complementarity in respect of different
possible aims concerning algebraic calculation and, specifically, equivalence. The controlled
modalities (controlled tree) used by UJF, lead students to develop suitable techniques, that are not
explicitly addressed for instance in the UNISI PP. The use of the controlled modalities (feedback)
used to validate students’ solutions used by ITD, leads students to grasp the meaning of equivalence
between expressions facing contradictions and possibly overcoming them. The meaning of
equivalence is directly addressed by UNISI PP where the formulation of the equivalence between
algebraic expressions constitutes one of the basic aims. The link between feedback and equivalence,
implicitly constructed through the ITD PP is explicitly developed in the UNISI PP through a
dialectics between individual and

Modalities of collecti
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0 o
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Thus
weE can
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the set of potentialities of a specific component of a DDA.

References

Arzarello, F., Paola, D. Robutti, O., & Sabena, C. (2009). Gestures as semiotic resources in the
mathematics classroom. Educational Studies in Mathematics, 70(2).

Bartolini Bussi, M. G. & Mariotti, M.A. (2008). Semiotic Mediation in the Mathematics Classroom
Artifacts and Signs after a Vygotskian Perspective. In L. English et al. (Eds.), Handbook of
International Research in Mathematics Education, second edition.

Chevallard, Y. (1999). L'analyse des pratiques enseignantes en théorie anthropologique du
didactique. In Recherches en Didactique des Mathématiques, La Pensée Sauvage, Grenoble
19(2), 221-265.

Cole M., Engestrom Y. 1991, A cultural-historical approach to distributed
cognition. in G. Salomon (ed.), Distributed cognition, Cambridge: MA, 1-47Duval, R. (1995).
Sémiosis et pensée humaine. Bern. Peter Lang.

Duval, R. (2006). A cognitive analysis of problems of comprehension in a learning of mathematics,
In Educational Studies in Mathematics, 61, 103-131.

Hoch, M. & Dreyfus, T. (2006). Stucture sense versus manipulation skills: an unexpected result.

Proceedings of PME 30. Prague. Vol 3, pp. 305-312.

Nicaud, J-F., Bouhineau, D., Chaachoua, H. (2004). Mixing microworld and Cas features in
building computer systems that help students learn algebra. International Journal. of Computer

for Mathematical Learning, 9(2), 169-211.

Peirce, C.S. (1931). Collected Papers. Harward University Press.

16



ReMath / IST4-26751 Deliverable 18: Integrated Theoretical Framework Version C — APPENDIX 11

Il. Alnuset cross-case analysis

In order to be able to compare design choices made in the two pedagogical scenarios, didactical
functionalities considered by the two teams and the outcomes of the experiments, the analysis
reported in this document focuses only on parts of the experiments that have a same educational
goal, namely the construction of meaning for the notions of equation, identity, truth value of an
equation, truth set of an equation, equivalent equations.

I1.1. Identification
The teams involved are ITD-CNR Genova (Italy) and MeTAH Grenoble (France).

[1.2. Contextual elements

ITD-CNR experimentation
Local situational context

The experimentation activity, lasting 1h40, has involved a class of 15-16 year-old students (Grade
10) attending a Classic Lyceum. The students worked in pairs using Alnuset. Previously, they had
carried out 6 activities with Alnuset centered on notions concerning algebraic expressions. The
whole teaching experiment lasted about 20 hours. The activity considered in this cross-case
experimentation is centered on solving a 2nd degree equation. In the previous school year, students
had learnt to solve 1* degree equations through symbolic manipulation.

Relationship between research team, teacher and school

Some collaborations between the ITD team and the teacher involved in the experimentation were
developed in the previous years. These collaborations were not continuous along the time and they
were contextualized inside the standard mathematical curricula. Instead, as far as the present
experimentation with Alnuset concerns, we asked the teacher to deeply modify the mathematical
curriculum corresponding to the class involved. As a matter of fact, the mathematical curriculum of
this class did not foresee solving second degree equations. Moreover, while in the algebra
curriculum solving second degree equations is faced through the introduction of the well known
formula, in this experimentation an alternative approach has been adopted.

As far as how research interventions were perceived by the educational system concerns, we must
underline that the Liceo Doria, the school involved in the experimentation, is one of the most
prestigious schools in Genoa. This has influenced in positive way the perception of the Principal
about the research perspective.

MeTAH experimentation
Local situational context

The French experiment took place in a private senior high school in Grenoble, in a Grade 10 class
with 34 students (15-16 years old), during two sessions lasting 3 hours altogether, held in a
computer lab where students worked in pairs on a computer.

Relationship between research team, teacher and school
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The teacher of the class where the experiment has been implemented was a former colleague of one
of the research team members, which facilitated the implementation and the organization of the
experiment. The design of activities was negotiated with the teacher in order to integrate the
experiment into the teacher’s planned pedagogical sequence.

The Table 1 below synthesizes the contextual elements of both experiments:

ITD-CNR MeTAH
Kind of school Classic Lyceum Private high school
School level Grade 10 (15-16 years old)
Number of students 24 34
Number of hours 20h (whole experiment) 3h (whole experiment)
1h40 reported activities 1h30 reported activities
Classroom organization Computer lab with 2 students per computer
Relationship between | The teacher has collaborated with ITD The teacher was a former
research team, teacher | team in previous years but not in colleague of one member of the
and school continuous way along the time research team
Integration of the | The experimentation with Alnuset Experimental activities
experiment required teacher to deeply modify the negotiated with the teacher in
mathematical curriculum corresponding | order to integrate the experiment
to the class involved. The into her planned teaching
experimentation activities negotiated sequence
with the teacher.

Table 1. Contextual elements of experimentations with Alnuset.

[1.3. Theoretical frames

In this cross-case analysis the two teams share the same epistemological analysis related to the
mathematical knowledge to be learned and to difficulties emerging in its leaning. Instead, different
theoretical frameworks guided the two teams in the analysis of the whole process of mathematics
teaching and learning, and of the mediation provided by the tool used in the didactical practice. The
mathematical knowledge involved in their experimentations concerns the notion of algebraic
equality. We present the main theoretical commonalities and differences that characterize the
research of the two teams in the development of this notion in school practice. In doing this, we will
try to show how the theoretical background of the two teams affects both the design of the
didactical scenario centred on the use of Alnuset and the analysis of the teaching and learning
processes related to its implementation in the school context.

Epistemological analysis of the knowledge involved in the two experiments

The two teams share the assumption that important conceptual developments are needed to pass
from numerical expressions and arithmetic propositions to literal expressions and elementary
algebra propositions. As a matter of fact, in arithmetic only numbers and symbols of operations are
used and the control of what expressions and propositions denote can be realized through some
simple computations. In elementary algebra, instead, letters are used to denote numbers in
indeterminate way and new conceptualisations are necessary to maintain an operative, semantic and
structural control on what expressions and propositions denote (Drouhard 1995; Arzarello et al.
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2002). The necessity of this conceptual development emerges clearly with the construction of the
notion of algebraic equality. On the morphological plan, equality is a writing composed by two
expressions or by an expression and a number connected by the “="
equality denotes a truth value (true/false) related to the statement of a comparison. When the
expression(s) composing the equality is (are) strictly numerical, it is easy verifying its truth value
through some simple calculations (e.g., 2*3+2=8 is true while 2*¥3+2=9 is false). Experiences with
numerical equality contribute to structure a sense of computational result for the “=" sign. This
sense can be an obstacle in the conceptualisation of algebraic equality as relation between two
terms, as highlighted by several researches (Kieran 1989, Filloy et al. 2000). When the
expression(s) composing the equality is (are) literal the equality can present different senses
because the value assumed by the letter can condition differently its truth value. In these cases the
“=" sign should suggest to verify numerical conditions of the variable for which its two terms are
equal. There are cases where the two terms could never be equal whatever the value of the letter is,
as in 2(x+3)=4x-2(x-1). In other cases to interpret equality on the semantic plane, it is necessary to
distinguish if it has to be considered as equation or as identity. The “=" sign assigns to the equality
the sense of equation when its two members are equal only for specific values of the letter. For
example, the equality 2x-5=x-1 is true only for x=4 and it is false for all other values. Instead, the
“=" sign gives to the equality the sense of identity when its two members are equal whatever the
numerical value of the letter is, as in 2x+1=x+(x+1). In order to master algebraic equality, a
conceptual development of notions of equation, identity, truth value, truth set and equivalent
equation is necessary. Moreover, to express the way in which a letter can condition the truth value

sign. On the semantic plan,

of an equality, it is necessary to develop a capability to use universal and existential quantifiers,
even though in implicit way.

Traditionally, conceptual construction of algebraic equality is pursued through solving equations
using techniques of symbolic manipulation. Empirical evidence and results of research have
highlighted that in many cases this approach does not favour a construction of an appropriate sense
either for the notion of algebraic equality or for that of solution of equation. In more recent years, a
functional approach to algebra has been introduced within the didactical practice allowing to
articulate algebraic and graphical registers of representations. Even in this approach difficulties
emerge.

The two teams share the hypothesis that the operative and representative opportunities of Alnuset
can be effectively used to mediate the conceptual development necessary to master the notion of
algebraic equality. Moreover, the two teams share that the operative and representative
opportunities offered by this tool can emerge only within specific didactical practices. The two
teams use different theoretical approach to design didactical scenarios to be implemented in
classroom and to interpret the mediation offered by the tool used.

Theoretical frameworks at the basis of the Italian teaching experiment

The Italian team uses the theoretical framework of the Activity Theory (AT) to design didactical
scenarios and to analyze teaching/learning processes that take place in school context.
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In the framework of the AT, every teaching/learning activity can be seen as an activity oriented
towards a scholastic object (solution of a task, class discussion on a specific issue...) involving
students, teacher and artifact to produce an outcome, namely the students’ acquisition of a specific
knowledge or ability (didactical goals). A specific model elaborated by Cole and Engestrom (1991)
in the framework of AT (cf. Figure 1) is particularly appropriate to study the relationships that take
place in this type of activity.

This model highlights three mutual relationships involved in every activity, namely the
relationships between subject and object, between subject and community, and between community
and object. Each of these relationships is mediated by a third entity. The relationship between
subject and object is mediated by artefacts that both enable and constrain the subject’s action. The
relationship between subject and community is mediated by rules (explicit or implicit norms,
conventions and social interactions), while that between community and object is mediated by the
division of labour (different roles characterizing labour organization).

The artefacts used in the activity mediate not only the relationship between the subject and the
object but also that between the subject and the community and that between the community and the
object.

Mediating artefact

@ _.. Outcams
Rules Division of labor

Figure 1. Cole and Engestrom' model of activity.

We have used this theoretical framework both to model the design of didactical scenarios mediated
by Alnuset to pursue the didactical goals concerning the algebraic equality and to analyze the
teaching and learning activity that took place during its experimentation in the class.

According to the Cole’s and Engestrom’s model, in the algebraic activity the relationships between
subject and community is mediated by algebraic rules that allow participants to define what can be
considered as acceptable practice in that domain. Apart from the role of mediating element, in an
educational perspective rules can be a didactical goal too. The transformation of the algebraic rule
from being an individual-community mediator to an object of learning can take place only through
a network of activities where shift of focus and breakdown occur.
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Coherently with the AT framework, the ITD-CNR scenario has been designed in order to provoke
contradictions and breakdowns in the activity and to promote a shift of focus related to the algebraic
rule with the aim to determine a deep change and transformation in the object of the activity.

Having this aim in mind, specific tasks have been designed taking into account the following two
didactical strategies:

a) comparing student’s task solution obtained with pen and paper with the solution based on
the use of Alnuset,

b) comparing students’ task solutions and their interpretations of the representative phenomena
occurred with Alnuset.

The use of Alnuset according to these two pedagogical strategies can have an important role to
favour the transformation of the algebraic rule from being an individual-community mediator to an
object of learning.

For example, specific tasks have been designed to exploit Alnuset for provoking a breakdown
related to the use of specific rules between what a student has anticipated and what he has actually
accomplished with the system; other task have been designed for provoking contradictions among
the participants’ interpretations of the representative phenomena mediated by the system connected
to specific algebraic rule. As a consequence of these contradictions and breakdowns a shift of focus
in the purpose of an action connected to the algebraic rule can emerge in the activity. When a
breakdown and a shift of focus related to an algebraic rule occurs, a rule ceases to be a semiotic
element that automatically mediate the individual action and his relationship with the community,
and becomes the object of her/his target action.

The breakdowns and shift of focus that emerge in the transformation of the algebraic rule from
being an individual-community mediator to an object of learning are mainly of semiotic nature.
ITD team uses the Peirce’s semiotic to explain how the operative and representative opportunities
of Alnuset can favour the semiosis processes that characterize the described transformation.

Peirce describes a sign as a triad: a material sign which denotes an object of thought and an
interpretant (which is another material representation of the relation between first material sign and
the object). Moreover, Peirce distinguishes among three kinds of signs, namely indices, icons and
symbols, according to the relationship that a sign establishes with its referential object. In the
Peirce’s framework the notion of rule (or general law or convention) is strictly linked to the notion
of symbol: "a Symbol is a sign which refers to the Object that it denotes by virtue of a law, usually
an association of general ideas, which operate to cause the Symbol to be interpreted as referring to
that Object” (Peirce, 2003 - CP 2.249). Peirce states that behind a rule or a convention of a sign
there are always indexical and iconic links with the referential object and with its properties that can
emerge through its interpretants. An icon is a sign that denotes its object by virtue of a quality that it
shares with its objects; an index as a sign that denotes its object by virtue of an existential and
physical connection that it has with its object.
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ITD team thinks it is possible to exploit the operative and representative opportunities of Alnuset to
arise breakdowns and shift of focus in the teaching and learning activity with the aim to allow
students to grasp the indexical and iconic relationships behind the rules of algebraic symbols.

Let us consider, as examples, some operative and representative characteristics of Alnuset. We note
that in Alnuset:

1. A variable is a mobile point on the line and an expression is a point on the line which
depends on the value assumed by the variable. These points highlight an indexical
relationship with their referential objects (numbers on the line) through the drag of the
variable point.

The presence of two expressions in a post-it associated to a point on the line may mean:

e A conditioned equality, if taking place at least for one value of the variable during its drag
along the line.

e A relationship of equivalence, if taking place for all values assumed by the variable when it
is dragged along the line.

e A relationship of equivalence with restrictions, if taking place for every value of the variable
when it is dragged along the line, but for one or more values, for which one of the two
expressions disappears from the post-it and from the line.

The way expressions are represented on the Algebraic Line of Alnuset can mediate the development
of the control over the conditions that determine the equality between two expressions or their
equivalence.

2. A proposition within the Algebraic Line environment of Alnuset has an indexical
relationship with its truth value that emerges through the drag of the variable on the line.
As a matter of fact, the truth value of the proposition determines the colour of a marker
associated to the proposition (green means true, red means false) during the drag of the
variable on the line. The numerical set represented in a formal set notation in a window of
the Algebraic Line has an indexical relationship with its referential object (numerical
elements of that set) that emerges through the drag of the variable on the line. In fact,
belonging or not of a numerical value of a variable on the line to the formal set notation
determines the colour of a marker associated to it (green means belonging, red means not
belonging) during the drag of the variable.

We note that the accordance between the colour of the proposition-marker and the colour of the set-
marker is a representative event that can be exploited to validate the constructed set as a truth set of
the proposition.

The way propositions and numerical sets are represented can mediate:

e the development of a control over the conditions that determine the truth of an equality or
the equivalence between two equalities;
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e the construction of ideas for the hidden universal and existential quantifiers required to
master the truth set of a proposition.

3. The way expressions and propositions are manipulated in the Algebraic Manipulator of
Alnuset can mediate:

e the development of an operative control of the way how to use the rules of algebraic
transformation. In the Algebraic Manipulator environment after a selection of a part of
expression or proposition by the user, the system activate all the transformation rules of the
interface that can be applied on the selection performed. The application of one of the these
rules determine the re-writing of the expression or proposition according to the
transformation applied. This features of the Algebraic Manipulator of Alnuset support the
recognition of the iconic relationship, namely the recognition of a structural similarity of
form, between rule of algebraic transformations and algebraic forms on which they can be
applied. This is at the basis of the capability to symbolically manipulate algebraic
expressions and propositions.

o the development of semantic control as to what is preserved through their transformation.
The result of the transformation can be automatically represented in the Algebraic Line
environment and the representative events emerging in this environment can be effectively
exploited as indices of the preservation of the numerical equivalence through the
transformation.

o the development of a theoretical control of the way how to justify a new algebraic rule of
transformation In this Manipulator the available rules are open-ended, in the sense that a
new rule can be automatically created once it has been demonstrated. The new created rule
can been considered as establishing an indexical relationship with its referential object,
namely a theorem.

MeTAH experimentation

Based on a preliminary analysis of Alnuset from utility, usability and acceptability points of view
(Tricot et al. 2003), which brought to light main functionalities supposed to enhance learning of
functions, equations and inequations, notions at the core of the Grade 10 math curriculum, MeTAH
team decided to conceive a pedagogical scenario addressing these notions in Alnuset environment.
In this report, we focus only on the notion of equation dealt with in both Italian and French
experiments.

Three main theoretical frameworks have been chosen to underpin the design, implementation and
analysis of the French experiment: semiotic registers of representation approach (Duval 1993,
1995), anthropological theory of didactics (Chevallard 1999) and instrumental approach (Rabardel
1995). Moreover, epistemological and cognitive considerations related to the mathematical notions
at stake have also been taken into account. These considerations are shared with the ITD-CNR team
and are presented above (cf. p. 2). In what follows, we explicit the way these theoretical
frameworks and considerations were used and what choices they underpin.

Semiotic registers of representations
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This approach was used at a very general level to analyze mathematical objects, their
representations and manipulations available in Alnuset. Referring to this approach was motivated
by the fact that mathematical objects are only accessible by means of their representations.
According to Duval (1993), in order to be able to distinguish between an object and its
representation, there is a necessity to have at one’s disposal at least two different representations of
the given object. The coordination of at least two registers of representation is also necessary to
understand conceptual aspects that characterize the object. This coordination manifests itself by a
capability to recognize if two diffe